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' Chapter 1 • ■ . ^; ' * 

• "^pp • -' ^ • 

1 ' IlTORODUCnOM- . . . ■ 

* ' ■ . 7 ' ' ' 

As its.title suggests, this is a te«t written especially ''-for those 
Junior high' Ichok teachers who wish to have more mathematical backgrSund 
, ^ on number _|ystems. Though, • naturally, the author has in mind those using 
• SMfc to«i-iais for grades 7 and 8, he also is writing' for the larger audieiice 
« of those' vho' are interested in teaching- youngsters arithmetic from a "modern'.' 
point of view, . . , , 

•^^ /What is this' so-called "modern approach"? It is, in f^ct, as old as' 
-the hills, and every outstanding teacher in his or her time had & modern 
appi^oach, f^m S&crates to Mark Hopkins to the most outstanding teacher you 
.evj had. "Modern Mathematics". has' come _to.be associated ia the minde of 
^maiijr with words like: set, number systems to'differ^t bases, modular systems,^ 
^ »-cott.mutatijfe, inverse, etc. None of '"these word^^new to mathematics; i . ' 

course ma{ be "mo^ern^^ithout usin&^^ny ,of,,*!<Cy -or it .can use all of them 
^ without being "modermV";- ■ ^ . * , ■ 

' We have completedjhe ciTcle to the que'stion at the beginning of the 
. previous paragraph. To most of^ the leaders of the mov^taent for change) 'the 
•• now overworked t«rtn seems to mean -fundamentally a certain .point of view.. It 

• is- to- teach the student not only to manipulate but. to know why and. 'what for, 

• to-cultivat^ the inquiring mind and the love of inquiry,, 'to develop the fac- 
, ulty of precise .expression, to see and utilize relationships. . ' • 

^Why all tMs outcry for change? Some think it was due to SpytMk, but ' 
its beginning antedated this achievement of Russia. It is . that t^iye we 
mus-t change. Things are moving so rapidly that we must be able to use' ma-, 
chines, to be sure; but much more is needed-we must make neW ones, and this 
requires a knowle%e. of how machines • are,made; what they can tto, how one i's : 
■ related to the.other^ -It is one of the paradoxes of the present age that In ' 
'♦a contraeting' world, 'communication is fast becoming the prime problem; hence 
_ we must develop effici^t me*is of cTiapenslns' and receiving information. " 
This requires precise' technical language. 
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In^fact, the language^ ideas and methods of ^math^iatics are more and 

more pervading the life of the .woj-l,d» . Tliris is'^partly du*e to the enlargement 

of ttiathematicis itself; saoh branches as linear programming^ queuing theory, 

gane theory are infants in the mathematical woi'ld, a»nd even such a branch as 

topology is' cnl^ a little past adolescence* * There is much more to learn and 

so iittle time, to learn it* BuC^fL^o the Jvorld is Reaching tovard mathema^ic 

and!nathematical thought for help in solving (as well as. creating) its prob- 

lems. ^ Though computing, machines rule all 'our lives these days, the use ofj 

^, ' 

mathematics transcends the ''computational and, ^ as machdjies take cve^ the cal- 
; culation, '^.athematics is freed /for the realfi of ideas. For instance, ,one' 
controversy in theoretical physijs resolves ai'ound'the question: In ce^'tain 
fields wUl increased knovledgp enable lo.pi:eGi:t, or are certain ^phenom- 



ena umDredr:^ table and only a m'atter of chance? I^his has'^its parallel in ' » 
mathematics iil th^ disco v^r^,'- that there ai|e unprovable theorems; ^thjrs aoes 
Xhot ^nean ^theorems which have not been proved but ones which- ^annot-^e" proven 
true or fals'e* In 'this case matlft^mat^cs has no.t provided the answer for the 

physicist, but it 'does seem clear that if, he does find his answer, it will be 

• • * V ' - ' • ' ' 

by means of mathematics* . 

As was. stated above, the aim of this book 'is to help the tbacher acquire 
background for the master ial which is presented^ to the junior high school stu- 
dent in the books of *the School Mathematics Study Group and oth^er books' with 
simila;r coverages It is, obvious that ^ny teacher of any subject must, know 
more than he teaches so that he will not be the sla^ of the textbooK nor 
live in fear of his bright students* Hence we here deal wi"ch the development 
, 9f ^the system of rational numbers beginning with thfe properties of the int'e- 
gero as we know them, why they are important* why we make certain definitions 

Irf extending the set of integers to the rational numbers and what 'are their 
» * • * 

* , consequences-i Hand-in-hand go the graphical representation of^^umbers and 

pairs of numbers, for Ihe interplay-.of geometr;/" and number 'is important to 

* both jDranches* ^ Since the idea of equation is also fundamental to the under- 
standing of various connectio*hs, we include something of this ""sub ject* The^ 
/real number system^ because of ^ its complexity^ is dealt with only very intui- 
tlvely, and complex numbers*»are relegated tc^an^ appendix* Most of all is 

the attempt made to develop, a m.atht^matical structure of n]^mbers based on 
*" • • 5. * , 

reabonable axioms and developed along pa^ijs pointed out by intuition' anc3> 
. made secure^ by proof • The reader is toloT^h^e we^are going and the reason 
for t^.e particular path taken as well as possible alternate paths* Too \ 
often has do^ma ruled 'in miathematics; here we try to make* the point that the 
only authoritv* is reason {and some experience) and that we are all humble 

. ^ • 'in- ' • 

before the shrine of learningv . i**^ ' * , . 



Any civilization die's vhen^ the youth wi^h merely to mres^rve vhat they 
inherited iVrom their f athers ^rtr]. f^ ^T- the new. We must teach th^nrvhat we 
kn^, 'but th'&tas not enough^.^ We must also leach them that they cam extend 
their own knowledge beyond where v:e can lead. By letting them find some* 
relationships that we know^ we can" hope Chat they will s^e some vhi'ch ws (To * 
not know, 4:^ ve can show ^t^em how discoveries 'are made, perhaps they can* • 
see the joy of discovery an(\ so cult-ivate in themselves the power to maKe dis- 
coveries which are really their own, * ' '. ' . 

It is somewhat in the spirit of the above, that this book is written*. 
By desclu^ing why certain things seem important to him, the author hopes to 

^CLiltivate in the teadner^he.slrt of picking out what is important in vie«v of 
his general aims; by defeo^jst rating why certair> ;^rocesGes ,are as they aj'e, 
perhaps he can bring the teacher to the" rJOint ^^l^&re h& can answer similar ' 
questions without assistance; by j!)ointiDg out sc'me relationships, perhaps 
he oan show the teacher, how to fii<d relationships x^ot mentioned here. The 
reader. might like to compare so'-.e of this ^.nti^oauction with Ci;apters 1 through 
k pf reference 1 in tHe Bibliography. ' ^ ^ 

' , - There are two kinds of exfercises throughouif the book. Th^se labelled 
"proSivp.s" are usua^lrly extensi^ons and" applications o'f tiie textual ^natcrial^' 

^and are (definitely part of th^ development of the theory^ Complete answc-rs 
arc given in t\e back of the book. Th^ second kind, labelled "exercises,'' 
are generally of a more roCitine nature.,^ Partial 'answers to some of these 
ai-Q .giv^a*^ . ' • ^ , 



• s Chapter 2 

"NUMERATION 

\ • '\ ' > ■ ' ■ 

2 . 1 Introduction • . * * ' * 

In'thfs chapter v^,^^ primarily tioncerned with the way numbers are and 
may be writteo» A little of the" historical development of nu;nber sense and 
symbols is included to stress the idea that there ar^ many w^s of writij^g a 
number- -and also that various bases ^were and still ar^ used. This leads natu- 
rally ifito a discussi'on Of fiumeral-% systems to different bas^s and some of the 
consequences of the various notations. It is impossible tq^^o very far- in 
this direction without^using th^ distributive property, a(b-+ c) = ab + ac. 
_of numbers, as well as ^Ome of the other properties, i^j^ind for thi^ reason the 

teacher may find it better to change the order va her clas'sroom. But the - 

. - • ' ' * ' • / 

author feels that this fundamental property is familiar t6 his readers an^ 

.V . 

that it is 'more important to^ keep thq, historical baQi^rounc^ close to the dif- 
^ferent 'numeral systems* Also it is important to stress thai: there, are sc5me 
"properties which stem froirf 1:he no.tation in ^ich tfie number happens to be 
written and others which are propejrties of the nutjjbers t^hemselves* By this 
T^^eans ve can separate these two sets of properties ^ in Chapter^ II and III, 
tiiough* later in Cljapteys IV and VI both typ^s of properties are ^d.ealt with. 

i ^oon' we come face to face with the -distinction between "numeral," the 
notation, and "rH^mjDer"^ the abstract idea., ^ This distinction can certainly 
be overemphasized, but it i^ important to have in mind. '^iCopsider , 

fj ' ^ ■ ' three , 5^ / • 6 - 3^ ^ 1i III • 

" These are all different ways of writing the nurmber three* They are certainly 
not the -same J but they represent the same* number. .This distinction is per- 
haps most* strikingly exhibited in the difJference, between " nu me ral^s^y stems" 
(or ''numeration"^ and "number systems." "Wiatever the words used, ther? kv^ 
certainly two |cinds; In^this cha;pter is/^a discussion numeral sysj^s to 
various b^ses/ These^dre just different' ways of writing the set of integfers^ , 
■yie numbers are the same for all* .But ^so theiie ere^ different . nujnb er systems . 

.^^ri^e set of real numbers is different from the set of rational numbers. In 
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/V-t^kM:.. V i I -l^;^ ^i^j .'.-^.iloi- a nu'^'brr ^ysteni vhi-h has .only , twelve 
^^"^ ' ' i-' ' 3crt rtopcotJ quite jil'f erent' f rem our familiar 

.'^ Tl-c jxji'^rtir- t'.v^ cr. :i..nUr :ino nu^r^cra"; be,ooner. important and 
Virfl-ui^^ htiv cii'. (.fa:i>ic \nt\ rra-tiA*Ti3, Wc quite frequently use'the 
j-av ftr : - rc nc^ i ic^-t^ cui,3id-e of -athcnatics- and th^re is no 

K'.r- iT. tki- rr.v! irci't: ;t ve klo^. ti;^ aiffertince- in ^ach particular situa- 
tivn. Ma:y/t:"^ 5 n^^t:.^f or ruGtinc-t;,, -tlA re art tvo ways to answer i-h'e 

rqv^ Uv.^*-: J'vhc ^a^' yo^;?". Ycu ^an :;ivo y6..i r.are^ or you -jan tell soncji^ing 
ac^j- yci'rS'Z.^ y.^s -u.;i ..ju^ 3 3 vhi.-h the quok-icn Veans .. So the sug^^es-* 
tier ?f aut^-.or "^'^ /^h' tea-her carc^.lly -akc Vtit- distirhctio|i "betveen 

^ ' . ' / . ' • 

^"-"^ ^' ^ ' 01) n ."^i ( J*^i3 th;^ cnc-to-Jnc •3orrespondence'. 

Tt.C^^:, i:1.3;^.tM- 13 ^- '(.Li^al cnc, t^h^ i^^e^ of su.^h d -c rreGpcndence ^ust 
bf-;^:e:v ^^r. --^t. To " _'oun-" the rpecplc in' a pri^-itive vlllage^^'ttiere vas * 
/J^f^f ,1-^ *;V a ,vot or-a;i:L; a notch in a stlok cr ac-g^ othei-^ mark for 
'--a-h pcrVn.. Tc -a.^n ^'^ark v.^uic^^-^crre'^tonj a T>er3cn and only one person. * > 
r :cf ^^arr 3 vculd ce th<:_'3a"t ay Iht^ nu^^ibev'^'f persons,^ Kach^ mar^'. 
'^-^ ''/"X'' " rind 1;' rap of a person; ' ^It r4_rnt not fiav.e any, of his^ ^ 
.•rarai-tcrinti -.^(lor,-:/ ,.':it, f-t, thin), but it '.ould mere^^y stand for the 
p^r.on in the ?:,ant. A.-U'/Iy \;r JiYii ;r convf^nient even p^>6^' in counting 
'tkV^vctrs In an^l-' -tLicn, feu inc>t-an?e, t^o r'tep»tra:k by leaking a nark for 
cs- vote, ^thcu-h^ :.L* usually introdu:* the sli.^ht refine'nent of grouping the 
rari-'s pt mans ly fivcs^ ^ .* ^ ^ / * 

l^e next step aft^r the tally' T-arki vou3 d t)e ^)rt<^ve a synbor different 
frs^-^ the tally -ar: to* rep^cse nt" a spc jifild nurntrer of^ueh' marks. The ^mos t ""^o 
an-^i-'-n- r^cordc hi-'vr of G'>?h a procedure are of the Egypti.afis vho, as far 
Da-k ac 2.00 B.Ct, .-oulu ^x-pres^ numbt r^ up to 'mill ion^. Tlieir symbols were: 



"Our nu""^ 1*3*1 


r^Liyptian symbol 




Objf^^rt^represented 


1 






st'i|ole*0i-" vertical staff 


10 ' . 

r 


. n- ■ • . 




'heel bone ■ - ' • - 


100 
r 






ocili?d rope or scroll 


3 000' ' • 
* 






lotus flower ^ 


10,000 






pointed finger 


100,000 






burbot fim (or polllvog) , ' 


l,0Q0,00iD 




♦ 


astonished mSin v ^ " 


c 


- 


■13.'' 





• ' ■ . ■ ' * - • 2.2 . 

Sc^when they wrpte a number, they just , repeated the appropriate -"^"5 ols' " 
the required number of times, and l^n no case/' ex^<?pt' "for- ^nii^ ions," ^oul-<3^5[^ 

• . t*e .n:e2essai;y- to r^^peat ^^^symbol mere -than nine ttlmes. "Far , instance, 3,002, 3>r5 

' Greeks and Hebrevs u^d their respective alphabe^^ f6r theifj nurrerals; 

that is, each of the nunbers from bne thrcagh" nine, the tens 'through ninexy, 
the hundreas 'through nine hundred had a letter of the alphaVet associated 
^ -Alth it. ^?he Hebrews ^sed -the same s>-mbol for iOOC as/for 1, but the Greeks 

• , --.ade z.:q distincticn by use of an extra sy^Jocl like the solidus: 7 ♦ But 

for neither '.vav there, any sense of p1a:e vilue,. It 3eer)«6 Vather remarkable 
"^^^^ thei:-* 3.iiX)rema:'y <r. .jecmetry, the Greeks apparently, did not prc- 

:^rec3 f-ir in a nol^tic^n fcr numbers. However, certain fs^cts about the nam- 
themselves ver'e familiai tc them. (Note .our discussion in^ChaiDtes- IV of 
^ the -eucli^ean algorithm and the proSf vh^ch was kno^^ii in ,&^clid''s time of the- ^ 
^ • exlster^ce of ah 'infi'nitu.re of prime numbers*) 

The ?.oman numerals are used ^nciJgh today so that they s^^m far.iliar: 

. - - Our'i^m.era]^ 1 5, 10 50- * 100 5OO '1000 

PcTian humeral I X -'L ' C D ^ M 



' ^Again they i 
fisient number 0 



ndicated ^ m>T?T^by writing the, .appropriate ^bols a suf- 



tlmes^^^nd in their case no symbpl except M need be witten 



<. 
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more, than four time5<< They introduced two modifications j ^Irst they wrote t- 
theLr symbol^ so that one symbol would be to the left of another symbol if* * * 
the first represented *a larger number and the two ^amounts were to be addedf, • 
^V^-^ the-sy^jbjDl to xhc left ia one of X, X, C and. represents a smaller 
number, then it would be subtracted. For eaample^ VI means six and IV T^e^ ' 
four;^ similarly CD would i^^preseRt f our th'urfdred -and' It six hundred, and XL>- 
is forvty while LX is sixty. . * 

But TM, LC, VX wojild not be written bec^u^e simpler symbols for them' 
would be D/L and V, respectively; similarly tJV would not* appear. It is '* 
^ra^her strange .that the Romans progressed so little fbeyond t^e' Egyptians in , 
>the representation of .gibers,/ * T ^ ' • • 

The Babylonians aVout 2000, B.C. seem^ to" have be^n the first to ^ intro-,- 
duoe* place\value^ Theif symbol for 1 was a ^stylus stroke ? , and for ten- 
-a -combination, oZ tw-D/ like this { , The numbers up through 59 were repre- ' ' " 
Rented by repeating the required number of times- the^e tno symbols,* For' • ' 
inctari'ce, th^ir representation of our 3k was {{^ ^7*7TV , ^and thair r^epresen- ^ 
tation of 59 was Hi ^ So^far there was nothing really rvew 1^ 



- abptijb .rjb^ir systcir;. But for nanber^ greater than '^9*x,hey u^ed pl^-^ce val^e, 
, vhich was soT^elihing radioally nev. - ^^or instance, 97r 1? vouid represent 
3 X sixty ,V Z or' 18^ in our notation. Also .777?? ' 117 77 . 'would represent 
-5*-'X-(&i^ty)^ + J-x (si^etyO ^ 2 .. ' > * 

Thisvase^ gf position^ was, a big, step forward, because with juds^t^hsir two 
sy^.bjls 'they^ would be able t(j represent' a nuinber of 'ai;iy size. Their chi.ef' 
ia::k ^as tjjat they did not have a symbol for zero,»^d hence it would be 
difficult to tell whether ? ? , pe^x^2 or 1 x (sixty) -f one or x (sixty)" + 




*"< ' r (<i 

i»f thii ^tfn 
II pjtrun uf the 




[oJucin; Glyph 

(^cionly Mriabfe ^rnicnt 
am? jclyph o( the Jetty >*h«> 
ere C'unthu) m vkhich «jhe 
rftinil date falli 




>• 

t44.ooo Jay> 


♦ " 
'(17 X 7,200 JJV» 




0 utnati 


(0 X 360 Jay> 


(0 X 20 Jjvi 


— 0 Jayj) * 


— o»ljy>) 











^ kins 
(o X.1 day ■ 
= o^jyi) 



I )^ Ahau (Jay rcachcJ by 

COuntlQft {•HVkJrS J^'^^ 
. total of Jjyj-;ir<in) ^art 
^ thy 'pi>int «>f Mj>a Lra) 



Clyph^G9 
"N'ame- ;lyph nf ^he Jetty 
>*ho l>,patron i>f the Ninth 
Dajr in the nine*Jay irriri 

Lower World) 



Glypfi P 
Nfcjntnx unkfx>%»n 



Clyghi E and D ^ Glyph C • • 

Glyphi denotinft the moon^Glvph Jmolmft ptnitifn 
jfte uf the Initial ^ritt. »f current lurtJr month m 
(ermi'nal date, htre **new lunar h^lf^year pcnM, here 

moon** ^ ' the 2J poiltiVn 
' ir^ 1 



Glyph X3 
Mraninf unknown — * 



Gjyph B 
Mi^ninf unkno^Mn 



* Qlyph A9 ^ ^ 1$ Cumhu (month reached 

Current lunir month, |iere by CQuntin^ forward ab<»«e 
'29 day> in Ienj(th. L^tt tntal of day> irom ttartlnft. 
flyph of* (he Supplementary >p4«int of Maya^ Era)< Lnt 
7 Seriet flyph'^>f the initial Scriel 



Initial and a Supplci^cnury Scries: cast side of Stcja K» 



\ 



2.2 



. -The^Meyen^ i-n'CTerrtraeL-Anrei^itia in the third or fourth century B.C. had 
both a place notation and a ^yrabol^for* zero. They had.' fundamentally thre^ 
symbols-, 'one to four dots indicating units, a horizontal -^ine* iVidicating 
^ive, aYid a shell-^ which represented zero. They- wrote their "numerals vefti- 
' cally/^Thus7 '^ -^^ •^•"'vould f ejr'e^eYrt^j.LO -( = 3x5 + 4).' Our number twenty ' 

^ vould(^be represented "by . • ^ » ♦ ' ~ 

They ^had rtames and symbols (called "glyplts") corresponding to our ten, 
hundred, thousand, etc., except that theirs were for powers of twenty (with 
ane e5?:;epticn noted -below.) instead of powers of ten. Thus, with the exceD- 
tLon noted below their names were: \^ 

Our number ' > ^ 20 20^ 20^ 20^ .20^ • .20^ 20^ 

Mayan name kin uinal tun Katun baktun pictun^. calabtun kinchiltun alautun 

At least this was the System except when their reckoning had to with the- ^ 
.calendar. ' For the calendar one tdn was eighteen 'u-inals "instead of 'twenty; 
from that point on it continued as above; that is, one katun w&s twenty tuns, ^ 
one baktii^. twenty katuns, and ,<3G forth. With^this alteration, Iheir tun is 
' equi^valent to ©ur 360^ vmich'is close to the number of days in the y^ear. 'For* 
example* consider* tjie symbol: « , . y 




If this had to do ,with the calendar, it, would be: 

0 + 0 . -20 + 10(20 -'I'S) + 3(20 -^18 • 20) +,lC^/- 18 • 20 • 20) i." 

3600 + 21*, 600 + li?l+,000 = 169,200 . ' • 

^If it had nothing to do viti\ the calendar, it would.be; * ' ^ 

Thus. 'th^. Mayans antedated b;y about a thousand years the Hindu Introduc- 
'tion of place value and a symbol for zero. The Mayan's knowledge of the^^^al- 
.,eMar and the movements of some qf^.the heavenly bodies was remarkably accurate. 
In 'fact, in th& si xtii 'or seventh century of the Chr-istian era,,1^e ancient 



— 



Mayan astronomer priests at Copafi had a calendar slightly more accurate ti^an 



* ^Sometimes the lines appear vertically. 



la 



r 
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our Gregorian leap year correction. Our tneans of-ccn-ecty^on id to have axf^ 
aciditicnal day every four year^ (leap years) ekoept .for /feftttrries -vhich are' 
net multiples 'of h; that 'is, 1700, 18OO, l')00 were not/leap years IduI 20CO 
'will be. This gives « year" of'3>6'^,2h2'^ days. The cjjfriparative [figures are: 

Modern astronojy /65.2^22,, 

' * Julian yeap . 3 /3c5.'25O0 

^ ' • . Present Gregorian y^ar / "^365 #21^25 

Mayan year / 365.2U2O 



The Mayan year had iS months of 20 days ea*^ and one month of 5 
<at the'" end. ~ ^ 



('<ir c) days 



In 4.935 ^'-e Naticnal Geographic Society - Smith so niarv Xhsti b,ution dis- 
rr^> Jin Tac as 30, 'Mexico (near Yucatan), regains 'of zhe lost O'Lm^ civlli- 



2a::lon vhich'flo.|ris>ied frc"> I5OO to BCO B.C. preceding the A^t 
these-re'^.air.s Vas a srcne slat bearing Lhe eldest ..date fo'Und in 



c. An!9ng 
he New World, 

^brresDcnding zc Novenber k, 2^1 B.C. The nur.erals on this s'lab were those* 

of the Mayans, ir:qi:aLing that they were not the fii*s% zo use th^v^. system 

. ? 

o.f-*nun;eraticn. . 4-'/' • * ' . 

J* • The Hindu oy^gols which ve use today ycved from India to Arabia near the"' 
eighth ce^.t-jry and did not arrivjs -in Spain until the tenth century. Here ^ we 
have the familiar symbols' for the r.unicers from one through nine, the symbol 
for^^^ero, and the iDlace value whi:h seems tc have begun with* rhe Babylonians. 

r . * ■ ••■ . • ■ 

.2:*« The decinial system • • 

^ We» };ave seen that the Babylonian, Mayan^ and 'Araoic systems' ail had sym- 
bols^ which had different '-leanings according to their place in the numeral., 



They depen^ee- 



'^oe' caire6r^tlTe ~unttr ^or the pla6e. For the Baby- \ 



what "..'.Ijj^ht 

lonlans, powerS^of SS'^were involved j for the May^s, powers of 20j'.and for 
ppwers of ten. Tnat Ig, for t\ie- Babylonians, if *a , b , c were g; 



us, ppwers or ten. Tnat Ig, ror the - Babylonians , if a , b , c were groups 
of symbols represent'ing numbers between l^^nd 59, a ,.b , c would me^n 



For the I^ayahs ' '-a* 
- b 



v;here a^ain a, b,^ 2 are groups of symbols for numbers between 1 ^and 19 means 
c + b (twenty)* ^ a»^t^/enty)J (if 'a calendar "'cal epilation is not involved^). 



10. 



. 17 



For our notation we can v^^ite thf symbols close< together without spac- 
ing since only a :3ingle syinbol is connected with each pover of ten. Thus 
abc (not av product) would nean a >< 10^ + b x 10 + c . 

. '^^^ The number which appears to the various powers is called "the base of 
the^ nuTt^eral system." Th.us th-. Babylonians used a base of 'sixty; the Mayans, ' 
'^rfi.th one modifipation, a base o? twenty; and w'a use one "of t^n. ^ 

We, shall consider other systems^ in the section^ following, but for us 
^the T.ost i-iportant one^ is t^.e system to the base ten .which we cajl the deci- 
jinal syster... We. know that 12j05 neans . ^ 

1 • noooo -r 2 • ioo(/ + 3 • ;oo + Q 



10^ 



10- 



'^10^ +*o 



10 + 

10 5 . 



ticn where the small 
fimes 10 occurs in 
10 .) "'In 'the . 



(In the s'ecoHG line_ we V3e the eauivalent sh'Srtened nota 
, raised nuirb^r, caxled the exponent, indicates how many t 
.the-:prpatv:t.:I^?or instance, 10^^ = 10,000 = 10 • *10,-aO 
decimal Syote^. it is. very easy to.T,ulti*ply by loT'^SurpoLe we do it the long 
' way, Vith the number aoove to «ee what is going on. ( ' ' 

(12305) • 10 = (1 . 10^^+ 2 . 10^ + 3 . 10^ > 0 10 + 5) . 10^ 

.By virtue^of the fact that! 10^' • (lO = (l6 • 1,0) ^-^iO =^1^0^, etc.-, ve have, 
using the distr:^b^utive property ( se.e. Chat^ter III), 



A 



(12305) • 10 



10^ + 2 



10 +3-10-^+0 



10^ 



+ .5 • 10 ="^3050 

So*ve muLti-ply by ten by^ adjoining a zero at the^right side of the. num- 
ber. To multiply?' by 100 we would adjoin another 2er0, and so forth. It is 
. equally ^easy, to divide by 10, but we leave that to a later chapter. 

2,4 '" Numeral systems' . to o^A,er\ basgs 

If we were to ^-se our schemQig^pf writing^ numbers for a numerai s^^®^ to 
*the base -sixty, , we w6ulj3' havfe to have a s'ymiSbl for eaclf-of the nUiribers from*^' 
0 through 59, which^ would of course be* very kwkward.*" Even. f6r''^ base'tventy 
we would need ten T-ore symbols than we now'have'. This would mak^ our- numerals 
^^^Jf^^act, >but t^e increased numb'er of symbols woul^ meait that we wolild 
hav#^ larger mul tiplij^at ion' table. to. learn, To"; show, what '^y happen vJLI^h 
^different^Jii^e^ wje^shall here consider in^ 



^ ^ „^ ^ -detail three dif- 

'^^j^^ij^'^^y-^^^^'^'''^^^ ^ '-^•^^^^^'^^^^ that rlhepu^^lTof such consider^- 

'k^ l^gt^tb^^iye the students profici^c^ "4n coTrj)ut^tlon in othei;.^ases 
V*-^^_bu.t nibelir-^"|ff^ f^l^lly :goes" on wh$nrve pe|^f orm tlie 

■if-- ■.: • > 




4 

familiar manipulations in^ur decimal system. Hence here is one place where 
the" teacher should not try to cultivate in the stidents any greai adeptness 
in the manipulations", of the fundamental processes in r)UT]ie^^^sy%t^m§ ^l^heiu >. 
than the decimal one. For' instance, the properties of the multiplication 
tatile for the numeral* system to the base tv/elve in the nestt section are in- 
teresting .-as veil as their use in manipulations, but certainly thfere is no 
use in memorizing the table or drilling for rapidity of calculation. To sub 
stitute mechanics i-n the duodecimal system for that In the decimal system 
vould be frui'tTfess. 

iZ*5 The ^duodecimal system 

This is the system to the base tvelve* Her^ ve need two new syinbols, 
and we might as well use the corresponding letters': using the symbol t 
.'<a;^Qr ^ten ai)d e for, eleven. Thus* ye have the symbols :^ 

0, 1, 2, 3, ^, 5,'^, 7;, 8, 9, t, ^. . . ^ . ^ 

Thus, e236t means " . ^* * ..^ 

eleven (twelve) + 2(twe^ve)^ + 3(twely^^ + 0( twelve) + t^n ^b^/ 

which, in the deciijial system, is: . ' ^ « ' » ' 

11(12)^ + 2(1.2)^- V3(l2}^ -r 0(12) _*^10^ = - 
^ ' . 228', 096 + 5,^56.-f i^32 + 10 = 231^9^ . 

' ' 'Fir^.t consider t^e^ process of addition, for iristancje, for the sum 
5I + t in',the duodecimalr system. One method for computing this woul^be to 
note^hatj nine plus ten in/the decimal^ system is ninet.een which^ in turn, is 
seven mor^ than twelve. Thus m the duodecimal system * 9 + t = IT . 5Tiis 
is a process of converting to the. decimal system, • performing the addiction,., 
and converting back. ^ A second metho'd is perhaps ^^little more effict^t, 
especially if you ar,e used to using it for the decimal system. For this wel 
notice that 9 lacks 3 of twelve, and we think 9 + t = 9 + 3,.+^ (.t ^ 3) ; 
twelve + T = 17- . . - • 

The. process of .adding a cqlumn of numerals in the duodecimal , system is 

. the same as for the Secimal sys'tem. For instance, for. the .sum 571 

m ' . y ' • . 8e 

^ * ^ . ^ ^ - ^ — • ^231 . 

we add^the right column^^ add the left, and keeping our.cclumns in l^lne, add 
the results-. ^V/ritten out ^thls wC^ul^ be'v ' » ' l^'' - ^ 



' ^1 ^ 5(tvelve) + 7 + 8( twelve) + e + t . (twelve) +9 * \ 

= -(5 .+ 8 +* t) . (twelvce*) + (7 + e.+ 9) ^ 

us^ng tixe cornmatat\vc;^ass^^^ and aistrii)utive. properti:^s. (For a. 

description of pese px'operties 'see Chapter^OI J Then (5 + 8 + tj (twelvef'^''^ 

= (le) (€weiV^y = (tvelve)^''r'e( twelve).. Sx:»^our sum. equal to. • 

» ' ' 2 " ' * ' 

(t^^elve) +'e( twelve) + 2(tvelv^) + 3 .* 

Use th-e dlstriby^Mve prfeperty again on the two fiTLddle terms, and we have 

/ 2 . • • ' ' • * " 

(twelve) + llttwelve-) + 3 = 2( twelve)^ /(tw-elve) + 3 , 

vhldti is vritten 2I3. '^ner. we write it;, out this way>, two ,tfhin^s are accom- 
plished: we see what the process is,^ and we appreciate more, perhaps^ how 
simply the mechaniqal process gives us our result."* . ° 

When It ccnes tc Tmil>i^icatiQn could a^ain use the "convert, mul- 
tiply, and convert back" ' tecti^queJ but here it is probably simpler to con- 
_ struct and^ use a muitiplioation table. * • 

So. the multiplication tabL^ f^^the' duodecimal system is>^^ ^ 



10. \k 18 




19 20 23 26 29 
28 30 ^-^k 38 
3^ 39 hi 



\ 



5 t 13 18 21 26 

6 10 16 20 26 J) 36Ujrb -he m 56 

7' 12 19 2k 2e 36 kllkB 53 5t^ 65' 

8 \k 20 ' 28 -^k \ ko • h8 ^ph. 60 68 Jii 

9 16 23 30 39 1 1+6 53 ^0 69 76' 83 
t 18 2| 3I1 -4^ 150 Jt- 6$ 76 81; 92" 

el e 'It ,29 38 li71 '56 65 Ik- 83 •■ 92 tl> 

As a matter of fact, the construction of the mul1^iplicati9n table is' in-' ' 
structive. One can follow the pattern of ^successive addition,, Sut for some 
-of the rows, ar}^e^asier pattern eme^,es. ,^ Wal^ch. the succession of last; digi:fcs 



in t^muLtif)3pS of |, 3, K 6, 8- 9, t, Notice tHe 'symmetry; of the Usable 
'f*r Aspect to the aiagbnal from upper l^ft to lower right. There is even 
a kind- of symmetry fclr the other diagonal. ' . , • . f 




( 



Using this table, let us find mechanically first of all the value of 
the following product in the duodecimal , cyt^Vri, that 'is, using by s^nalogy 
for this .system the same proeess whicb ve know so well in the decimal system. 

l\ ' ' 7t6'' - ^ V / . 

11 ' ^ . - 

1 3 9 0 ' ' \ • 

Consider inr^^tail the process of Multiplying \e by 7t'", t'rom the table 
e > 6 = 56 , and hence we* wril^e the 6 and "carry thfe''^"j that is, *Sidd 5 to 
•the next product, Thu$ we have next 

^ '5+t'e='5 + 52 = 97.' 

Then' ve^- write T and add 9 to the ne^t product^ Thus we have*9 + 7 . e H= 
5 + 6% using' t'h^ tabl-e. H«re.9 5- = twelve + 2 = 12 , and thus 



To see -w)iat is ba^k pf the mech'anical* prQcess«, we 'can ■?nri*tie it as 
fol/owsr ^ . / ^ 

(Tte*) . e2 - e( twelve) • (^6)^+ 2 (7t6) = * ' . 

,e ••(7t6) (twelve.^ + ^ • (Tto) , , 

iiging the d is t rib utive^ property 'and the associative and commutative properties 
of multiplication. ^ Then , - „ 

e • (7t6) = e <v ^('twelve) +'e . t(twelve)^ + e . 6.% ' • 
^ ^ ' ^= 65( twelve)^ + 92( twelve) + 56 ^ ^ ^ , 

= [6(twe]^). + 5] (twelve)^ + [9(.tw€lve) +' 2] (twelve^) + 5( twelve) +, 6\* 
=' 6(twe3^e)^ + (5 + 9) (twelve)^ + (2 + 5) (iwel^re) + 6 . , 

Then 5 + 9 = and so ' ; ^ 

, . + • (twelve)^ = 12 • (twelve)^ = (twelve)^ + |( twelve)^ * " ' - ' 

Thus finally* 'we have 

e • *7t6 = (6 + 1) . (twefve)'^o+ 2 . (twelve)^ 7 . ("twelvL) + 6 = 7276! 

Writing it out this Vay soen, becomes 'rather boring, but it does again 
intoress us with the advantages of the mechani'cal system. , ^ 

Now let us* check the result by converting into and out at the decimal 
system. First * ' ^ , 

^ ' 7t6'=: 7 • (tvelve)^ 4- t . (twkve) +^6 
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which, i;i'the deci^ial system, .is . ' $ ^ 

^ . ^ - * * 7 '^"l^ + 10. • 12 + 6' := 1131; . < "m^ ^ ,^ . 

^iTOilarly, ' ^ 

^ e2 e. • (twelve) + 2 , . • 

Which in the decimal system is 13I1. Then' the product is 151,^956. - ' ^ ' 
>^ . ^ ^We could complete the check by converting 73e30 into the decimal systeny; 
-^Bu't, to illust^-ate the conversion in the otheV^ direction, ve elect to con^ 
vert 151,9-56 into the duodecimal system. Here we need to write this number v 
in the rormr ' . " 

} ' *-(t"tfelve)3 + * (-twelve)^ + * (twelve) + * 

' / • ' 

: where the stars^ stand for> unknown numerals f rom '0 to e, inclu/ive'. We may 

have to_ begin with a higher power of "twelve. Let 3s form a 2ttle table; 



n ' 

~ — 7. : ^ . ' ^ r 1 ' 1 " ' 


^ 1 .a 


^ / 3 ' ' 


; --in ^ 


(twelve) in the decimal- system 


12 ihh 


1728'- 


20736 



The fifth powbr wouTa' be in-^he neighborhood of 2!;0,000y which 'is too large. 
The- highest- multiple .of 20,7^6 less than l/l,9f6 is 1, and^we have 



The 



151,956- ="T-'- (20,7^6) + 68oh. 

highest multiple of -1728 lesg-i;han^ 6Sof^ is 3,. and , we have ' 

. ' - 680V =i 3 . 1728 /+ 1620 . '•' 

'36 = 3 / 12*.' 



Also 1620 = ll(lhh\,;i^'y6', where 



Combining these resuR's, ve have 




. 15^,^92 ^'7(t;J^ive)^ + 3UwelveP + e( twelve)^ 43(t;welvj^) + p r 
< ^ ^ 7i3e30 in th^ auodepii7|al System. f ? - 



This '^^^jK^ ^y^^^. °"^^^i^^^^L.corr^i^^ ^ ' - , 

There is another method .of co'i^^fen which is siller mechanically 
-but is- a little harder to justify, nrsi show the cbmputatioji, vhic^h 
donsists in a, sequence of divisions /by twelve^ and the recording of the quo- 
tiejits and .remainders. ' i . . ' ^ 



i 



15 



9^ 



./ r 
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Quotients Remainders 

, 151,956 •. . . • ■ . ' ■ 

• 12,663 • ' 0 , . , , ' 

'■1,055 ' - : 3 ■ _ ■ 

87 . . - . e 

Henc^ 151,956 in. the decim^* system is equivalent to'73e30 in th,e duo- * • 
decimal system. Each line is j^tained from the pisevious one by dividing by 

Why does this, work? To expla^i thisy look at a more general expres- 
sion. . I r * - ^-^ _ ^ , 

N ='a(twel'vce^)^ +,b( twelve)^ + c( twelve)^ + d(^.elv6) + f . 
y^^^^ ^ ^ divided by twelve, ti;e quotient is^ ^ : ' ' ? ■ 

^ ^ ^ ^ , il' = a( twelve): + b(twej.ve) + c£twelve) ^ d 1 

with the remainder T . So the first remainder is the last digit in the 
' ^ numeral in. the duodecimal system. Next- d is the remainder when-N* 'is di- 
. ' , vided by tvelve and the quotient ia ' , • > . • 

a( twelve) -h b( twelve) + c^. 
So'th^ process continues. , ' ^ • > ^ . 

^ ' The usual process for division could be carriea out also ^in this system, 

" but it seems ^€rrcely worth' the effort. There seems to be no historical ^ 
. / . ' ^ 

record of a race using consistently the duodec%ial system, thQUgh .i^t* appears 

*jLj^ ^iJu2£l!3j^"^ ^ civjLll;zatiorTr there^e twelve inches in a foot; eggs are^ ^ 
.^old by ^e^ dozen; ar^ ^in our calendar 'there are twelve months 3^n\he fear A j 
^ Twelve is. much more satisfactor^j^ in these cases, since it is divisible evenly 
by^, i, k, 6, whereas^lO is ydivisibl^ only by 2 and^ 5 beside itself and 1, 
' Bu? the advat>t4es of a change lo riot^seera worth the trouble to most people, / 
-^rvd the Duodecimal Society does^not m^e much progress i^ ciDnverting the 
world. * V . ' . ~ ' ^ ■ 

► * » - . • *. 

2.6 ^ numeral ^stem to the base^five. ^ (The. reader m^ prefer to omit 

this section.) * - ' " '* * / 

• " Much simpler than the duodecimal system is that to the base five. .Here 

^we have only five symbols, and t)ie^ltiplication table is mijgh simpler than ^ 

.... ^ 1$ 23 ' 




our Qwn. 
1 



In fact it would not be much of an effort to memorize, if it were 



worth doing, which it is not*- 'But here it is 





il 


2 


3 




1 


1 


2 


3 




2 


2 


1^ 


11 


13 


3 ' 


3 


It 


-Ik- 


22 


1^ 


1^- 


■1-3 


22 


31 



• . ^. Her.e we ^illustrate the process -of multiplication by an example. The 
basis for the process, .using the various properties of theytumber system, 
is the same as for the duodecimal system, or indeed any -c^^ei* of 'this type-- ^ 

■ ' . . ^ . ', ^ ' • • ■ 

1401' 

- ^ 11131 ■ •■ 

To illustrate, the process. 'of conversion in.both directions', we can^eck 
• the process as 'follows: ' ' : ' * . 

, ' - ^23 f= Mfive)2,+ 2(five)V 3. = U3 in the decim&l sVstem 

12 = l(fiVe)> 2 : - • /.V 7 in the decimal system . " 

\ \. ' » . ' • ^ ^ r 

,The product in th'e; decimal' system- is -791, ^To find what tks number is. in \ 
the system to^1;he base five, we use the shortened form^ illustrated above " 
for the duodecimal system: • ' ' 



Quotienlf 

158 

j. ,ii3l/' 

-4. J 

0 



Remainder 
i ' 

1 

1 
1 

- ' ' ^ '. ' , 

In ^fi case ve divide by 5 andJwrite^^f^To^ent .and remainder. Thus if we 
divide 7^- by 5, the quQtient is 1^8 aVd th^rem^der is ij if „e divide 
158 by. 5, the quotielit ls,°31.&nd the retaainder„3; e^dv^ende >9r = '11131 in 
the numeral system to the base five. ' ^^^^ ' 

- • 'There .see«B to be little use systematically of the numeral' ^syitem trthe 
- base five, 'though the Roman numerals show this tendency and the Mayar^had^ 
; symbol fbr fi'«-e'.^'-^ The, five also appears in, the abacus.' 
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'2.7 The numeral system to the base two * * 

The simplest of the numeral systems to.diiTerent bases that to the 
base two. Here the addition and multiplication tables are about as simple 
as could be imagined. Here they are: 



0 • 1 

1 10 



Addition becomes very simple: 



0 
1 



1011 

iior 
111 
^ 11 

• 10 

10 
10 

1X111 



For the righ't column we have 1 + 1 = 10 a^d 10 + 1 = 11. -Similarly^ for the' 
Other columns. Multiplication is also easy: J ' ^ 



lOfl 
"llQl 

, 1011 

1011 

loo^ja 



The rconve'psions are, as follows: 



1011 = l(twc)-' + l(two) + 1 = 11 in the decimal system . 
1101 = l(t^o)^ i. l(two)^ + 1 = 13 in the decimal sy-)|tem. 

The product, is 1^13. iTo convert this to the chase two, ^'e hfave by "SlJc^essive 



divisions by two theTfollowing 
Quotient - • 

, . 71 

8' ' 

• ' 0 



> V r 



Remaind 



> > > > ^ 
' 1 

1 ' 
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Thus* wi:iting the numbers from leftito right Instead 'of /rom the bottom *up, 
^ we hav|,j: lodoilll . ' , * ' , . ' 

There are a number of applications of the mimeral system tc the base 
.< two. Fundamentally, the us^ of tK^i^s^ysteui in c6mputatiqn is^ that th^re ar,e 
only symbols used and they can be made to coi-resi5ond to the* two ^positions, 
of an electric switch. Thus a- numbeV could be represented by clos&d or^open 
^switches according* to the occurrence of a one or a zerp in corresponding -. 
pl^a^es in its' binary representation. It is for-this reason , that ^he binar^r^ 
system' lies at the basis of the computing' machine./ i^-; ' . 

^ ^ We^show two applications of a puzzle nature. The first is" the so- 
-jallcd Rugsian peasant method of mult^pl icat^Lon. W' .illustrate it, for fi^- 
iai the pro^tict of 5?:. and 25.. In the left column y^Tmultiply each time by 
two and ip^^^ r^-ght^we divide by two, discarding Remainders: - ' ' ^ 



573 


25r''' 




11 1+6 • 


12 • 




'2292" 






l^58if 






9168 


1* 





To- f^et the produ.'t, wc add the numbers on the Icf^ corresponding to "^he 
starr^ (that is, odd) niMers or^ the right, that is 573 + + 9168 = 

1\^325. The reason for this^ is seen if we odd two cblumns--on the right 
the remainders and on the left^he mul*tiples: '> , ^ 

^ ^ ' 1 573 ' '25 ' 1 ' ' . ' ' 

yl- 2 like - 12^ 0 - - ". " '''"^pW^^ 

• ■ • • If 2292 ■ 0 • * " 

'8. k^Sh '31 i ' . , - [.^'"^l 

. . \- 16 9168 '13.^ ' 

^ ' " c * - * 

The righ-t column gives the digits in the representation of 25 in the binary 5.-"*^ ' 
^ sys,tem. That is, 25 is 11001 .in the binary system; in ot^er' words " ^ " J 

^ . 25 = 1 + 0 . 2 4- 0 + 1 .^8'+.'i . 16.'. "-"-/^^.Z, 

^ ' , So' the'nroduct of 25 by 573 is ' ' *• ' \ ' ' « 

: . (1 + 0 • 2 + 6 . i+ + 1 . 8 + 1 - 16) 573 = • . '.^ -Ife''' 

";1 573 + 8 . 573 + 16 • 573 = ^73 + i^58i+.+ 9168 ^'lh;32^ . • ">^-'' 
* * . * ' * . * ' •♦^^ ''' 

< ^ second application is in the construction bf a set of cards for a ^ 

trick. Here is the set of 'numbers on each o^ them for the determination of^ °- ' 
numbers from 1 throug)^ I5-. . f 
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3 
11 



5 

13 



7 



2 
10 



3-6 7 
11 ' 11+ . 15 



1+ 
1^ 



5 

13 



6 

11+ 



7 

15 



8 9 


10 


11 


12 ''13 




15 



The trick is this. You ask someone to select a number from 1 -bo 15, inclu- 
sive, and then pick out the cards on *hich this number lies. You then add 
the first numbers on the cards chosen ^d recover the number w^loh was 
thought of. The reason for the' Success of this trick that on the first 
card occur, the numbers whose- last digit in the' binary ^ystera is 1, that is, 
tfJ^i^dd numbers* On the second card are the numbers whose next to the J.ast 
digit in the binary systemyis !♦ The third card coijtains those whose third 
digit ^^ounting from the right is 1, and the fourth card, those whose fourth * 
digit counting from the right is 1. Thus, for instance, if the number is 13, 
^ it^ representation in. the^binary.^ system is 1101 which corresponds to l3 
foi^ on all cards except the second. That is, 1 ^ = 1+ 0.^^1.4 + 
8 = 1 ^4 + 8 . 

^Another interesting application^ is to the game of Nim/ \:/kich,lnay be 
found in various references. ^ - ' 

9^ * 
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Exercises 

"Four score and seven y^ars ago" indicates a niame^al system to what 
base? ^Find evidences in our civilization of use of the following ' 
bases: *five, twelve, one hundred. 

Arrange the following in order^ of- size: ' ' ^ 



3^ , > 2- 



■ Perform the follo;i/ing ^calculations in the\numeral system to the^fase 
twelve and check yo;ar result?: 

a) -eee • 35 | -b^— tt + ele + 999 

,^^ee • ee | * • . 

Write multipl/ication table c5'f *t:he numbers from 1 to 7, in the 
numeral system to the base eight. * K 

• / ■ ' ' 

In the numeral feystem to the base two, perform the following^cal dila- 
tions and checlgeiyour results: 

a,. 11111 • illl . . . .^^^ 1010101 • 10101 

.c: ri- . " d» 



1010101 

1 
111 



(In the last tvo note that in this system, .1 m^ans one-half, iOl one- 
fourth, etc.) 



6, Can you draw any general conclusions from the examples in the previous a 
exercise? • ^ . * ♦ 

T. Write ,in the numeral system to the* base seven the numeral for six dozen, . 
What numeral systems do you use in the solution' to this Droblem? 

<r^- / 

0. 'Is 11 in the numeral system to the base^'seven x3i visible by two or not? 
How vould.you test a number written in the* numeral system to the base 
seven for divisibility by two?* ^ * / ^ * 



Problems 

1. Construct ar set of five cards which can bemused in the trick above to 
detemine ^ ar.y number fron 1 through 31* ' 

2. ' An object is weighed by a balance on one side of wh^ch the object is laid 

and on the other are put 'certain specified weights. What weights would 
you use as a minimum set to weigh all objects of a' whole number of ounces 
from 1 *o 15, inclusive? * • ' . . 

3. In the markets of Guatemala and other ^ Central American countries, to 
weigh out the corn and other commodities there is a little kin(5 of ^- ' 
bras3 cup holding. nes.ted weights. The innermost vi^Jjit'isi. one- half an 
ounpe, approximately; this w'ith the first cup weighs one ounce; the 
second cup weighs the same as the first" two weights together, that is, 

^ onei*cunce; the third weighs the, same as ti>e first^ three, and so on. If 
thef e are five cups in addi;^on to the innennost weight, what amounts 
, can be weighed^ on a balance with this series of weights? * 
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' Chapter y 

*THE) whoe£: numbers ' 



3.1 Introduction ' ' * ' 

— I - — * p • « . 

The set of numbers ' * ~ ' _ . 

^9 ^9 • • • 

5 < ' ' 

is called tHe set of nat^oral nui^Jsers or of counting numbers . We shall usu- 
ally use" the latter term. This sei with zero added we call *the set of whole 
numbers. The reader, should be varnet^ that this terminology is not -xini-versal, 

* In this chapter'we shall be concer/ied with projierties of these numbers 
expressed in* the decimal system,^which are independent of what numeral sys- 
ten .is used to represent then, that is,^ properties of the numbers themselves , 
irrespective «of what -notatiorl is used, to' represent^theml It is iiroortant to' 
study these properties^in d^etail because if ve^^eel at Irome with -nutsbVrs at 
all, ve feel so with these numbers! their properties are familiar to us 
though perhaps ve do not often. thinK about them. ,_H.ere inhere is no* thought 
of trying to lay a firm fo^ndatipn'J'or a numb^^s^stenucqmplete in all detail 
but ratl^er to becqjne thoroughly familiar with "these properties so^ that as 'we 
proceed to extend our^number s^|em,'^w^ will ^be a"t- home ''in^p^rJiapsk'esB fa- 
miliar surroundings. Really what happens is that, in each stage af SsTt^ension 
of our number system and in the algebraic processes which follow^* we ma&e 
sure to manage it. so that as man^ as ^possible of the familia r .properties of 
the whole. numbers carry over int^.the^ extension,/ And.J^n'thermore, th^ basis 
for the manipulative ^rules" of algebra i^ again these fundamental proper- 
ties of the whole ntniibers.^ > 

Not only isr the study of thesfe properties important' for the forwar<3 
view toward other numbers and algebra, but it is important Jooking*backward 
over the common manipulative processes of addition, .subtraction, multiplica- 
tion, and division. The junior high school student presumably^' is- familiar 
ytth these, but he is old enoiligh- ibd.havX the ri^ht to know why and^ inci- 
dentally, get^more pVactice in the\processes in this new' setting. (Notice 
also the last aection of this chapter . ^ . . — ^ - . . ^-^ 
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Thus this chapter, rather than the previous one, is the place for, 
thoroughness; for if the -properties are undev^tood in this familiar setting, 
it vill be much easier to understand iheTn in^ess familiar surroundings-, for 
these same properties recur at each stage of the developneht. And yet it is 
tr-ie here, as^ in all branches of learning, that the now as never thoroughly 
understood until the hereafter TSSLkeS'it histo.v. • . 

3.2 rne^,set of vhole '* nuubers ^ ^ * ' . » . 

We saw in the previous chapter that the net of counting numbers is «a 

n c3 ■ Dx y tiLL'd b 1 1 tjlrtyr^.i ch ~«ar^n s vr r questions about how many* (S^e 

^Appendix I for a short discussion of sets ar.d the accompanying terminology.) 

If ve^vant zo cocipare the number of eleLients (or objects) in two sets, 'we 

car. set up a one-to-one correspondence .bet'^ees thera as far' as possible and 

see if there are elem^its left over in. either. Ariother method is to count 

\he number of elements in toth and c^ompar^, the numbers^ that is, exhibi^t a 

« * • • 

one-to-one correspondence between each cf the given sets and a set of ^um€i>^ 

als/ The set of counting numbers is useful •for this purpose because there 

is always"* a "next one," and in virtue of this order we can tfell-'at a glance 

"^(at least in pur 'decimal system) which of two numbers is greater and hence 

whiqh^cf the corresponding sets contains more elements, unless they have 

the same number of elements* It do^^^ot matter in what way we set Up the 

one-to-one correspondence betveen.J4^e^ elements of a set and natural numbers, 

which w^ ^calX counting ,^Nbut it iF^/'i^^ thatvthe numbers with which we count 

have order*' ^ - 

* • * * / 

An excellent way to exemplify this is to set up points on a line ymore 

accurately^ a ray with end -point O) i'k one-to-one correspondence with the 
whole numbers, using the geometric order from, left to right to c'orresponci €0 
the numerical order as follows: - 



0123^567 8: 9 



Just as we say that 13 is greater than 9 because i^-fSliows^in the 'vhble num 
ber sequence, so on' the number line the point corresponding to 13 is Co the 
rig"ht of the point corresponding to 9» We designate this relationship by, 
13 >.9 or 9 < 13* In general, if a whole nurriber occurs after another in 'the 
ordered . sequence of whole numbers, we say that the former is greater than 
the latter or that the latter is less than the former. The sjrmbol for^ 
"greater' than" is > and that'for "less than" is < ^ ^ 



."^ The two fundamer^^al properties of order are: * . 

!• If \ and c 'are any two whole number^, then exactly/one of the 
following holds: . ' ' ^ * 

'V 

• b'> c, b = c, c > . X • ' 

2. If a ;> b ^nd b > c, then a > c (the transitive property)* These 
properties occur in otheaj settings in mathematics and outside of the subject 
and are characteristic of .wh^t <^s often , called an "prder5?S6e|;» " 

^ >fore formally, we call a set S an ordered set with i^espect to a rela- 
tiH^^fehip R if it has the following properties:' \ . 

1- If a and b are two different elements of the set, exactly one 
of the following hold^ 

* \ aRb,a.= b,bRa. 

3* .If a R b and' b R ^c , then a R c (the transitive property). In 

the case of whole nuirbers above, R is > ♦ Of course the same properties 

wo\:iJd hold if R ^leaatX . ' ' * 

- ■* * ♦ 

Another example of an ordered set wpuld 'be a set of foods where ^ a R _b 

It ^ i 

means I like food a better than food h and the equality would mean . 
tijat I like them equally well. This' satisfies the two conditions in general, 
though rf or some irfconsistent people the second property may not always hold. 

If H signifies thi« relationship ''is contained in" for pairs of sets, it 
is not,in gener^,an order relationship* To see, *this, consider the sets: 

A =^(r, s, t) and JB=ic, d, e). 



. Tiei^ther set of three let-^ers is cont/ined- in the other nor are tHey equal* 
A consequence of the order relationsh^ is that of betweenrjess. A num- 
ber is said to be between two others if it is less than one and greater than 
the other* In terms of our general relationship R ^ w^^ can define between- 
ness as follows: 

Definition ; A 'set S* is said to have th^ property of betweenness with 
respect to a relationship R if, for every three distinct eleme^its a^, b, c 
^ of S, at least one of ■the-'"follbwing holds: , ^ 

. / a R b R c, c R b R. ai b R a R c, cR a R b; a R c R b, b R c R a, 

^ Where a R b R c means a R b and "b R c but does not mean ; a R c°., etfi 
wo cases to be between a and c ; i^|<he thi^d 

and, fourth a is said to be between b and^^. ; and in" -the last two fc is 
^ said to be between b and ^ a . Also " a is between b and, c iy6 equiva 
lent to " a is between c and b ' , ^ • * 

■ d • '25 ,3.1 
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If (and -tMi-^i,E^<^^^:e;3^r^ set S is the se,t of 

joints on .a hoan^qnt|^|.Jin^,. t^h a R couXd-'mean: point ^ 

/is to t]^- teft^o/ 'p€rrnV>l:x xrnSh^ Hue, Since the pointa/ar^ ^ordered on the 
Une, *theOi^«opei-ty Uetv.eyEess Voids. ".In fact, it ij/lao? hard t'o see that 
this propeirty follow'*^fVom'^t^^ro]pei^ty of being an ordered s,et. Let us' show 
vhy thijr;X^so^4rr^te?i^(?f numbers an'^d inequality. -The proof Tor the ' general 
relation^ship^?ouIdVo;rn the- same way. To be del ini-te/,.>ije st^te a theorern: • 
Theoreiirt;— ir /n^ Vt^ c > ^'n ^^rs is an' ordered^se^ for tAe"' relationship >, 



, . - relationship >, 

thendt has the Pyi'S^.'^z-Of^.^^Vgennei^s for thi.s same relationship. ^'^^ 
"i¥ooYr''- SiTppbse— r ; :j'^.^and ' t^_^ are -three (different numbeTTjI^^w-ordered 
set. Then there 'are foui- possibil ities for s in relation^o the other two: 
•'i ) s > K * and s > t , . ^ 

•ii) s > r and t > s- , when s -is beT^rrrh- n and , t: ,^ 
"iii) r ■> sr-a?^-^s--.>-^, wh^n s is b^ween ri and 'f"', 
iy) -r^5 §^'ana'--r^T^. ' ^ ' ' . — 

In ca*se i), if t > r^, tj^en^^^^^is .between r .and s; ; \7hile .if r-> t , 
then r ^is oetwFen s "and T . In c^age iv) the si-tuation i;s sim/laf- 
Thi|?*^omplete9 the procf. 



I* 



But if is %iossi"l3i%_t'6 have^fiie property of betwe^nness, 'as have 
staued it^ Ki#thout thS proper tieS^af an ordered seib, ; for instance*, -let . 
^^A, C be the^^three YJ^ti^_|s^ of -a^ equilateral, triangle, ^--^let ARB mea 
^'we can move point A ftito. point B by a rotatioi^f the' trian gl^ thro uigh aa^ 
aggl^ of 12Cl^ ir; the^^-O^^^^se direction about its center" ^s-irdlcated in 



\ 



, the figure.*' - 



Then it is eas;y to see' that ' 



. A R B R C , B R C R A , C.R A^ R 3 , 



and so in this sense each point is between the oth4r two. The first prop-* 
erty of orde'r hol^s^ since 



ARB, BRd, an^' ' 6 p ^ , « , » ' ' 



\ 



but the second does not. hold since - A, R B and B R C do not imply' A C- 
hovever, C R A does hold/ The reader should 'be warned at this point that 
'often the idea of betweenness is expanded to the point where it is equiva- 
lent to the property of order. • ^ * ' ^ 
To return to the set of whole numbers, know that if forms ^ ordered 
set for the r^ationship > and he^ice has the property of betveerfness; that 

given any thre^' whole nusnbers, exactly one is between the other two. 
But it is not tr^e that given any pair of whole numbers, there- is alvays 
one between theni. -Jn other , words, 'the set of wljole numbers is not dense. • . 
Iret us define this notion precisely: , , ' , • 

Mi^iticn: A set ^'with a rUation R having the propertrof between- 
ness is called dense^if, ,Tor,any two elements of the set,, ther^ is a third - 
eler:ent between them, fpor another" definition of density and more complete 
discussion, see Section 5. 10.*). , ' ^ 

Theve is no whole number between 2 and 3' or, in fact, between any two ' 
Whole numbers whose difference is.l. You n..ay notice with surprise .that the' ' 
set Of three vertices of a triangle given in the illustr^tio'n above does' ' 
have the pi-pperty of aenseneas though, in an intuitive sense, it jLs anything 
but^dense.- More to the polht is the ^fact which we can establish 'lat^r that 
the rational numbers form a d4nse set, since if a 'and b are any two ra-" 
tional numbers, ^i^-ili is a rational number which is between them^ ' 

To the authpr iff does not^seem advisable that junior high scho^.stu- 
dents study these properties formally, but the knowledge of them should • ' 
gradually evolve out of experience, and-the good teach'er can s^e to ifthat' 
experience of this nature is had. , ■ ' "• *• ' 

The nurreral zero, as ve saw in 'the previous chapter, 'has a mQSt impor: 
tant.role irr the decitjal system of numeration. But tUe number zero has 
nK>re important properties peculiar to itself., m counting,, it indicates the 
absence of what is counted; for instance, zero is the number of persons over 
twenty feet tall. Every whole number has a predecessor except '^ero. This' 
is exhibited.in a "count 'down'-': '5, 4, 3, 2, 1, 0- sk the humber zero the ' 
rocket is fired. Zero has k very special role, as we shalT^ see/ with respect 
to addition-^ multiplication.' < ,' ' 
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^ Problems > ' ^ > 

IV , Complete the fourth possibility in the discussion of^^betweenness above* 

2. * If, in -an ordered set, a is between b and c , and c ip^between^ a 
and Jt^, prove that a an^ c are between b and d ♦ f 

— ^ ^^^-.U^ ^ ' , , ^ ./tS 

3» Let A, C, p be the four vertices in clockwise order of a^qvmire and 
A»'R B mean "we can move from A to, B by a rotation of the sj^axe through 
^an angle of 90° o/l8o° in a clockwise direction about^^itt ce^R*^" wi^th 
g "similar^eaning for* any other j^air of vertices ♦ Is thi/ set of points 
an- brdered set? Does it have the property of betweenness? Is it dense? 
Explain ♦ ^ . 




Addition of whole numbers 

•Phe fundamental notion of ^additiprf^S^ whole numbers is, as we "know, 
associated with the idea' of counting in the following way: if two sets' of . 
objects are distinct (th^t^^s^ have no elements^ in common), then the. number . 
' of objects in both setis together is .defined to be ^the sum of the numbers of J^. 
objects in^the sets separately. For example,, if A is the set (2, 3, 5;_A, l) 
and B the ^et (r,' s, t)' A has five elements, B three, all different from^thosfe 
"of A, -and hence the combine^"^, which, we call the union , has 5 + 3 or 8 
elements* * l^t:!*' notation t^s could be: * ' " ^ ' 

iiy ' J [ n{A) + n(B) = n(A,V^ B), if . 

A and.B have no eiemints 'in common, Wt is,? if theii intersection' is th^ 
null 'set and i^A) ti^notes the number of elei^ents in 'A* ' • 

The' first jp/operty of whdle numbers which follows from this is thai of ^ 
closurej 'The sum of twp whole numbers is^ a whole* number. ^ ^] 

A second" property, of addition which imfnediatel/ follows from^this rela- 
tionship is a direpV result of the f^ct that the combined set of A and B iS \ 
the same as the combined set of B anA A; that is, the union offsets A and B ^ 
^s'the sante as the union of sets B and A* In notation this may be written: 

(i) ; n(A) + n(B) = n(AUB) = n(BUA) = n(B) + (A). 

r ^ . . * * 

jThe fir^'t equaXity^llows from the^ definition, the second from the equality 
. of AUB and.BUA, ah^3 the third "^ain from the definition with B and A 

interchanged. ^This Would hold for any pair of sets without a common element. 
So ve have . . ' ' t ' * 
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I 

'The Commutative Property of Addition : If b 
number^, then _ 

0 -i- c = c + b • 



and c are any ,two whole ' 



In thinking of this, ve perhaps assur".ed that neither of the letters ^stood 
for the number ^ero, but It also holds fop zero because n(A), Q voul^ mesdi 
that- A is' the hlall^set and in that ease (AUH) , an^ equations (2^>J abdve 
vould ^ive . ^ , . ' ^ \ ^ ; 



0 + n(B) = n(B) + 0 



Acl^^aily ve have a little more— our first propertjr of zero: 



0 + c 



c + 0 



Zero IS called^ the* identity (or neutral) element for addition. - ' * 

Ofl' course this is not the way one vould first tejich these facts ^o a ^ 
junior hi^h school clasa> but, in the' opinion' of the author, the above is what 
should be in the teacher's mind to guide him or her in the presentation. 
iMoreover, ^hia appi;6ach miesht be useful for a review. The cormnutativ J prop- 
erty Is.part of the' Justification for adding two columns of . figures' fij-st ' 



in one order ar^d then-.^n the other, ;it can be shov/n graphically by consider- 
t> doTs . • c dots . • ' 



ing two rows /Of ^ots 



If we count the dot^ farom le^t to righty we have b +' c dots; if from ifight 
to left, wo.. have c + b (Tots. Since the number of dots in both setifis in- 
dependent of the order in which we count them, .we have shown b> this device 
that' addition is commutative. ' ' " . 

^Suppose now that W6,hai|£^ three aets A, B, and C. If we want to .'find/the' 
uni^n-of all three, , that is, the set consisting, of all the elements toge^ther, 
it Would make no difference whether we' combined 1 §nd B first and. then this 
union with or A t/ith' the union of -B and 'C. In notation - ' 

(AUB) UC = AU (BUC) ^ " 
and since ^his, is true, ve could just as veil vrite.them both in the ^f orm ' 
. , . AUBUC .. 

'This Is the associative property for the union of sets. "Por exa^le, 
ifA^-(5, 7, 6) 'b-=U,.%) C = (a, 2,- 2, • ^ / 

A-UB = (5, 7, 6, „, . (AUB)UC = (5, 1, 6,.„; %~ a, I, 2, l^', 
Bufc = (n,-^, A, 2, 2, hj, AU(BUC) = (5, 7, 6; n, %; C,, 2, '2, hi ' 
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Perh&ps this is sampler without all this noi^s^tioni we are mej'.ely saying, that 

if you, wish to coSmbine three sets, it makes no difference in, whaV order you 

combine .them. . . ' 

Now, to maKe the connection with numbers, we assume 'thati no pair of 

A, B, C has corranon elements and see that the numbers corresponding to the 

sets have the same property tfiat the sets have; that is, ' ' . ' 
* \ i * '1 

^ ' ' (a' + b) + c = a + (b +'d). 

^This is the associative proper1:y for ad(5ition of whole* num^er^. Notice that 
the ordex^ of *the letters is tfie same on both.sides of the equation^ but the ; 
way in which t^ey are combined is different. : Just as for sets, this prop- 
erty allocs us to write * ^ ^ ^ « * 

a + b+ c » *^ 

without parentheses and without ambiguity, 

^'This is a vital property for addition, since we can ^xHy reall^ add two 
numhfers at a time. So to I'ind the sum - '"- ^ 

[ ^9,+ 7 +. 8 + 9 , • \_ ^ 

f^r instance, we can first add ^5 and 7, then that sum to 8 and that sum^to 9. 
Each time we add just two numbers. The property of associativity and cotnmu- 
tativity assifres us that if we had, worsted from the right ;side to the left, 
the result' would have been the same>- ' * \ ' ' ^ 

Finally, there is 'another property which is q^ij^e evident at this stage 
but is not so' apparent in less familiar i^ettingsA In fact ^ it is the basis 
for one of, the methods of manipulation fpr the solution of equations. ]^t is 
this: . ^ ' " ' 

If a and b are two names foil the same whole number, therj a + c 
and b c are two^ names for the same nyi;nber. In notation , 



\v, a = b implies a + c = b + c 



This is sometimes called the w^l - de/ined property . The reason for the name 
is this rephrasing of the property: { ^ * 

o The sum of two nupibets is independent -of the particular .numerals 

^ .us-ed. ' ' , . 

« . \ ^ ' . 6-10 6 , « 10 1 7 

For instance, since j ~ "5" ^ then 7 = -j- + T . 



. . Exercises - 

^ — — ' — — , , 

"Ift a booklet the last three digits of the numbers of travelers* checks 

yun froTT, l68,to^ 192, inclusive/ How many checks does the booklet . ' ^ 

contain? ^ ' ^ 

* • 

In each case^belov, fl^d a nu^b^r which may be used in place of ^ ' to 

make We equation true. Give reasons for you^ answer. 

aj 3 + 7, = 7 + ^ ' (6 + 3) + 2 + (3 + x)' 

c) (6 + 5) = (2 6 . ' _ 

Give examples of pairs of operations outside of mathematics which ai*e 
commutative' and also^ examples which are not commutative. 

Is it possible for two fathers and-two sons to be just three persons? 
Explain. Whatsis, the connection between, this , and this section? 

When one adds a) column of figures from the' bottom up and then from the ' 
top down, what |)roperties show*that Jhe two results should be the same? 
Is there a method of finding the following sum whijjh better than 
either adding^ up or adding down: ' 



9 + 8+ 7 ^6 + 5 + 3+ 2 + 1? 
Could your same method be applied to the following^ bum: 
15 + li^ + 13 •+ ,12 + 11 >'ia.+^9' + 8 + 7+6 + 5>+4 + 3 + 2 + l? 

Uae the above methoc^s to find a short method of adding the multii)les of 
9, from 9 to 99, inclusive, ' " / ^ - 

Let A fee tlie set ofjg^ople who like \ce, crearh and 3^ the set who've 
cho-tiolate, all chosen from a-given class of students. Wha,t would b^' the 
interpretation of the formulasin Problem 1 below*? ' - 

^ \ ^ 

Give .an example of a set S ' and V relation R , different from those ' 

given a^ove^ for which S forms A ordered s^t with respect to the 
relation R. Then give an examplejin which £ does not form an ordered 
set. 

Suppose we define a 1-elationship R between two whole numbers as ' 
follows: 1, If a^- b is even (divisible by 2), then 'a R b means . 
a >b. 2, If a is odd and p/e^e^^hen \ R b is true. ,Whic}i 
of the fundamental <p'rop'6rt ies^^t orde redoes R have? ' 



* Problems ^ 

If A and B are two sets and n(P) denptes the numb^ of elements in 
any set P, prove - ^ 

^ n(A) -f-'nCB) = n(A B) + n(A B) , 



vh^re A B* denotes the intersection of A and B, that is, the set of 
elements common to both, ' 



2. Using the netation of^^e previous problem, what is *an interpretation 
in terms of sets of the well-defined proi*erty of addition? 

. 3* Use doti? to illustrate the associative property of addition, as. for 
the .c<!^inmutativ€ property above, 

a 

* 

^Ik «M ultipli cation of whole numbers ' ^ 

— ^ ~ ^ — ^ 

,If we have five sets each containing three elements an'd if no two sets * 
have an element' in common, then the number of "elements in ^11 five sets ccm- 
bined is whal: we mean by the product oZ 5 ^nd 3, or 15* In other words, -15 
is the sum of five threes: ' , . . • , 



15 =3+3+3+3+3 



In general, for b_ and c , any nat^pal numbers 

♦ ' ' b • c? ft= c + c\+ c + , , , + c 

where there are b c*s in 'the sum. This is what we mean by the product of- 
two natural numbers. We indicate the^product in one of three i/ays: b • c , 
b X c , be* Similarly,^ * ^ 

0 ' * ^c b = b b + b + , , ; + b , 

where the number of b*s in the sum is c , It is not at all apparent that the 
'two abpye sums are equal, X . , «• 

One way to see this far the pair of numbers 3 and 5 is to consider the 
following 'firray of dots: . , ' J 



If ve count the dot^ by columns, ve have five columns of three dots * 
each or. five threes. If we count them^y rows, we have three, rpws of,/ive 
dots each o^*'lhree fives. The rjumber Of dots is independent of the stiheme 
used to count them and so- the two res^ilts must be equal. 'It is e&sy to be- 
li^ve that this same scheme could be u^ed with any pair of natural numbers 



Er!c- ... ■ . ■ 



to amve at the cgrresponding' result, which we know intuitively from long 
experience to be true. .?his.is-the commutative property for multiplication 
of • natural numbers: ^ ^ ' , , 



* 

bc% cb • - . 



where-bc denotfe^ the product of tfie numbers b ' and -c . ' ■ 

Notice that this property' allows us to speak' of 'the' 'product vpf two r^up- 
bers Without ambiguity and to check a multiplication by performing. it' in the 
Other ord^r^ 



we hav.e also sho™" almost incidentally; t^e .closure property for muUi-. ' 
plication : . 

If .b and -c^a£2^ ^al ^umbe^ be is_ a natural nuler. 

Notice that multipHcatia^is. possible only when we are repeating in. a 
sum the same number again- an6*6^aitr, - - 

What of mult'iplicatlon-bT'^ero? We would want five zeros to' be zero- 
0 . p . 0 . 0 . 0 0, aMvi-n.^al x . .0- 0. Bu't zero^-^.i-'h.. "ni mean- " 
ing. However, since we want InSl^iplicatiDn to be .c.OTm;tative^^:^s well 
- as Sor the'natufal numbers, we define 0,.?x to be Oi The'nChS^e 

c, ' be -t cb . 

^ - -s 

for every pair; of,«hea^bers:~Also"'th; set of whole numbers is'closed, 
under multiplicalio^ '. " * , , 

.Notice, howev^, that .unless one of b and c-- ±^ zero, their pro0^:c1^' 
K^annot be zertf.^ In pther words, if for two whole numbers/b a'n'a c : 
be = 0 or cb = then b 0 or o = 0 or bothr' ' > - ' ... r -' ■ ' ^ 

■ ^ The :ien-dekne^ grope^ ' 
we state it for future* referency ^ , ' • 

•'^^jCf a and ,.b - 1?wa~ha$ii£ 
whole ^number, then''ac.'= be. 

The associative, property fpr whSle numbers- is harder to justify, and perhaps , 
it is better just tO assume it outright. Jlowever, there- is a three-dimensional 
■ model th^t Might make.it seem pl^us'ibU. Consider' a stack of 'Vouy traps' of '• 
glasses, where in each tray *he arrangement is ilike^hat in the' rectangular 
array of dots-above. If >e c(5unt th^ glasses 1)y trays', we have k. . . S)' 
If we look, at the stack from the front, we see-=-four rows of five glasses 
e.ach, and we know' there,are two siklar arrays behind £t?r giving "us (Ifl -5) . 3 
Thfese results must be "the" same, , This -i. an example of the ,ass£cJive iprop- ' 
e^^y for multiplication of whole numbers: ' 

a(bc) '='(ab)c ^ . 

' <• . - . 

' < 33■^ • ' 



a and ,,b^ -two-'nasfis'-for the s'ame\hole nimfa-er an^ c is a-*^- 
le -number, then'ac- •= be. ^ ' -■ > 



for any vhole numbers a , b and*r c / At the end~ of the next section ve 
shall see that the associativV property can be^ proved from .the distributive 

property* ' ^ / ' 

Here again ve would have* to give the^nu^ber z4ro special attention, but 
we need merely notice Ahat if - any one of b 6r c is zero, both pro- 

dacts are zero. '.Just as for addition, the associative property allows us to 
find the product of mor^ than twdSfcumbers and^to write abc without any 

ambiguity* ' _ . . , * o 

Recall. 4hat in the pi^ipus section ^e called the number 2^.0 the identity 
element for addition .because 0 4- b = V + 'o = b, no matter wfiat whole^number 
b is. The corresponding, number for multiplication is 1 since 

1 * -b b • \ = : ' 

This^^number is called, the identity element for multiplication . 

i e ' 

3,5 Th-e distributive property . 

Thi_^ is the property "which seems to be the ieast understood of all the 
elementary properties of numbers, and yet it is used unconsciously^whenever ^ 
* ^mlZtipiy^twT nu;Bbers one of which is greater than ten.. Tor instance, to 
'find the product of 2 and- S^J-^ye" multiply 2' by k and get tiie units digit 
and*2 by 3 to get the te^s.K&git.^ What we are really, using is: 2(30 +'h) - , 

In general the distributive property- for whole numbers, is 

a(b + c) = (ab) + (ac) = ('b + c)a . . m 

whec'e the second equality follows from the commutative property, for multipli- 
cation. ^It is calle^ by this name sincB ia-.a sense the multiplicatipn -is 
distributed* through the members^ of the sum. It is also used in the other 
direction.. For instance, to find the aum ^ - 

'-e • 27 + 2 - 33 , * ' 

it would be e^er to add 2? and 33 and multfply the result by 2^This is 
the,Tactoring process of al^bra. This property can be s^en by an array of 
dots as follows: 



Beading by rows, we have 2(3 + ^) or taking the two partes separately, we^ 

would have 2 * 3 + '2 * • ' ' . <\ 

^ Vixen. ve^Itiply^ two numbers greater than ten, we^actually us6 th^-di 
tributive property twice, as>is illustrated by the following:^ ^ - -V- , 



^ ' ' (21)^3^0 = (21)(30 + J^) =.'$1 . .30 + 21 . If = , 

+1) • 30 +*(20 •+ 1) • 1; ^ 20 30 + a, • 30 + 20 • if -fe 1 . ii = 600 + 30 

'+ 80 4. I , • ' • 



that we used both ordera for 'the distributive property and also^the 
associative, property for addition. In betters this* would give us 

\ , (a + b)(c + d) = ac + *ad + be + bd, - , ^ 

, '- * « 

where,^of course, on the right "'side> it is understood frota the convention 

^ that%>?e ealcjalate the products befoije* ye add. 

• One of" the characteristi-cs of th^^stributive property is that there 

'are T.any wg^s^ in vhich it may be misinterj^irj^t^d Note, for instance, that 

3 ''5 + 2 / M5 + 2). Also the distributive* pri^^V-ty does not hold for 

^ multiplication alone! ^ ( 2 • 3X ? • 5) / 2 • 3 * 5 • 

The dij-Dribu-^ive property is impli::it in most of our ari\;toetic calcula 

tions. Wc shall be utktg it in the tests for divisibility in the followj:ng 

chB-pter. Moreover, in' algj?bra* it is^ the fundamental property at the bap is 

of factoring. For instance, to find the product 



^' (a +b)^ 



. / 



in algebra, we use the distributive property twice as follows: 

(a + b)(a -fb) = (a + b)a + (a + b)b = a^ + ba + ab + b 



(We have also .used the associative property of addition.)^ "To complete^the 
result, we us-e ^^tre commutative property for .multiplication to get ab = ba 
and have as our i*inal result ' ' . 



+ 2ab + b 



Furthj^'moi'e, to factur this "expre^lon we use the distributive property in^, 
the revei'sc dirco^^on. So it i^- especially iniportant that, .at this stage ' . 
when we are wcrkias with familiar numbers, this property be made evident 
and natural. , * ; ^ • • - . 

It is posao-ble tq pFOve the 'associative properl^y fo^ whole numbers by 
'use of, tne distributivje property. With the thpught '.that ihe teacher ,tnight^ 
be interested -to see how it g®es, we ipclude suchu a^proof at this poirit. 
V/e ^want to prove: ' * 

(ab)c = a(bc) ! 
^ . . . . • • * \ ' ■ 

fov all whole- numbers a , b , and^c . To acclDmplish this, we prove it in 

suC'-'C'Soion for veiriouo values of a . Firs-t, if a = 1, the equality becomes 

(ib)c =./l(bc) , ' 
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' which is true since both sides are^ equal to be. If a = 2, we have ' 

• - » ' 

, ' (2b)c = (b + b)c = be + be 

on the one hand, and- 

2(bc) *= be + be J* 
on the other. ^ - ' ' 

♦ 

Now we want to prove it for a = 3j that is a = 3 = 2 + l". Then .our * 
desired equality is ' >* * 

f(2 + l)b]c '= (2 + l,)(bc) . 
^1 '^^^ left^side is, using the distributive prpperT:y/ ^ . ' ^ 

. (2b + b}c :=r (2b)c + b-c . 

^ The right side, using the sa^e property, is equal to ' 

. , • , 2(bc) .+ bc^ - ^ 

But we have already shown that (2b)c ^ 2(bt} ,-ar.d hence 

[(2 + l)b]c = (2b)c + bo = 2(bc) + be = (2 + l)(bc) . ^ 

Our next sVp" would be to' prTve it for a = 4 = 3 + 1. This Ve could ' 
do by carrying thr:0ughHhe above proof ^vrith 2 replaced by 3. Next we could 
prove it in the same way for 5 h ^ 1 and so for all values of a , How- 
. ^ ever, just to show triis .a 'littl- rr,ore formally, lefus cariy through the 
proof with 2 replaced 6y n . That as, we assume 

(nb)c =-n(bo) • ' 

- - • . I 

J and want to -prove 

* ' I. - ^ ((n + l)bjc':= (n + l)(bc). ' 

^ : ' ' 

Now the left side is £qual to ' - ^ 

^ /' ' . • (nb + b*)c i. (nb)c + be ^ ^ ^ * ' ' ' 

^ and the- right side to ' - i 

^ ' . ' • a(bc) + be . , ' . . ^ .^^ 

jBut^by our assumptioft^ ( nb)c = n(bc), and we have ^ •* 
' * • f(^/ = (nb)c + be = n(be) +.bc'='^(n + ^ 

^/ Thus on .the as$u'mption of the ^operty for a.^^'^n, we have shown it for ^ -^..:>.>x 
^' a - n + 1 , , ' \ ^" ' :j 

J. /' The advantage of this method is that we ^aye^now shown'^.that if the 1 'il^feS^ 

^- ^'^""^^^^^ ^""^^^ ^"""^ .^''^ ^^"^^^ ^''^^^'^ ^' ' J^l^s for the ne:<t one , ,^(^me 
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it holds for a = 2,\it holds f or a = 2 + 1 = 3; since it holds for a% 3, it 
holds for a^^ if = 3 + I,'. and so cm. Some readers r<&y recognize this type of 
argument as mathematical inductiCr. 



Problems ^ 

For each of the fcllowing'find for what vhole% numbers --a, b, c---*the 
equalities hold: e , 

a) (ab) = ab + ac ' b) (ab) • (ac) = abc . ' 

c) (sb) +**(Ga) = a(t} + c) ^ ^ 

Prove a(b + c -»- d) = ab + ac ad, pointing out at each stage .jf^st 
what properties you are usi-'^r 

Dissect the 'd recess of '^.ult inlying 22 by ^S" using the distributive 
♦ property and oth-rs. At each step point cut vhat properties you are 
usi^ng/ Co'^.pare the process for 23 • 78 with that for VS • *23- 

If we divide the nur.ber 327,327 first by 7, then by 11, then by 13, 
the final Quotient wMl be 327. ^s this only by chance, or will it>^- 
be true that if we divide ar^ nu'^ber of the fom abc, abc by 7, 11 
and then 13, our final buotie-.t will be abc? \Vhy or why not^ 



2.6 Subtraction . * * ^' 

We have ^.arly exanples of inverse operations inside and outside of mathe- 
matics. A "lan puts on a coat or takes it o^". One "urtdoes the other, and 
sometimes it car^be done and sometimes not. (He ^cannot .take off the coa,t if 
he does not have it ^^ii^.^ When ^we^ add, we solve an equation a +• b = x; that 
is, we are given the nunbers *and want to. find the sum» When we subtract, we 
are 'given one of -the numbers and the sum and want to find the other number; 
that is, we solve the equation a..+ x' = b. This is Illustrated by the usual 
proaess of makirg change when the clerk starts with the amount' of the pur- 
chase and gives you money until it reaches .the amount which you gave him. 
When we solve a + x = 'b, 'We write the sdlutibn as: x'=t'b ^ a. ,And since 
2C -^ a = a +' the answer is the same when we solve x +. a = b. In words, 
X is the number^ which, when added tci a , gives b . - i ' ^ 

Now if a = 7 and b = 5^ ti^ere is no whole number .whicb--^"can add to 
7 to get ^/and the equation 7 + x = 5 has no solution in whole numbers. 
In fact, we^have the fallowing possibilities for the solution^ of a + x = b: 

1. If a > b, .no solution.' f ^ ^ 2: •'If a = b, = Q. 



If ;a <^b, X = b a. 



•Later of' course we shall extend our number system so that we shall have a 
• scluticn in the first case also, but at this stage- if -we a^e^-^ consider 
, only vKole numbers, our onljr choiae is to say that in our number systeni we 

cannot subtract a fi4- b if a is ^ greater "than b . 

What are sorr.e of the properties of subtraction? If b > a, we have 
*a + (b - a) = (b - a) + ^ because both a and (b - a) are whole numbers. But 

what ^ about the ;:on3nutative property .for subtraction:' * 

«^ ♦ b - a = a -"-b? 

This can h^ld cr.ly if a = b ^hen both^ sides are zero, for if b >^a, the left 
Side is a whole nu-ber but the right side is not" while* if\a > b, ^.he right " 
side, is a whole 'ru-ber b.'. the left side is not. - ' ' . 

What cf the-S^^ri^WT^'^'JbT^ Co-pare 9 - (7 - 2) wi^h (9-7^ - 2 
The fo-er is equal to K ana' the latter to zero. This -eans that without ' 
so-e understanding%>.e e:a)ression 9 - 7 - 2 is ambiguous. It is custornary \ 
to adept the second meaning, but this of course. rr^es it very i-portant t'hat* 
the uninitiated are instpacted in^t'his niathernatical mystery. Is it ary won-' 
der that some stuSents think that to co^ute ^2 + 7 • 9 you add 2 to 7 and 
multiply the sum by 9! For this reason there are those, who would like to 
discpntinu^^fche conventioa that a - b - c means (a -'b) -,c. 

• Vfnat of the distributive property? Let us try this out: 9(7 - 2) = 
9 • 7 - 9 • 2 = 45. Let, us try this in general to find ' * ' ' < * 

^ a(b -V ' 

where b > c. We know that there is a whole number x so that b = 'c +r5c. 
iPhen db'^ 'aCc + x) ae + a« by the distributive property for whole numbers,. 
But this shows that ax is the number v^ich you add to ac to g^t ab ♦ In 
other words, a:^ = ab - ac. This is* then equal to a(b - c^-, since x,^ b 
So the^ distributive property does hold for subtraction, at least for -a to 
the le?t of the parenthesis. See Problem 1 below. 
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Exercises 



Introduce ^^arentheses in the following to make' the equation true: 
a) ^ - ? - 3 = 6 b) 8 - 5: « 3 '=,0 

^ow' many possible different numbers can one, represent by placing one 
pair of parentheses in the following? 

. ^ ft 1 i ■■')32 - 16,- 8 , 4 . 2 -ii ; , , 

Introduce tiarentheses in the following to make the equation truer 
a> . 9 3 = 90 ^ ^ ' b) ; 9 . 7 If 3 = 66 



How many ppssible different number$ can one repines ent*"by *piacing one 
^air of parentheses in each of the following: 
,a) 8 . 2 + Z^^- 3 - ^ b) 9 - 2 . *3 -.1 

♦ • • •* 

5. What properties of numbers are* used to establish the fojlowihg for any. 
" two nu'bbers x and » y : ' 

•(x - y)(^c + y) = X - y", assuming x >^y. 

By this or other means f ind expression. equal to^ 

^ (x + 1)^ - x^ ' . ■ . 

6. Write, the sequeno^^ of squares and corij^ulJe the> difference between each* 
square and the next, as follows: 

1 9 l6 25 36 81 100 . . .* ^ 

. * 3 5' 7 9 11 13 15 17 19 Jy- ^ 

Use the -results of Exercise- 5 to f i d a relationship between the 
differences and the adjacent squares. 

7. The sum of« the first four odd numbers, 1 + 3 + 5 + 7, is 16, the square 
of ii. -The sum. of the first nine odd numbers is 9 Why would a simi- 

e lar result hold in general? ^ \ ' * 

^. Suppose instead of considering all the .squares, we considered only the 
odd squares: 1, 9, 25, k9. What can you find about the differences 
similar to th^t in fixercise 6? 

9^. Perform on a given pair of nu^fers two sets of operations as follows 
for the numbers 11 and- 7. 

, 1^*- 1 = h = 121.. ■ ^ ] 

s ll + 7 =^18 * 7^ = h9 

Then the product of the two results in k, if • 18 = 72, is the same as 
the difference of the two results in II, 121 - 1^9 = 72. Is this an 
a(tcident,*,or will it hold .^f or any two ^numbers? Why? 

10. If we divide h%62k,^62 by 73 and then by 137, ^we get ^,5^2. Is this 
. * an accident? 



11. A girl went- to the pantry, with onl'y a 5-cup and a 3-cup -container to 
§et k cups of flour. C^n this be done if 'nothing but the flour con-, 
tainer is used in spdd'ition to the two containers? If so, how? Ex- 
plain^the^use of parentheses . in your answer; 



Problems 

1. If a , b ,,c are whole numbers and b > is the following true? 

(b - c)a = ba - ca 

2. * ^If ^a , b , c are whole numbers and b*> c, is the following^ true? 

, ' a + (b-c) = (a + b)-c " 

*j ^ If tiot, give an example'. If so, prpve it. ^ ■ ■ * 

3. /Answer the question in -the previous problem for the expressions- 

* a - (b + c)' ^^{^ - b) + c 



•3»7 Cancellation properties ^ " \ 

At this point tliC cancellation properties can be ll^ught of as the 
converse of the well-defined properties, though in the light of later number 
systems we shall see that all 'can be thought ^of as 'well-defined properties, 
In^SectiOL 3,3 the following important property of addition was pointed out 
for whole numbers, a , b , c, : * ' . --w 

If a = b, theri a + c = b + c , - * 

• The cancellation property fpj: addition ^s the converse : . 

Ifa + c==fe + c, then a = b . 

This, follows immediately because if we let a + r; = x, then by definition 
a = - c , and since x is alsQ equal to b + c, we hav'e b = x ^ c. Hence 
a = b. In effect what we have 6one is to subtract c from both sides of 
the equation a+c=b + c. 

For multiplication, the well-defined property was; for whole numbers 
a , b , c Vc ^ . ' ' . 

' it. = b "implied ac = be • 

What of the converse' statement: • < , - 



. ac = be implies \a = b? , 

this is certAin^r^ot true if e = 0, 'TSjLnee 3^ 0 i= 2 • 6^ but 3 2,* But if 
""c ^ 0,, it is true. V/hy? The fpUowing sequence 1)f steps leads to^the 
desired i^esult: ^ ^ ^ 

\ ^ ac = be means' ac - be = 0 . ; 

From the distributive property >f or subt/^'fel'^^e haver 



^ \ (a - b)c = 0. . 

'sit we know that the proauqt of' two .whole numbers *can be zero only ,ifUone of 
them is .zero'. Hence the last equation .impMes 

* a-b^0o3r,c=0. 

Thu^ if c ;f 0, a - b ■= 0; that is^ a *= b. Thus we have proved the cancella- 
tion property for multiplication : . , - ^ ^ . 

ac = be with c ^ 0 iinplies, 'a = ,b * » 
Problem ' 

Prove that if a , b , c ar*e whole numbers with c ^ 0, then ca = cb, 
* ' •implies a = b. ^ 



3.8 Division 

Recall that subtraction is the inverse operation of addition. That is, 
when we add we solve the equation a + b = x, and when ve subtract, we solve' 
,the equation a + y = b. 'In other words) ris the numbe^, ;^e add 'to a to 
get b. Sometimes there is such a number in the s|^f A^hole'numb^s and 
sometimes not. When there is *such a number, we ^aS^^- ^^S^e say 
we get it by subtracting a f ro©^, b . , , 

SiT43.arly, for multiplicat|on we solve t^equation>}D.=, x,'' and for - 
division we solve the equation jy = b. . In o^l words, 'y is 'th^' number we 
multiply by a to get • b . SoLtimes there is such -a number in the ^et df 
whole numbers and sometimes no|. When there is such a number, ^we call it * 



b/a or - 



a 



and say that ve gef it by dividing , b by^ ,a : Just as subtraction Ind , 
addition ar% iriverse operations, so are multiplication and division. * ' 

Another vay to 'think of tlie inverse^ operation is in terms of one "undp- 
ing'' the othej-. Fqr :instan<^if b - a exists^ thenp ■ . ' ' 

.< . - ii ' .'t - b - a + i = b ^ ^ ' ^ ; ' . j I 

I ' / ' * 

b-ecause b - a| is the number ^hich, when added to 'a \ gives b Similarljr, 

if ^ exists,* » ^ ' ^ { 

a < » V . ^ 

i ^ ^ ^ ' ' ' V ^ • - . r 

because by definitip^^, ~^is the number wi^ch, v^hen/f^^^iplied by a ,'giveq?b. 



3.8 



^ ^ To repeat, sometimes there is an inverse number yfor multiplical^ion and 
sometimes not. For instance, 3^ = 12 has a ^olut><m, 3er= k, but 5x =^12 
has no solution in-^the^set of whole numbers. Here it is nqt so ?asy to tell 
by inspection whether or not a solu;tion^xists, ^but we have a ,terftu which we 
- ^ --- -* ^ ------^ --- b'^has a sotTTtToh^ltr^hol^e^*^^ 



can use in this connection, 
say that b 
a is a divisor of b or a 



is divisible by ^ a*, or that 



If ax = b^'has a soIutioh'lTT^hol^ riQWtyers, we 
b is a multiple of a ,'Or ^ 
is a factor of b % 



' Since In the next chapter we shall be Qoncorned with prqperties cannec-^ed 
with divisibility or non- divisibility, we shall not carry this further at this 
point, except to write that if b 
of ax = b in one of several ways: 

b 



is divisible by a , we write the solution 



b/a 



b ,f a 



In the r>rocess^of division the identities for addition and multiplication 
. play a special role. If a = 1/' the equation ax = b always has^a solution, 

X i= b.' But if a = 0, then ax for every who^e number x , and one of two 
, things can happen: 1. If b ^ 0, there is no number x for which 0 • x = b 
2. If b = 0, any x will do. Thus we either have no solution or too many. 
,9o we must be -careful to avoid division by zero. We shall see that not only 
for whole numbers but for any number^ there would be thi5 trouble with* divi- 
5ion by zero. _^ , ' * ^. 

One (?^*also look at this question, of divisibility somewhat physically. 
The number be came from having b sets with c elements in each set. 

b sets with x elements in each 
' To solve xb = c, we would want to * , 

If one 



Then to sojve" bx = c, we want to find 
set such that the total number is* c . 
find X. sets with b 



in each set so that the, total number is c . 
equation is solvable, so is the othei: from the commutative 'property of mul-^ 
'tlplication (though the physical situation is quite different), and the two 
, solutions ^e the same number. 

The symbols* a f ^ f c and 



f 



^l^/c are ^bigubus,^ and parenth^s^es mu^t 
be used to give them meanipg. An example is.^suf f icient to Show why, they. a)re 
ambiguous: {8/-h)/2 = 2^2 = 1 , while if w^ gu-J; the parentheses in differ- 
ently, we have 5/(4/2) = 8/2 = . * - ^ 



a I 

i 



■ J:-. 
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cises 



1. Consider the equality: . 

«■ # • . . , 

^ b) * c = a ^ (b ^ c)' _ 
vhere a, b and 6 are whole numbers. JVhy does this h6id for all whole 
numbers when * stands for + as well as when * stands foi: multiplication? 
Supppse * stands "for ^nd a. - b, as veil as (a.- b) - c, is a whole 
^number; is th^right s?de necessarily a whole number, and if so, is it ' 
equal to the 1^?^ Answer th^ corresponding- questions for\3ivision 
instead of subtrXtion. ' ^ ♦ V • 

2. Answer the same questions as for 'Exercise 1 for the expression * 

a ^ (b ^c) = c ^b * ,a)' 
How- many 'possible different numbers can one represent by placing 



parentheses* in 



l6 f 8-»t if * 2 * 1 ? 



In each of the following^ a , b and c are- whole numbers and every 
indicated quotient is an integer. F-or instance, in .part l) on the 
^ left side, b is divisible by a,, and c is diVisible by ti3eir 
quotient; no denominators are zero. Indicate which of the equalities 
hold: 

a) c/(b/a),= (c/b)/a " 

b) c/(b^+ a) ^ c/b + c/a 

g) ^ (c + b)/a *"c/«L + b/a / ' - , 

(c - b)/a = c/a - b/a with c > b 



3*9^ Inequali tie's 

Theite are aiso properties cf inequ'alitj^es which correspond to tjie JweXl- 




defined^^nd cancellation properties , for equality. In this slightly lei^s"^ ^ 

" Tk^jtliaj^^jseUipg, it* is perhaps more apparent why ve should take noticl.of * 
these pro^er'tijes. "iTiretany-^iaa^f ewer marbles than Henry ^nd if we giVe each 
of them t^e isafne number of ^ additional marbTes^ IJohnr^ will still have fjewer ; 
" ruarbles thara^Henry.^ Alio if we take the sam^ number of marbles away fijom 
- bbJlTr 111 ijtfiT J mi have fewer. In notation this means: \ 



ji) if a < b, thep a ,+ c < b + c 
I i^l) . If a +*c*< b + c,^ then ^ <.b./. ^ 



) 



A Wd can*' just accept these as fundament^^p^x^^Ue^VJOf.-aumb^^^^g^ if 
we define inequality in terms of addition, \fd Can Serive these properties 



i*rom previous ones. ;This we shall do,^ 

Defjinition: If for some natural number 



it is .true that a, + x ~ b, 



we s^'^at "a . is less than b" and write it a < b , or alternately, "b 
is greater than a which is- written b ^ a , 

Note that a definition*works both ways; that is, in 'this case by the . 
statement a < b we mean that there- is a natural number x such that 
a + X = b ^ as well as i^the other order given/ in Ihe definition. We shall 
extend this definition later in the book to other numb^ers* Now, in terms 
of tHis definition, let us .return to the first of the statements above and*. 
'Show-l;ow, using the definition^ we can prove: 

* If a <; b , then a + c < b + c . 

?roof: F^om the hj^bthesis, a < b^ we know that there is a natural number x 
such that a + X = b. But by the well-defined property for addition 

(a + x) + c = b + c''. 

By the commutative property and associative propei^jy^^Ccr addition 

(a + ,c) + x= b + c, ' ^ 

which' by the definition is equiva3ent to -^l* ' • • ^ 

\^ a _+ c < b. + c . ' « ' . ' * . 

This prox^ statement i). We leave the proof t)f ii) for .a problem ^elo;^!* * 

We c"an use the same techni(jue to deal^with inequalities foi multiplica- ' 
tion. The corresponding ones are-.for natural numbe^^a-,<'b^, ' * i.- 

iii) If a < b ., then^ ac^< be - 



r) 



If ac <,bc , then a;< b 

0 



To prove" iii)* notice that a < b is equivalent to a +* X =: b, TJien.by Ji! 

Til ' ^ > ' 

defined property for multiplication, ^ 



By the di$tri|butive prqperty^ 



(?a + x)<J = be- 



ac + xc =' be 




Since the set| of natur^ numbers is closed under multiplication, then ^tc 
is a natural number, and thejlast equation implies ac <: be. 

V/e leave) the proof} of iV) to the pi'oblems. The rea\3er should be warned ! 
that whil4 i) and^^ii) hDld fo*r larger sets of ,niMlfer?, i|ii) arjd iv) do not. | ' 



'--^ - ■ ' ; ^ 3.9 

feold in-general^ In fact, if vc were considering whole numbers instead, of 
natQital nwfers, we vould have had to sgeoify o o' in iii) and iv). 

The teacher mightM.V-11 ask at this poiqt, why give these proofs when we 
have assumed less obviyac results. The autho^i-'s' i;easo'n was to emphasize the 
^ connection betVeen inequality and equality, noting that the former could b,e 
defined in terms /f the latter and that the well-defined properties of the 
latter imply those of the foi-mer. It is not so much "the proofs in themselves 
but the relationships, between inequality and equality which arc important. 



5. 



Exercises 

If a , c and '.are natural numbers,'^ shew 'that a < b and 
c < d irnpii(?3 ac bd . • ' , i - " 

(This car. U ornc either fro-, the dofinitioi. of inequality in^erms of 
curts or fro- the basi- properti/,^s of inequality; note the suniaaryin 
Sectioa 3.10. ) - ^ . . 

If;: a , b , c ana d are whole 'nuWrs, ^ir©^' that -a < b and c < d' 
iijgplies a + c < b +. \ 

S.^pos« a.< b and a + c < b .+ d. What conclusions could be drawn, 
if any, ahojt the relative size of c and d ? (a, b, c, d' are ' 
vhole numbers.) • , 

Suppose a < and a + c > b + d." What conclusions' could be drawn, 
i&^Sriy-,^-about'the'^-elativo size of o and a? (a, b, c, d are 
whole number's.) i . . 

Answer the fear.^^questions-as- in'/Exercises 3 mid 1^ when the s,ams are 
replace^by products, if we assume, that ' a, b,. c, d are natJral numbers! 
state inequalifel«s^on^,a^, b \nd a. Vo>that berth of the 'following' are 
equal to whple numbers, ass^umi-n^-,|hat^r,___b ^ ^ahd ^ are themselves 
vhole numb era: t v*- ^ '^i. . 

, a - - c) , (a - b) - c. / M'.,,^ ^ ^ 



lat arb 



the conditions that both rept-eser^'t natural ni|mbers? -"' 



,0 . Problems ' , . ' 

1. Prcvrf, l^s^ng the methods above/ tlf^t; a ^ c|< b + implies a < b. 

2, , ^ove>tha ; for natural nUmbel^s^ a, b; c'(c i o), ^! • 
^ ac < be implies ^ < b ." (|fhe cahcelldtion property) 



AC 



3.10 



3.10 ' Looking backward ; • - , 

The neaddr at times in this-^l-mptqr luay have vonderVd vhy the seeming 
.effort to make something obvious difficult. The point is^that these proper- 
*ties are not so obviots^in later situations. It is better to dig into them 
here so ttoSlt latej- we will have seen thePi cefore. The author doesJ<jiot recom- 
mend that\all' these properties be pointed out to the stud eat 9. "TJut the 
teacher should have in mind that tlticrse are the fundamental properties and 
» that the students should have intuitive exp<??ienc^s which will make tln^ex 
prppertles appear. The matter of first importance is that they shall know 
these properties. Much of what lies back of them and why they^ are related 
will of necessity come"Mater. Time spent here shoultl pa^ dividends later 
on. ,But again, these ideas will recur again and again^ and as this happens, 
familiarity with them should increase. 

Finally, for ease of reference, we list l^re the properties of whole 
numbers which we have dealt with in thi- ^^ha pter. Here the letters .stand 
.for whole numbers. • \ I . , 



Fundamental Algebraic Properties 



6. 
7. 



.Closure properties:" 

■> ^ 

Commutative * properti es \ 
Associative properties: 



a + b and ab are wholte numbers. 



4. Existence of* an identity element: 



a + b = b + a and ab = ba. 
(a+b)+c=^^a + (b+c) and 

- a(bc) ' * 
For addition* it is 0 whi'ch has'the 
pjroperty: 0 + a = a,+O = a for all a. 

For iftultiplicat'ion itft% 1. apd ha^"" the 

' ' ' % 

property: 1 a = a • 1 = a' for all a. 

a(b + c)'= ab + ac and (b + c)a = 

ba + ca. ^ 

a = b implies a + c = b + c and 
jac = be. \ * 

]lf a + c = b + c, then a = b. 

c ^ 0, then a = b. > 

An important conseqi^ence bf the aboye i^ that a product of two whole ^ 
is zero if and only if one or both of tl!em is zfero,. ' t-^-^^^J 



The distributive properties: 
'The well-defined, properties : 



The cancellation properties:. 

If ac = be 



j-Tjambers A 



: r 

I li. 



Properties of Inequality^ ■ ^ 

) l t ^ \ 

If b and. c dre any two wliple numb ek*s, * then exactly one of the 

following holds: b > c , b\- c , Ac i> b*- . 




a. If a >^b, and b > c, then a > c. (The transitive property)* ' * 
3i. nie -well-defined properties: if a > b, then a + c > b + c;- and, if 

c / 0, then ac > be. 
hi. The cancellation, propertie|:# If a + c> b '+ c, then a> b; and, if 

c 0 and ac > be, then a > b. « " ■ . 

As ve noted, the conclusions for multiplisation in 3i and l^i are not valid 
for "other -sets ofmbers. -As it turns out, ' all the other properties hold 
for integer^, rational numbers, and real numbers as i^e^f. In fact^^e al- 
gebraic properties hbld for complex numbers and other mathematical systems, 
as ve shall s^e. , 
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» ■ * Chapter 4 4 

DIVISIBILITY--AWD PROPEiRTIES OF WHOLE NUMBERS 

^.1 Introduction , • ' ' ' 

— — / . \. " ' 

■The properties x.f whole numbers which we considered in the previous ' ' 
chapter are t>ften called "algebraic" because they are p^^ertie; vhich also' 
hold for other kinds of numbers and the- elementary processes of algebra.* 
But Ufeere are also properties, often cklled the arithmetic properties, which ' 
^ afise'from the^^estricted character of the whole numbers. Subtraction for* 
whofe numbers is made possible by the introduction of negative numbers to 
^ Jorm-the set of integers. But division is quite^ a different matter for *wo ' 
%.^-asons.- First, the criteria for divisibility are more complex than for 
"subtraetibinty." Second, when make division possible by t^ie invention . 
of the -rational numbers, we-lc^^e some of the essential properties .of the 
integers, for example,, the lack of the property of density, ^ust as outside 
of mathematics the lack of something important makes if the center of atten- . 
tion (like water in desert country), so the fact that;, divisibility is a prob- 
lem for the Whole numbers forces upon us a consideration of this property ."^ 
Consideration -of these arithmetic properties is 'imp'ortant not only be- 
oa:Ase these ^re fundamWal to our understanding of the integer6''( vhqle* num- " 
bers and negative, numbers) but also because many "of the same properti^' " 
carry over to the polynomials -which ark studied latej- bn in algebra. ' Also ' ^ " 
_ J it is tru^ that much of our life is concerned with whole number's: popula-'" 
^ tions/ itemization, coinage (whole number multiples of one cent), for instance, 
fin :Paqt,-4n many, ways t^ie phys3;;:ar^;«>rld. is .discrete father than continuous: 
• Kinally, many of the puzzlefe which/ amatetfr mathematicians fancy have whole 
, , numbers for answers. • ivloreover, t^e is a branch of mthemltics called the 

Theory of Numbers which concerns itself almost -exclusively with the proper- ' " 
ties of integers. . ' . _ 

Except for the^last secticJn of this chaptei', we shall be concerned only 
_ ^ jWithv the ^;^ole numbers, , We -shall sep- in t^e last section that there is jio " 
./gre'^t dim^^ultyjin carding over our resMlts to the complete^et of ■..integers . 
. including- the negative integer's;- - ^ • . . 'y 



k.*2 Divisibility ^ ^ " ; 

When we say that 21 is divisible by 3, mean tljiat there isl an integer, ^ 
7. such th^t 21 is the praduot of 3 and ?. In general we have the 

Definition^ r is', divisible by s if there is an integer jx -auch ^ 

that xs = r, and we>rite x'/= ^ or x = r/s. Physically Hhis c^have t>i^i 

meanings. " j'rom one point of view it means that we ca!n^ apportion' r obj-^^'ts 

into s sets with the same number, x , in each set. From another ^point 'of 

' • ^ ' 1 . 

view, as was pointed out in Section 3. 8, • since. mu;Ltlpiication is commutativ.e,^ • 

it -neans that the r objects can be apportioned into a certain numbe^ of 
sets^ X ,'with s objects in each set. Actually this is a p^hysxcal way of _ 
deteynining divisibility. For instance, to determine whether a number n is 
divisible by j, we form from >n objects one set of 3, Another set of 3, 
another sat of until one of two things happens: either we^have none left 
over, in which case n is divisible by 3, or we hd^ something left over lea's 
^han 3-, in wJ^ich case n^ is not divisible by 3. 'We know^ that for any whole 
number n"-, not a m.ultiple of 3, there will be two successive multiples of 
3 between vHich it lies. This result which we call the remaiTiS^ - property 
is worth stating formally: . * 

If b and c ^are any natural number^ ,v there are whole numbers * qr and_ 
r such that b cq,+ r, r < c. 3;n fact, q is the quotient whea b is 
divided by c and r 'is tha^ remairder. From another point of view, q. is 
the greatest iRt^^^r. less than or eqi^al to |..bie.cause^_^->^q_+^|_ind ^"t)^- CJ^ 
Thus q J, and therefore r , is unique. To say that b is divisible by q 
is the same as saying that the remainder is z^ro, 

~There are many dif f ereiit, ^ays to express the facts of divisi-bil'ity. 
Each of the 'follbwir^' list is a different way of - saying ■ that r is divisible^ 

by ^. • ^ . ^ 

a) s is a facto-r of r . ^ ' ^ 

: rr b") « dt^f iliv-isoi:. o^-± ^ - y ^^-^ ^ , ^riyx 

. c) r is a mul^ple of s . " ' " ' ' ' 7-';^ 

d) r is divisible by s . <^ . ' • 

In this co».i^ection the number one occupies'' a unique posityiCn. It is a 
divisor of every whole number, and its only dtivisor is itself (recall that, ^ 
we areirestrictlng ourselves, to »whole numbers). On the other hand, ze'ro is 
not a divisor of any number but Is divisible by all, 
^ ' There -are some fundamental properties of ^divisibility which we now list, 
leaving the piSDof s' as exercises. - * , ' 

1. If r is a i'actor of -s and , s is -a factor of r , then s =^r. ? 



2; if ' r is* a fatJtor of ''s and ^ i^- a' factor of ' t , then r is a, 
'factor of t • (The transitive Iproperty-Tsee Section 3,2) 

3. If is a factor'of s and of t , it is a factor of s + t^ and st 
and, if g^.> t, of ^ - t,. ' i 

Of course* the letters above stand fdr counting or natural numbers. A whole 
number divisible by 2 is called an eten number , .and one not divisible by 2^ 
an odd number . Property ^above^sho^ us that the 'Bum of .tvo even r>umbers i 
an even number. , * 



Exercises < 

1. Find the number of fa*ctors of: • * ^ 
a) 9 , '^9 , and 9 • ^9* * 

^) 5 , 3 , ^ , and 6o ^ ' • 

c) 15 , 21 , and 15 . 21. ^ " ' ^ 

2. Can you make 'an^ guesses from the examples of the previous e:^rcise? 



If so, try to establish them by proof, 



^3. Prove that if b is a* factor of c and d is a factor of f ^ then 
bd is a factor of' cf . * 

?±n& q and ^ r for each of -the- following pairs of values of b- and 
c , assuming that' in e'aiciirckie b =lcq*+ r / wit^" 'c "Ithd r whole 
numbers and r < c . -r- ^ X . . 

• V a) b = 17 , c = 5 ' ' b) * b = 379 , c = 23 ' ' " . 

5. Let b and c be *any two numbers, "and show tliat there is a multiple 
of c vhich Is not farther from b than | • If the* difference be- * 
tween 'b" and^he nearest multiple of c is , show that 2b is 

a multiple of c . (The answers to threse .quesMons Tnight be easier* 
— ~xf-you try them oujt' fir''paft±c^l^'hxmiberj5~^ — , . 

6. How many diff^ent i^emai-nders are possible when^dividing a^ut(^si£fjby 
73? If the ^tam of tvo .aurpbers is divisible by 73, what can ^u say 
about th^ remainders when these two numbers 'are divided by '73? 

7. , ^ ^^'^ ^ "t^o nunibers and if a + b as well as 'a - b is- di- <3> 
visible b;/ 7-3^ show that a andi^ b are divisible by 73. Would the 



same conclusion .follow if*73 were replaced -by any.o,ther number?' Wh^;^ 
or whS^'ot? . ' ^ # ' * 



8. Show that if x arft -y are whole numbers an^ n' is a vhple number such 
that' ; • . . * 

' ' "^i - . ^ . 2 

! ' n = X - y , 

then |(x - y) and (x,+ y) ar8 factors ^ n . , Are there solutions 
for n = 15^ and n = 22 ? Where there are solutions, find them.^ 

9. ^ Show that the remainder 'when any number 'iV'divided by 3 Is one of 0, 1; 

, ♦ or 2- Hence show that oif x is an integer not divisibfe' by 3, then 

X' - 1 or X + 1 i§ divisible by 3 and hence that x^ 1 is' d:hrisible by 
2 2 - 

3. Sh©w that if X -and y ^ are the squares of two natural. nui?ibers, 
'* ^ either one is 'divisible by 3 or their difference is divisi-^Ie ,by 3., 



• o Problemim . - ^ 

1. In ten^s of the number line, give a g^eoihetr;icll ipterpret'atibn of 

. = cq-^^-'T-^.-^h-ere r is a whole number les$ than c . • ' 

2. ^ ' * Prove '^the' three properties of divisibility.. ^ , - ^ • 

3% ♦ Prove that if? when whole numbers x and y ^ x > y, au^ divided" by^ s 
the ^remainders are the same,^then x - y is divisible, by s , • 

Prove that if x and^^ y whole nu^ers and if^x - y is, a whole 

number'' divisible^ by s , ^f^^ remainders when x and y *«re <iivid^^ 
' > X' /^^V:. ^3- > the same. S-' , ' ' 




4r3 Prime numbers ^ j ' '* r . ^ ^ < * 

, fi', - V * ' 

We have seen that 1 is^a "factor o^* every 'ce^nti^g number/ And' every 
counting nun^xer "has it§elf as a factbr as well. Numbers which have only 
these ^tT(^o factors^ are galled prime numbers. •*In other vords^ a prime ^number 
j.s^ 9Quntin^"_^numb'er ^y^ch has jfist .twb -factors- its^f \and^»., .iChe. aumbeIv-l- 
IS not cotrnted among the -prime numbers for important reason which we "Shall 
e}^ain below. Couhting numlpera- different 'rJCom^ 1 which are-not prime niimbers 
•are called 2omposi,te r^mbers.^ Tfi»js th-e^lfet of^oimtis^ numbers consists of 
three subsets; f , '* ' • -^x.' ' ' ' ' W . ' ' 

a) The number 1 which has ju3t*«ne faator. * . * - /• * - . - 

"* \ * ♦ .J 

. , b) ' "Slhe prime lumbers which havd j^st two Taptors. ' t * 

\ " ' " ' » ^ 

c) The composite numbers which have x^o^h than, two fl^ctors. \ 

The first ten prime numbers are: • " .v - • ' 

' 2, 3, 5, 7, 11, \ty 17/19,^23, 29- 



J 



Notice that only the fir§t owe is an even numberi. Why? Also the only ivo 
successive nUmblers which ate rrime numbers are 2 ahd 3, . Why? ' 

To nany matfieTnaticians prime numbers are impoi^tant ^cause of their 
irregularity and all that we do not know about them. They Bre imporlj^nt for; 
children* to about because in a sense'they dre the building blocks for>"^ 

the^^structure of the integers. This stems from a fundamental result which ♦ 



we state as a theorem:'' 



l^eo^e^- i' (The Unique Factorization Property*of Counting 'Numbers, or . 
^le Fuhdamental Theorem of Arithmetic ) ♦First, every counting number can be 
expressed as a product of prime numbers, and second, the Product' is unique 
^zcept foi^'he order Qf the factors, ' . . - 

^ rpre first part of this result is easy to shov; the 'second depends on a 
.process called the euclidean. algorithm 'which we discuss in Section o^ this 
Chapter. The proof of this theorer.^is, conxleted in Section 8 of this chapter 

To show that such a factorization is possible, consi4er a counting num- 
ber n . If ^it is not a prime number, has factor,s between 1 and itself, 
and* it can be written in the form n '= rs where r^ither r nor s is'l. If 
both r and s* are ^jrimes, we have ;i;^.e r.esult 'needed. If r , for instance, 
is not a'prime nu^.ber, it can be written as a pretSt*^ of two other numbers. 
So we can continue this process, 'it will (lave to stop because evq^y time our 
nu-bers are s-ialler than before. H'ence in the end we will have expressed n 
as a iproGuct of prime factors, * - ' ' 

Consiaei^' the number 2275'. It is divisible by 5 since the 'last digit is,' 
(S^e Sect'io- J;.6;)^^I)lvid'ing by 5^- .^e, ft ay 6*2^75 >55>^ , 15? e^=* again ^^j^ 

455 = 5 ; Yl and 2275 = 5 - 5 9^. For 9l'^we see th^ 3 is not a divisor 
and neitner is 5,-J?ut it i^ divisiHDle by 7, -the next nrime^, and we ^ow have 

2275 = 5"^ '5- 7 • 13 . ' ' * • 

,So 2275 is a product of four prime numbers, t.wo of which are the same, ^ Of 
course^ we coulc; have done this anotl;er way. We -could^have divided by 7 -first, 
-iTaying~'a275: =rT ^32T'~Th^n;-di visions byj'^na give 7 ' ^ ~ 



2275 = 7 • 5 • 13 • 5 . 



The fao-torizatlon |s different but only in the ..order inr which the fac"tors 
appear; in. both there are two 5*s, ,one 7> and one 13. i • 

Let us choose 'an^ exanrole somewhat <harder/than that above, the factoriza- 
^ticin of the nanber^551.^ V7e would 'tiy in 'Succession 3, 5, 7, H, 1^^ 17 with- 
out ^success, ^it 319 is a^facto'r and 55^ ='19 . 29. In general, 'would' one 
have to try all the primes less, than the give:^ number before findi^-out 



whether it is*prij.e or not? 

■ I 



Now it is clear w}^y ve w^t^ed to exclude 1 from the list 'of primes. If 
it were included, we wiuld have many trivially different ways of expressing 
a nu'nber as a product of prime numbers, using as *^any one's as we wish* 
There ar^ other reasons for excluding 1, but thia is the most immediate*, 

A somewhat more compact -way of writing a number as a product of its- 
pilme^ factors is- to use exponents^ ai in Chapter II,* For instance, 



22'i'5i 



In I'etters we might have, 



a 0 c 
"IT = p q r 



and r are distinct "orime numbers and a 
counting niJri^ers, ^ 



c are 



Exercises 



Why is 2 the orJ^ even. prime number? 



Let X and y be two successive counting numbers; that is, 'their, 
difference \s 1, both of them be prim.e numbers^? If so, ynder what 



conditions? 



X 



Can they all be 



3« Let n, n 1 and n + 2 be three successive^counting numbers. Can 
they al]^e, pri>Kiev.nuiriter3^^,. XJi^e^e^sons for your ans^i^g^ 

h, .Let n *aiilS n + 2 be two counting ^numbers. Can they both be prim^ 
_ nup:^^s^^9jive reasons. ^ 7-' , ..j^*^-!'.^- ' ' * 

3* Let n, n' + 2 " and n + ii- ,be three CQtunting tTumbers 
< -prime nun1b^rs^***.^Jiye J^asons.w , * . * 

. 6. Applying I Problem l^^flnd which of the following are prime numbers r 

■ ^ •'. ' ^ 313v 323,; 1^501 _ ^ ^-^ . 

» ' * * * • 

Problem . ' ' . . 

1. How far would one have*to try possible prime fsrcto^s 'of I15OI before 

, ascertaining whether or not it is a prime? What is the general result? ■ 



. "h.k GreateSjt cQmmOrr factor ^ ' * . ^ 

So f ar jWe have been considering ^ factors of one number at a tifie/ For 
^ two numbers |we may find that they*, have fj^ctors in common, that is, commpn 
fa<j-cors. S^ery^ pair vill have 1 -as common factor^ and sometimes there are 
npre.^ Let us list all the factors of three numbers: • ^ ' 

' * 12: 1, 2, 3, 6, 12 _ ^ • * ^ 

'56: 1, 2, 4, 7, 8, U, 28, 56 • ^ . 

175: 1, 5, 7, 25,^35/ 175' 
. The pair 13, 56 has commorj' factors: 1, 2, ii. , ' - • 

The pais 12, 175 has no common factor except 1. . - * ^- - , 

The pair 56, 175 hars just tvo common fetors; 1 and 7. 

In each ea^'e >we can pick* out the gdeatest common factor (abbreviated 
^ to g.c.f.)* (It is so'netimes called the greatest comrnorT^ivisor and abbrevi- 
ated to g.c.d.) In the first case i't is h, in the second 1, and in the third 
"T. ■ / ' ^ ' ♦ 

Let us looH at this- discussion- in terms of sets. Let F^^ be the set 'of 
I factors of 12,.F^g the set. of factors of 56, and F^-,^ those of 17,5. The'n 

^12 ^> ^' ^' ^' ' 

^^6 = 2, k, 7., 8, 11^, 28,*5^} , 

= (1, 5, 7, 25, 35, 175}^ . .... 



Then ^ ^ 

is .the set of factor? common to the firs^t- two sets. Similarly * 

F12 " ^175 = ^''^ • ^56*^^175 =" U, 7) . . _ 
^ Then the greatest cotnmon factor for eac^ pair of numbers is tl\e greatest in- 
teger in^each of the intersection sets. In other words', k is the greatest^ 

Integer in 1^2.2 ^"^56 hence is the^^.c^.f." Qf 12 and" 56. " Similarly 7 Ys the~ ^ 
5.x:. f. or 56 and 175*, whri}-e the greatest integer in ^nF^^^ is the only 
numbef- it contains, pamely 1. * ' / * ' 

w ^ •While the above .prn5tiess i^ very useful in fixing the .idea of what'.the 
greatest cOmmph factor is, it is not the most efficient way of finding it* ^ 
'For gmall numbers the best way is probably to. express ead& number^as a pro- 
duct of its prime factors and from this determine* the g. c. f^^- X?gr6ate$t com- 
mon factor). For example, toj'ind thitfg.c^f. pf 525 and hh^^, first express 

^ ^ach' as^ a product of .primes : . *• 

'525 = 3 • '5 • ^5 - J = 3 •. -5^ • n , ''^55 = 3 • 3 -J . 3 • *5 • 11 f . -5 • .11 
■ - ^ ^ ■ . 55. ' 

ERIC . . . ' . 



The highest ppyec: of 3 occurring in both is the> f irst'^pover, and ^iftiilarly^ ^ 
for 5* The p^oauct of these \s I5, the greatest ' common factor. 

In more general terms, sxippose, 

*' ' ' ^ ^ 

, a h c d . e f^g * 

I m = p' q r u , n p q t- 

.1 • s 

where p , q r , u* , t ar^^ different prime numbers. The greatest commQ^i 
factor would Ibe p^"^ vhere. h is the smaller of a and e , and' 0 is the 
smaller of 1^ and f , , . » . * 

For larger numbers "there is a process (jralled the eu elide an ' algorithm 
based on the remainder jbroperty of Section h,2 which we illustrate by a nu- 
merical exair^^Ie, To find the g.cf, of 599 and 221, divide the larger'by the 
smaller and compute the remainder. Then divide 221 by the rem^ir.der ,5in*J find 
its remainder* Continue this pi'oecss until ^a remainder 0 appears. The pre 
vious remainder is the g,c,f. Here is tht calculation: 

299 = 1 • 221 +78 * • " ^ 

221 = 2 . t8 -f- 65 . " ; . 

' 73 = 1 . 65 + 13 
65 = 5 , 13 + 0 . 

Conclusion:' l3 is the g.c«f. of 299 'and 221?' 

Why does this process give the g,o,ff7 We a;^.syer this question i-n 
^teiTHS of the example. The first equation shows that any com.mon factor of 
299 a--;dj221 is a factor of 78, since 78 =j299 - 1 • 221, The •^econ^ ec^ua- 
•riofi shows similarly that -any ^ommon f a(>tor of 22i"ana 78 is a f actOr 't3f *65; 
that is, any common t'actcfr'" of 299 and 221 is|k factor of 65, -The third equa- 
tion shows that any con^non factor of the tvo given members is a factor of I3, 
.On the other hand, Siting withbthe last equation, I3 is a factor of 65; . 
from the third equation it is a factor of 78; from the second equation a, 
facto;* of 221;^ and from tl^^ first a factor ofs299. Thus every common factor 
^o^ 295^:and-22J.fi« f factor of 13^'>and 13^. is ^ .f^tor-o^ 29a.and 221,^ ^-^.-^-y^" 
Hence 13 is the $j:eatest common factor. From this example it may be seen' 
that this process Always gives the g.cf, of two, numbers, 4^ 

Based ot. tte^bove ideas, it is possible toMdevise § shortened mean^ of 
compu-^ation. But ,for us the computation of a g, c.f, is not" v^ry important. 
It. is trie existence of a g.cf, which is important because from this we can 
prove the Fundamental Theorem of Arithmetic, We siiould elaborate on this ' 
Eoint. The existence of the g.cf. follows dir-ectly from the Fundameritai. 
5heorem of Arithmetic, as we have illu3.trated ^bove, and'^this is probably 
the best ^ay to shoV the existence to^ a class of junior hi^ school students.<i 
But als_o the .euclidean algorithm Shows the existence of a'g.cf. , and from 

. ' ' ' 61 ^ . • 



*1 

i 



this algorithm my be proved the Fundamental Theorem of Arithmetiic* The 
euclidea^i algorithm is thejnore tundanental result. We shall find uspful 
later the following tvo important consequences of the idea of R.c.f. I 

Theorem 2t If b and c have g*- as their greatest common factor/ 

then 1 is the'g.c.f. of - and ~\ . ; ' 

g g . ' 

^ To show ^this"^, ayppose .^e ^ is a common factor of. |' and | . This ineans 
- = eb«' and ~ = ec« for natural numbers b» and c^ Thus b = geb« and c = gec«, 
!Riis sh'ows that' ge is a common divisor of b and c • But g ^we took to 
be the greatest common factor of *b and c . Hence ge = g and e = 1. This 
is vhat.we wanted to> show, 

- Theorem 3: If ^ is a factor of bd and if a and t$ have g.c.f. 1, 
then a ^s a f actor ^.f d . ' ' 

ThiSKig practically obvious from the .Fundamental Theorem of Arithmetic, 
•for 1 is the only factor of ^a which can divido " b, and hence all. the other 
factors of a , including- a itself, must divide & . With the usual, ijinior 
,high school class -the teacher will want to leave it at that. But it is pos- 
sible i^o give a proof without the use of the Fundamental Theorem, that is' ^ 
depending ojiLy on the euclidean algorithm. The point of doing this, as we 
have noted above, is that then we can safely use this theorem to prove the 
Fiyidamental Theorem of Arithmetic. ; In fact. Theorem 3 follows direct>y from 
^th^e' following result. ^ ^ . ' * 

"^^Q^em ij-: If 1 is the g.c.f. of two whole numbers a and b ', then 
there are integers x ar.df y ^such that ^ ' \ 

ax + by'= 1. , ' " ■ ^ ^ 

Notice, that - and y need -no* be positive,; In fact, one of* them must be 
negative if both^ a and^ b /are greater than' 1. ' ' • . ' 

• Be'fo're V^ov±r)^JS!}^Qy:iQx^,^^^ be uged'to p^ye Theorem 3. 

Th^n-vfeS^e for l?ieVem 3, 1 is the g.Q.f. of ^ end b' , Theorem h tells us 




.that ^'^-^'t * "^^ 



* • ; . ;/:-''*'.\;'' / t^^ bdy = d'i^ . /V< 

•But 'divides aM' j''i)<J.^\an^ .herice by Pr9perty 3*6t Section 2- of this 

chapter, a divider the number. M..the left side;/he^ce it^divides d ^d/ 
b.ur proof is coTnplete. ' , ' - 

; ^yjow ve prove Theorem h. 60 tjhis, consider the set of ail the count- 
ing ^lumbers which can be written .in thelform: ' ' ' \ 




\ 

\ 



X 



■ f 



0 ' ax + 

For dnstance, using x = y = 1, one of thJse numbers is a + b. Using x = 1, ' 
y .= 0, we have ax + by = a. If b < a, then ve can take x = 1 and y = -1 and |» 
see that the set 3 contains ax + by = a - b. There are many^ numbers in S, 
We let m be the least n';.Tiber *in S, that is, the least counting number such * 
that , : . 

ax + by = n 

for integers x y , If we can prove -that then m = 1 , our proof of 

Theoretn h w'ill be ompiete. If we c^an prove that m divides both a and 

a 

b , then 1 the ,j.f. of a and ,b would imply ra ^ 1, So first ve sup- 
pose n does ^ ^ divide ^b • ^ ^ , • 
We the: ha^ e ^ . ^ ' 

b *i q*^ f r, where 0 < r < 

and q and v are integers. Then we star^ with the equation 

J ax + by = in, 



and nultiply both sides by q to get \^ ' 

qsix. ±*_.qby = mq - b - r 
aax + .qby --^'^b^^^-^^rS--, 
- -^lax - qyy + b* = r , ^ 

L 

TJais .can be .written:* ] . - 

. a(-qx) + b(l - qy)/^= r. 

■So. we have shjDvn- that 

• r • . aX + bY - r . *. 



Thus X and Y are ijitegers, and r is less 
number of S. This is the contradiction whic] 



>^ ^ - ==.-qx and Y = 1 - qy. ' 

i;^"/. ^.v> -t^ixatl? ^iftv But m is the least jjumuer ui i^. xiiii? is Tine cuiiTiraaiccion wnicn 

'•'-/iW^^I.^"-^'-^'-^''-'"^ - -~ - « ' — ----^^-^ 

' '"^^^^ cpiTiplete the proof that m must divide b . Si^nilarly we can 

prove irhat m -must divide a and hence that, sYnee. the g.'cT. of a and b 

Is 1, m must *be 1 . * . 

^ It may be helpful if we illustrate this for a nuinerical case. Take 

» a =; 15 and b = h\ .Then in the expression 15x h- Uy we can take.x = 1 and 

. y' = -3 to get . . ' * ^ ^ , ■ ^ 

15 • 1 - ^4 • 3 15 - 12 = 3 * ' , 

>, "* ' ' " 

Thus 3 is an element of the set S of counting numbers expressible In the • 
, * ' * .-i . > 

form 15x + li-y where x and y are integers. But it is not the miniriumi 
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number of S, f or ve may write = 3 + 1 or 3 = ^ - U and replacing 3 in the 
equation by 4^ - 'I, we have * 

15 • 1 - ^ . 3 ^ 4 - i . • ' 



•or. ' , • 15 - 1+ . 3 . It = , 

^ 15 - i+ • -4 = -1 
*15(-1) ^ h ^ h\ 1. 



1 



So a solution o? 15JJ + % = 1 is x = «l and y ^.4. ^ 

In Section h.Q ve^use Theorenf 3 to pyove the FundamentaT' Theorem of" / 
Arithmetic, 

There is an idea in connection with sets which is quite close* to the 
g.c.f. of two. numbers. The intersection of tvo^s.ets can be thought of as 
tne greatest Jcommon subset. What is then th# subset analogous to 1 for the 
g.c.f.? 



...Exercises 



1. f:xpress the^yiloving number as a product of prime factors:'. 17,325 

2. Use the euclidean algorithm to f ind the g. c. f . ' of the numbers i7,325 / 
•* and hOl. 

3. . Using Theorem h and the result of the previous exercise, find for what 
^ ' values of* ^- t>^ fQlioving equation has integer solutions// x and ' y: 

;^ ' . ir,325x - JiOTy = c\ 

What is the least such value of c which is a nat^iral number?' Use the' 
methods <?i|^e section to find a solution in this ^case, " • 

h. Prove that^if 1 is the g.c.f. of the natural numbers ^ and ' c , then 

• every factor Qf be' can be expressed in exactly one way as^J product • 
, _,.„of a-faator of^^-b - aiad-a factor of - For Instance] ' if "li^= y Vhd '"^ T 
I q = ^9, 21 = 3 7 vhere 3 is a factor of 9 ^nd 7 of U9. ' Also 
■ 63 = 9 . 7 . ^ ^ 

5. Suppose g > 1 is the g.^q.f. 'of the Yiatur^l .numbers b and c . Are / 
''^thi^re some factors of be ,vhieh eain expressed in exactly one way as' 
la product of. a factor of b and one of c ? Are there some which have 
more than one sucH repifesenta^ion? ' 

If g is the»g.ci|f. of a and b^ and h the g.c.f. of g' and "c 
vsh<iv that h -is the g.c.f. of aV b; and c. ' 



1..5 




7* ^Let the symbol (a^b) stand for tl^e g.c.f. of^ a and b • this 
symbol associative j^^^^^Jiat is, Jis ' 

(.(a,b),c) = (a,(b;c)) ?• ' ' / - 



Problems 
' ' ' ' 

Answer the last question in this sectiorr. 

2v A shortened procef/Sisi'or tlfe g.cf. is illustrated by the following: 

229 = 1 . 221 +78 > 
' 221 = 3 • 78 - 13 
78 = 1 • 13 + 0 



J 



Tile difference is that in the second line we used the nearest multjple 
, of 78 to 221 instead of tjie greatest, multiple less Yhan 221. ' Why does 
this process yield the g.c.f, as i^elX? , ' ' \ \ 

3. Use the euclidean Eilgorithm to find the g.c.f. of 89 and 55. What^re 
some- of the characteristics of this paVticular example? ' - ^ ' 



if. Prove that if a = bq + r, 'then the g.c.f. of -a and b is equal to t^e 
g.c.f. of "b and r . Uge this to give another' prodi" that 'the eucli^dean 
algorithm yields the g.c.f. 

5.^ Prove that if ^g is the g'^.c.f. of t and b , there are integei-B x 
.•and y such that ax + by = g. , ' 

♦ ^ 

if. 5 Lgast comlnon multiple - ' 

-Though, each number has a 'finite number of factors, it has *an infinite 
\number of multiples. The leagt common multiple of two whole numbers is the 
- ^sqa^JLest multij)le of ]Dpth which is .differ en^t. fr9ip^ zero. For instance, the „ . 
least'common multiple of 12 .and 5^ is 168. That 168 is the l.c.m. (the ab- 
breviation for "least common rjultiple")^ can be seen from the factorizations 
of 12 and 56: » 



• 12 =^ 2^ . 3 and 56 = 2^ . 7 . ^ 

The^.q.m. ,must be a multiple of- 2/ arid 2"^, but since ttie former is a factor 
^of the latter, ve can merely specify that'the l.c.m. must be a multiple of 
2^. It also must be a multiple of>3, Since it is a multiple of 12, and of 7, 
since it is a multiple of 56. Hence * > ^ * * 

2^ . 3 ..7 = 168 . 



is a multiple of b«>th 12 56, and ty our choiee it is the lerfst positive 
jBultiple. 

_ Recall that for the g.c.f. ve took the lesser of the p6yers of the 
common primes', and notice that here for the l.i.m. we take the greater. In_ 
terms of the literal exanple of the pi^ious section, suppose ' ' ^ 

* « 

abed f c . ' 

^ ^ m r. p q r u , n = p q^t^ ^ 

where p, q, r, u, t are distinct prime mmibers. Then the l.c.m. of the two 

numbers must be divisible by p^ and p% so that if k it^ the greater of a*^^ 

a^d °e /the l.c.^. will be a multiple of p^. Similarly if s is the greatbr 

• of' b and* f , the l.c.m. will be a multiple of p^ Then the l.c.m. will be 

rv s c o_,/: 
p q r u ""o . 

iz mfiiyjD^^nghtening to see what thib discussion amounts to in terms 
of sets. Let M. be tnc set of positi^ rtultiplcG of C anH ^L those of I5. 
Then - * . _ • 



C 



= '{6, -12, 18, 2l(, .,0, 36, h2, lid, 60, 66, 72, -78, 8U,''90, 96, 
•f\5 (15, 30, 1^?, 60, 75, 90, 105,'...}. ■ ' ' . ■ 



= {30, 60, 90, }- ' ■ 

represents; the oeU o^ cotntnon multiples different from zero ''of 6 and I5. The 
least number in this set, 30, is the least common multiple of 6 ^nd I5. 

( iSierr^is a slightly different point of viG« wHich ^exhibits spmewhat * 
mor^plaialy «;£ connection between the g.c.t. and the l.c.m., though it may 
not be satisfactory' for a class in junior high school. We return to the 
example of Section k.h and' recall that \P is definid 'to be 1 for every \ 
number b whi^h is different' from zero. Then ve can'vi-ite the factorizations 
of 325 , and itit55' as follows:- 

. - ^ / • 525 =' 3 - 5? .-. 7 -Til° " - js. • - - 

if if 55 = .3^' ■ 5 • -7° 11 •, ' 

,0 , ^0 



where. 11 =1=7 , and, of course, the lack of an expressed exponent means 
^ that^it is 1. We have thus, expressed each number, as a produc^ of 'powers of. 

the same set ;of,primes 3, 5, 7, 11 where now the exponents ^re whole numbers. 

To.find^the g.c.f." we use tl^,e product of these sanfe primes but each time 
^ 'choose the smaller of the exponents in the Wo factorizations; 'that is, for 

3 ve choose the, exponent 1, for 5 the exponent 1,. and for 7 and 11 the ex- 

pe/nents 0.. 'We thus rtave - ' 



■♦♦5 ■ _ • X—- 

' T:' g.c^f. of 525 and ^55 3 • 5 • 7 • 11 = 15- ^ . 

•* Now to geVthe-l* c^.m. we choose the larger* of the tvo exponents for: each 

- prime' facto?^ which is k for the prime 3, 2 for the prime % and llfor 7 and 
^ .JLl^ We thOS-^have ^ , /~ 

^ r I' ' ' TT l.c.m: of 525 and kh'? - 3^^ * 5^ • 7 11 = 155,925v 

The-in^^'t corrmon use of the l.c.m. is in the adding \>f two fractions. 
'-^Though it is o.ut of place in our logical, development of the nunifeer syst-em, the 

readers of this book are cert£?*rfiLy familiar with fe^actipns; and it is worth - 
^ while feo "recall this connection.. If w are to add o 



71 . 57 
^ W55l 



^K>uld express the sum in the following way: \ 

71 * ^^^^5^ + 57 • 525 _ 3X6,305 59,925^ 3^^,230 
525 • ^fU55 " 2,33^,^75 ~ 2,33^,«Y5 

But*a more efficient way is to vusb the l.c.m. Here 
• ' l.c.m. 3^ • 5^ • 7 • 1]^ ^3 



"525" 3 



> 5 ' 7 ' 1]^ ^ 33 . 11 , 297 ^ ' ^ 

* 5 • 7 , V * . . ' 



'and * Xj cm. 3^ . 5^ . 7 • ^ 



i^455 ~ ~^ 



- 5* • 7 = 35 



3 • 5 • 11 



Then we can write equivalent fractions havirig the l.c.m.. as the 'common < , 

* * * 4 

denominator as follows: > , ^ 

. Jl_ 71_ll2^v/ 57 _ 57 ' 35 . ^ 
525 " 525.* 297 ' W55 4455 • 35 ^ 

Here, the sum is equal to " / 

71- . 297 + ^7 • 3^ _ 21,08T +'199^ .. S'3,oQ2 

•■• , • . 155,925 • " 155,925 .155,925 ' ' ' * 

.7-- ;.■ ^ . 

In ,the former casQ, with larger* numbers, there is a factor colnmon to the 

. . . * s , 

numerator and denominator in the final fraction. In the latter case, as i\ *l 

o 

happens, the finals fraction is not. in the simplest terms either, since the 
numerator and denominator have a qpmmon factor 3. The oanie methods apply 
when we are dealing 'with algebraic fractions. There is a slightly shorten;; ^ 
<,;method of performing the above^ bas*e9 on Problem 2 below. , ^ 



Problems. 



^We fourf^ in the previous section that for sets there vas a close analogy 
between the intersection and the g.c.f., Wh^t'is similarly analogous ^o 
the l.Ct'in. for7two sets?» 



Notice that the product of 525 an^Uii55 is equ\l to thfe pro'cluct .of 
their g.c.f. and4.c.Tn. Is this an accidenl5f^oiSs«<rs this.jDroperty 
hold in general? Why or vhy not? How may your re^lt be used to shorten 
the process of summing the two'' fractions above? 

What is the g.c.f, of the numerator -and denonrjXnator of the.^fracticn at \'' 
the cl\5se of the section? 



Beys" A and B ring ^c>^ether at noon, .ll^f "bell A rings- every *12 minutes 
and bell B eveiy 15 minutes, when will tXioy next I'ing together?' 

Bell A rin^e-at noon and bell ^ one minute , after noon.* If boll A Viiigs 
every 12 minutes and bell B every 15 minutes, will they ever ring.tc^' 
gether, and if sa, ^^when is the first time? 

If in the previous problem^^^ 1^ ts' replaced by 35, what would be your 
answer? ^ : ^- * , " ' . 



Can you generalize Problems V, 5, and 6? 



Exercises 



Using the result of Problem 2 of this section ^nd Exercise 2*'of Section 
k.h, find the l^.m. of 17,,325 and JfOJ. Use this to e^^ress as a single 



fraction * • 

17,325 ,w- 

Findtfee l.c.m., of 'the three numbers: 



Can this be done without factoring any of them? - * 

Let m be th^ l.c.m. of numbers a and b ^ and n the l.c.mi*/of '** 
m ^nd ^ . Is n \thpi. cm.' of a,^, arM c ? (s.ee Exercise 6 of 
the previous section. ) - ' ^ * . 

Let [a,b] stand for the l.c<m. of a and b . Is this symbol associa- 
tive, that is, 'is: ''^ ^ ^ • - * . , ' ^ . 

[fa,b],c] = {a,{b,c]J? 



'5. Show that if be is the leaat? common multiple of b and* c . then 
ijKeir g.c.f.' is 1." Is the"bonverse of thi^ st^tem^nt true? 



^. Sivien a pair of natural numbers, is there a leasct common divisor? Xs 
there a greatest ctonpn multiple? » ^ ' • 



v 



k.6 Tests for divisibility" " ' • * ^-v^^^ ^ 
. • ... 

\}p to this point in this chapter*ve have- b.eea^iJCDnsidering'. properties ^of 
the numbers themselves, irrespective of the par^qular system of numeration. ^ 
/'O^^'the -decimal system 11 is a prime. In the numer^al^ system to the base -thr^e 
* , i^ is written 102, but it still is a prime. In the numeral syste^n £o tl\e 
base two it i$ written 104-af, but it sti^i is the^ fifth prime number.^ On the 
other hand, if v?c keep the^ numeral the same but -"change the numeral system, 
sometimes wc have a prime JHiniber arid soT.etimes not. In the numeral system ^to 
^st]^.e base two 11 happens to.be a prime because it is the prime num.ber "th^^ee." 
But in the iiumei:al system to the base five, 11 is not a-primV numbe^because ' 
it is tKe nurnber "six'^--in f act, in the base five 2« 3 = 1^1." 

In any 'numeral system there are ways of telling by Loo^^ng at the numeral' 
whether it has certain kitids of factoirs .or not. In one ^system one can test 
^ ' certain numb-ers for divisibility 'quite easily-, and for another ^stem^the. 
east tests may be for numbers which are quite different. In thi^ secmon we 
shall be concerned chiefly with tests for numbers expressed in- the d.«]ama]L . 
•* system because it is here that these tests can be most useful.'"*. / 

Tlr>e simplest kind of test is^ found by looking at the-last digit. 'If the 
last digit f)f a number ^expressed in the decimal system is b ^, we can write* '* " 
the number as V 



. lOn +^b • . V 

* >. ^ ' ' 

where n. is a whole number. This means that if b is even, that is, divisi- 

ble by 2, so, is the number. * That is, if b is one of 0, 2, h,^6/Q the v 

^ number is even. AlsS^f b is a ^nultipie of 5, -so is the number; that is, 

if b iS' one. of 0, 5^ the number is divisible by 5. But if the multipl^^s 

of 9 less thaji 99 are -listed, it is seen- that a multiple of 3' can* have any ^ 

• number as its final digit^. ^ , * 

A second kind- of test involves looking at all of the digits.. The h±m^ 

plest of theee f ©r^ the decimal system is tHe test .-f or 'diVisiMlity by 9 pr - 

3. We have . V - ^ f^* ' 

At test for divisibility 9 (or A number/isi^^ijvisl^ie by^r9:if and •• 

only if the sdm of its digits^is divisible by Q. ' In*, f a<it-,/rWe can'^'rove a 

littie more: *^ / : \ 



/ 
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If a number is diyided by '9, the ^ remainder Is the same a£ vheti the sum ^ 
' 2L its ,. digi1rs^ 15 divided by 9. • * ^ %^ ' . • ' 

'First of all^ let us see why this^ris so for a particular number: ,53^/ 
for instance: - , , • * * * 

53^8 = 5(1000) + 3(100) + li(io)^ + 8 • / * - 

, = 5C599 +i) 4. 3(99..+ D^^^l + 1)% 8 . « ' " 

By the distributive property rhis is 'equal to \ 

- 5(999) + 5 • 1 + 3C99) •+ 3 • 1 + M9)+ 4 . 1 i 8. 
By th^ commutative property of addition "we ^ave'''^ ' ' * / 

= 5(999.) + 3(99) + K9) + 5. + ^5"+ k + 8, ' 
This TTtay qe written; * ^ . ' ^ 

' ' 53^8 - .(5 + 3 + ^ + 8) ^5. 999- +'3 • 99 + U -'9 

By. the distributive property the right side is a'multiple 0^9. Thus we 
have>6howfi^ that the differ'ence betwee.n 53^8- and the sam of its digits is^a 
multiple of 9. By Problem k in Section k.2 this rians tha't the remainders' * 
when the two numbers are divided by 9 are the same*. 

Just the^^same process works fur divisibility ^Bf" nii>e of any number ex- 
pressed in thfe decimal numem system' We^ ill^ustrate this using letters ^for 
^•our-digit numeral: abed. (Here the juxtaposition of-the- letters does 
not ;ndicate a produc;i: a-s it usually d-oes, but merely that the digits, of the' 
number. are a, p, c, d in order.) • * - ' ^ ^ , 

abed = a(-1000) + b(lOO) + c(lO) + a * 
f ^ ' f a • 999 -^^ b . 99 + c • 9 + a + b + c + d. . • 

Th'^s ^ abed - (a .+ ^ + e + d) = a i*999 •^. b • 99 + e • 9. 

Again ^the diff erence'belJ^en the number ai;^the sum of its d^^its is a wlti- 
ple of 9, ar^d hence the rer^ra'inders. .when they are^dlvlded by 9 'are the same'. 

This property used to b^ used for checking additions and multiplications 
by a process caTTed "casting put the nines." *We illustrate, this for addition, 
'but it can be .use^ also for multipaication, division, and subtracti/y*^>vV,ell.' 

• '•"emainder after division-'by .9: - 6 
* ^372 remainder after ^division by*^: ^ . 7 \ . ' 

^ ^909 . ■ ^ ' * ' X3 ' V 

Now 537 is a multiple of 9^1j^J that is^ 53? = 9 ' b + 6 for somefinte' 
ger b^ . 1^37a is a- multiplO^ 9 plu§ 7; that is, 1^72 = 9c + 7 for jsome 
integer c / l^us^ '* 

53T" + ^^372 = 9b fi 6 + 9c + 7 = 9(b +(c) + 6 .+ 7 . . ' 7 



\ 



This mlariG that the remainder when the sum' of the given numbers is\divideGi 
by 9 il the ^ame as tlie remainder v]\e^ 6 + 7 = 15^s divided by ^. Now the', 
sum of the numbers 'is h^OO. The sum its^digits is 22, and the Remainder 
^when tHis is divided, by 9 is ii 'which i^ the same* as the sum of the digits of 
the nt|?ieral^ 13. * 

Of course the.pfoce^?" is shorter than the explanation. , We merely add 
the dibits Qf the' sum and eonpare the remainder .with that for the sum oft/e 
i-e-^a'iniders* In £^ct, it is possible to shorten the process' in various ways. 
^To get the remainder when 22' is divided by 9, we need n^t diyide'but. merely 
.add the digits. Also,, in dealing'' with k909i we ma^^ omit the 9*s (this ^is 
the origin of the name "casting out the nines".) ot, 4. n fact, an^ su^. divisi- 
ble by 9 and' merely ^-^rite k, the re-iainir.g digit. „ ^ . 

This property of the namber ? with relation to our aeGi^.al syster or 
numeration ^ave -rise t'o ^ pseuao-science called numerology , in which you 
find the nurfcer p to*9 associated with your name according to the place of 
its l^^ters in the alphabet and ascertain .by looking in the book what your 
character is according .to the number -which comes from it. ' 

It is important to emphasize that the above is a property- definitely ' 
associated with the numeration system in which the nun5>er is vr^iJten. For 
instance, in 'the numeration system to the base 6, w^ could not judge divisi- * 
bility by 5 by looking at the last digit, since for instance^ th? number ten 
is in this systetr. il;. But since 6 4s v. more than 5, could test for divisi 
bility by 5 in this sVstem by adding the^ digits just -as for divisibility by 9 
In the decimal system.. For example, in thfe numeral system to the base six, 
ve cart^^how that ^ 

\ ' .1^32 ^ . 

is divisible by 5. The sum coyild b^ computed either in the base 6 or the 
'de-^imal system. * For base 6 alone, hovever, one can continue to add digits 
-as ve di'a in.<?the decimal system. That^is, in. the num.e]::a5. system to the. base 
six, the suT is Ih and the sum of its digits is 5.\ But in^he decimal- sys- 
l^ir the sum is 10, and the sum of its digits is not a multiple of five* ✓ 

For us, tests for* divisibility in other systems than the deci/ial system • 
are not important. The only purpose in mentioning them at all' is rto empha- 
size th,e fundamental principles on which are based the tests for divisibilj^ty 
in the decimal system! ^ . * s 

There are tests for divisibility by other -nutj^b era in the decimal^ system, 
but' except perhaps'^or 'divisibility by II, they seem to be of ' little .practi- 
cal use, especially in th^se days of computers.' . * v '^"^ 



% ' , ' Exercises 
* ' . ' ^ - . ^ 

Find t^sts for divisibility by the following numers: -15, k^, 6*, 8, and 

12:.' : ^ • / ' ' . . ' , . _ ^ 

^Use the results of Exercise 1 to test the following for divisibility by 
the numbers above i ' . • ' 

82710 , 67Q11 , 6228 '\, / ' \ 

In th^ nuTrieral system ^o the base eleven, how would you test for divisi- 

- " ^ - % * 

b i 1 i t Jp" bjr ^t wo ? ' 

For what numeral systems can one test for divisibility by two by merely 
looking at tffe last digit? For the otlrier nuneral systems how may one 
test for d'ivisibilityby two? ' * . ' 



• Probl ems 

Establish the test for divisibility by 9 in the decimal system for the 
five-digit number 'abcde . * . 

Find, a test for divisibility fey eleven in the decimal system. Hi'nt: 
What .are the remainders when the powers of 10 are divided by 11? 

Show hd^ the il'ollowing trick canjfce performed and why it works. Also . 
mention any possibility of" failure. You ^^ect any number, fjfvx^ from it 
ancthor number containing, the same digits in a different order, subtract 
the smaller of the two numbers from the larger, .and then tell me all bjit 
one of the digits of the result, "l.pan then (perhaps) tell y oh- what is 
the other digit of the result. ^ 

In tipe decitftal system is there any other number -besidel 9 which could 
be tested for divisibility by adding the digits? ' 

In the numeral sys-tem to''tfie •base six, what numtfel* would. haye a test , 
for divisib^ility analogous to that for eleven'in the decimal system?- 

In -the. numeral system to the base six, for .divisibility by what numbers'-- 
,would looking at the last'^digil: suffice, as for 5 and 2 in the deciml - 
system? - ' • - 
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' if ..7 Looking fbrvard to the integers ' 

Though vje do tlot deal with negative numbers until later iri this book, 
th^ r^elder who* is famillar them might be-interested to see "what modifi- 

cations would be necessary in this chapter to xhclude ^^he n^egative integers 
as 'well. Actually very little ^change v^ould be n^essary. We would still re- 
quire that any remaii.der be a whole number (not negative). Prime numbers, 
p.,.^g^uld have four ihstead of two factors: -1 and -p in addiction to 1 and 
p.' 'Nbt only I but also -1 would divide every, number. The greatest common 
factor and least common multiple would still te whole numbers. 

It wouli3 .be auite a dii'fei'ent matter if we were to consider the questions 
oi this chapter for rational nu^^ibers, because in this set^eveiy^ number is 
divisible 'Sy every other pupJber except 3ero. In fact, if r is a rational 
^numb&r different froir ^ero, it c^n be expressed »ln infinitely many different 
ways as a product of, ratiorial nu-nbers. To see this, we need merely note 
' that if s ds any rational number diff exert from zero,-- \ _ ^ 

' ' ' ^r .^b^)<.^ . ^" 

' r ' . ^ ' • - 

fv, and — is a rational -num.oer. Hence there are ^h^, .prime numbers in the set jof • 
s 

.rational numbers. . ^, ' 

^Q^'^ properties of prifae numb er s 
« In this section we deal , with some of the "properties of "prime numbers . 
\^*lch nay be of interest to the reader. (This section is not essential to 
what comes later,,) F^.rst wp show how we can prove the Fundamental Theorein 
of* Arithmetic assuming, only results defi\'ed from the euclidean algorithm. * 
Recall 

Theorem 1. Ev^y cpunting^ number cari be expressed as a produet of 
prime numbers, and the product is unique except for the order of th« factors. 

We proved the first part of this theore^m in Section Eo^the second 

part our qhtef tool is Theorem 3 of Sectiofi , We repeat it here for easy ^ 
reference: . 

If a J.S a factor pf bd and if a and b . hpve g.c.f: 1, then a 
is a factor of d . ^ ^' . " 

Now then^ for^the proof, suppose n *. .is expressed' in two di^fferent ways 
**'as ,8^ prodacf of -pv'ime factors as "follows > ' * *' . 



n =-p^P2P3...-p^ = ^^52^3 ... 



*» A - - . ^ 

^ere J;he- jt* s;' and q*s are prime numbers, not necessarily distinct. 
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We want to prave that r = s and that tHe folloving sets are equal: . 

vhere an;/ repeated ^rime in the. first set' opcurs ' the same number of times in 
»the s.ej:<?nd set. - j . ' ' ' 

Suppose fir£^t, for convenience; ve ord&r the ,factoj:s so that in each 
product the prii^es occur 'in order of size, that is^ \ , 

Pi ^ ^ P3 ^ • ^ Pr^ '^1 ^2 ^ % ^ • ^ ' 

we want to show that p^ \' Suppose p^ were s^aall'er than <f^. IThen 
.since p, is a prire number, the g.c.f. of p." and q, ;^Ovld have ta be 1. But 
p^ is a factor of q^c where c is the product of ail but the first^ q . 
Thus by Theorem. 3 quoted above, ^.ust be a factor of c . • Nov since p^^ 
is less than q^, it is certainly less than q^, and by the satne argunent we 
see t?iat p^ must be ^ factor of the product 

Continuing this argument^^ we see that p^ would have to be a factor-" 

the pr^cduct of the last s - 3 primes q, then of tfte product of th'e last s -^4,. ^■ 

pfimes q , and so'forthw In the 'end Ad. would have to be a factor *of \ 

1- '1^ ^s\^ 
which is impossible since > p^. This was all on the assump.tion that p^^^ 

Vere less than q^. If q^ were less than-p^, we would repeat the same argu- 
ment' with p and q interchanged. Thus ve have a cbntradiction ucless 

, So now we have * ^ I 

P1P2P3 •■■ • }j92«3 ••■ 's 

With p. - q, . We inay then divide^ both sides by p. and have 
. • * * 1 

^2^3\ ••• Pr = '"'^s • - ■ ' 

* ^ ^ Each of these products' has one "less term than before, and we can 2?epeat 
the whole argument. , We can continue totrepeat the argument until either t^ie 
p*s or t^e q»s>r-e exhausted. "Aier^ it follows that r ^ s and the p's'and 
q'^s^are equal in fairs.* This i% what we wished to prove. 

Arfother impdrtant result -about prime numbers is the ^llowlng; - ^ 
Theorem fe. The number of prj.fce numbers' is infinite; that isy no matter 
what nunber you naifie, there is more than that number of prit^s^t^ffi^'5*^^??^*^^ 
was known in Euclid's time and is generally attributed to hiV ) 

' To prove' this, we assume th6t the statement is falle*; th&^is, some 
number ^ n represents the*n^mber ,oX-di:Cferent l^rimes. If tha'i/ were ^he 
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case, we c6uld indicate -^he set of primes by , ' * 

y 

• whpre p^ %z the fi;:*st prime, namely 2, p^ the second prime,- namely 3, a«d so 
forth until we get to p^^which i-s the last prime. Let P te the product of 
thes4 prime ^umb'6rs and write the number • 



^lov N is not divisible by p^ because the* remainder vl|ien you divide K by this-* 
.number is 1; it is not divisible by p^ for.^th^. same reason; in fa'ct, it is 
not divisible by°any oT the .primes we have |4sted. In fact, the remainder* 
is 1 '«1ien ^ is divided by any factor of F. So it must be either a 'prime it- 
self, different from all the others, or it must have^a prime factor which is 
different from 'all those listed. In either-case wje have shown -the existence 
of one' more prime than ve started with. This Is the contradiction we .sought. 

The reader should be warned about two things in connection with this 
result. In the first casf,.W need not--bB'^e (n + l)th prime. Iri^ f aqt, 
there is a resi^lt which tells us that, exce*pt' for n = 1, N cannot^ e 'tl^e 
next prime. (We rfefer to this result in a problem below.) Secondly, K** 
need^'not be a prim^ ' - . ^ 

^ One of the difficulties^ §.nd aH: tract iojas of pripe numbers 'is •^heir Jr-. . 
regular distrfbuiion. The primes '2 anc? 3#are the closest together ^^^d the 
Tninimum dj.f fe^g^ice between any 'two other jprimes is 3 be^use^ every second 
number is divisible by 2. Thus after 2"'"and 3^^ the primes whicfh are the^-. ' , 
closest together differ by 2."' These ar^^^4-ed '.'twin primes"^nS tlte .'first 
fi^verpalrs are: - J " v ^ v . , 



' - 3, 5; .5, 7; 11, 13; 17, IS; 29, 31 . . ' rr^/ 

. ^ • ; : ^-'-^-.^^ 

It is not known whether or not there is an infinite number of such •paj.rs.'- 
On the. other hand, two successive prtme numb ers can be as far. apart ^ 
you please. For instance, Oppose you want to see ten consecutive numbers 
none of which is a prime number. For this let * ' ' . 

• n =*2 • 3 • ^ • 5 - '^6 * 7 • 8 . 9 . -lO'- n " 

that is, the product of the^ first ten natural numbers after 1.' (A shorib way 
of writing this "number is Then fprtn the ^following set of ten consecu- 

tive vhole numbers! • • * • ^ 

n V 2,,''n +3, h + i^, n + 5, n.+ 6, n + 7 . n + 8, n 9,^ nN+ lo, ji + 11. * 

The fir-at of these is divisible by 2 since n / Is / th^. second; is divisible by 
3 because n is, the j:hird by k because n i,s, .*.,,and the last divisible, 



^ ' by 11 because n is. Now n + 12 might or might not be a^prime numbier. As it 
•i^^. » -happens, n + 12 is not a prime number, since n is divisible-^by 3. But n + 1^ > 
might or might not be a prime number. In any case, we have^ shown ^t^at thlr^ 
. ' >re two. prime numbers whose' t^ffer^nce is greater than 10. Similarly, ve 

could exhibit 20 consecutive integers, all composite, or any other ^uml^er of V 
^conslcutive composite integers. . * , ' ' 



Problems 

1. There is a theorem, much too difficult to prove hoj-e, which is called 
"Bertrand»§ Postulate" and which tells us that between eveiy number 
greater than 1 ar^d its double, there is &t least one prime number. For 
instance, between 5 and l O^t here is*the. prime 7; between 11 and 22 
there is the prime number 13 (as well as 1? and I9). Use Ithis result 
to prove. that the number N in our pro'of above of the infi/.itude of 

\ primes ^ can never be the (n + iHh prime number3 unless /= 1. 

' i ^ ^ ^ J 

2. , In ihe ^ast paiagr^aph of this section we exhibited tcnV consecutive num- 

berp, all of whicl? are compdsi'te. A 'somewhat more effi\ent choice* of 
n wfculd have been'to choose it to the product- oftthe prime numbers 
less than -or equal to 11, that is , ^ ^ ^^ 

V n'=: 2 • 3 • 5 ' 7 • 11 = 2,310 

and jtheji write the following set of ten consecutive whole numbers; . * 

n + 2, n + ^, n + 4f n + 5, ^ +^6, n + 7, n + 8, n +• 9^, n + lO, n + 11. 

Why are all of» these cd^osite numbers.? Is n + 12 composite? Why is 
this somewhat more efficient? • * * • ^ • 
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, '*4.9 Other systqws , " ^ . , 

The fundamental \heorem of arithmetic does not hold in all systems. A 
single example of such a system it the following: . . _ . . 

.r-..^^ - i,2j.k,s, 8, 10, 

thaf is, the^ se^^.ci%ev^n cois^i-^in^^ numbers^ an^the number 1. This set is/ 
clos^^.^'uri^^^^^i3^^tion ( thou^j/|(iot ur^^er' addition) . A '^me number we 
Voui^^Tja^W^]^^^^ a-.i^e^^#''the^s6i,' different frbm 1, which could 

not ^t5.^"r68J^^3;^te.^7as a"pa«^4*!??t J:wo. num^'^rs of the set neither' of vhicli 
is 1: Wifh tni^ (pefinltion it is easy "fiS^see ^hat the prime numbers for this 
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set are the even numbers not divisible by k\-, Hdw CO can be vritten dn two 
diff^ent vays as a product of prime numbei^s of this set: 6o = 2 ^^^SO - 
6 • 10, These products do not contain^ the same priiae nurtibers, and hence the 
fundamental theorem of 'arithmetic does -noft hold he^^e. 

On^ilie other hand, there arc many syste.ns besides the counting- numbers 
for which the fundamental '^eorem of arithmetic does hold. 

For instance, D be the set of numbers of the f orm- vhere a is 
an. -i4}te-ger and k is 'a* vhcle nuir.ber. 'Ilii^ set Is closed under a^itton ana 
multiplication. Here we' mi^st introduce a new term, that of a unit . In, the - 
set of whole numbers, 1 afid -1 are peculiar in that tjhey ^re , divisors of" , 
every nun per; that is, their r^ciprocals^re intfe^p's. 'in general, a nu:nbpr 
of a sfet S is said to be a unit if its reciprocal (multiplicative inv^f3'e)"'^is 
in S. In the set of rational imrr]:e>*G evejj^ nOmber ' ex2^pt zero is a unit. 
In oar ^JfcJ), £he number ^ is a unit if and only if 2^ is also in D. 

t ■ > "^"^ . ~ ^ r 

Hut ^ if 2_ is to be-in D, then a must be a povef^of 2s, ^ay 2 . Thus 

2 r— t 

the ur4ts of. n are the numhers: — = ? where r-t is an integer which 

2 » ^ ♦•^ : ^' 

may be positive, negative, ,or ':;'^?ro, Thus the units of '£)*»are: . 

. ^ . ft-. ^ 

"I -1 w ^ w * . 

■ . - 2^' 2"/- '\ : . - .• 

where w> is- a whole number, CAct_u^lly, sin^o^w miPjj;it be neg^ive, we could 
omit the first two forms.) Nqw by analogy^ with the Set bf ihte^e'rs, we call 
a number ^ 'in D a prime number , in D if it is not a -unit and if 

t- • ' ' m ^ ' 

. m = ab , '^;ith a 'and b in D, 



in'Jjlies that^ a .or b is a unit. 

{ To find the pri7ne nunberj of D, nbtice ^f irst th^^ if m is ai>' element ' ' 
of ID, it TTiay be written ' 'W^ ' / ' 

m =' nu , t * 

where 'u is a unit of D and n ' is-an o^d ' integer. This is tful, since we 
can take u '^s the highest ^ower of 2 in ^ mk if m is an integer, or the 
deng^inator of m if m .is not an integer'.^ Henoe to find the pri/ne numbers 
of D, we need only find those among trie^Q^i^ Integers. , * ! 

, First, if n is not a ^ime number, it '-can be expressed in the form 
n.= ab where both a,, and V are different from 1" and -1. Then a and ^ 
b , being "integers, are in D, 'neither is a unit, -both are odd, an# hence n ^ ""lim 
is not a .pTltr.e nunrib<sr in D. Conversely, su4ip9ge -n is not a pr:^me number in 
B; then " '\ ' / • . ' . . ^ . * . 



;^«re neit'Aer fractiOA is a unit,. Assuming each of' the frac;tions~Erbe'in ' 
simplest form, we see -that c ancT d must., ba" odd' and hence" n being an 
integer implies that .^r and s are both zero. Thus n = cd vith ^neither 
c nor d^^a unit, that, is, neither JLs J. nor -1, and^ n is not '^'prir.e nunV 
. ber. Hence Ve have^shovn that the prime numbers of D are of the form ^ ^ 
~ - / ^ > ' ^ ' ' ^ . k ^' " " . 

.^■1 - " — ^^^^ . " 'r ^ • . 

;4iere p i^^ an odd prime number and u is a unit of D. 



Problems 



1 



Let S -be the syste^n of numbers d^sc^ibed in the first paragraph of 
this section. Does the folloving result hold? If a and b are twb 
numbers of S , then there are numbers q and r "of tUe set S Such"' 
that. ^ ' " • * 

. ^ ' " a = bq + r,' 0 r . 

•2. Consider the following set.of number§.: ' ^ vhere b ' is 'an odd^jLnteger ' 
•and a is an integer/ What are the unilJs for this set? What are-,the 
jrimes? Uoes'^the Fundamental' Theorem of Arithmetic, hold ^or'this set? 
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CH'apter 5 
THE NOil-mATIVE RA^IOML NUMBERS 



3 •if Introduction ,4 ' • " 

As we noted at th^ beginning of the previous chapter, the set of whole 

numbers is not^closed with respect' to division. The purpose of the^ih^ro^^ — 

duction of rational numbers is to remedy ;this deficiency. We want to^preserve 
'aB ipany^as possible of the properties we foUnd so useful in the manipulatioi^ 
of whole jauinixersvv-**At the same time we need to have a system which fits In ^ 
with bur everyday peeds.. Luckily 'it^ turns' out that if we are willing to let 
go by the board most of the ijroperties ^.n the previous chapter, which were 
Really forced on us by thg' nature of the"" system we were c'bnside ring,, ^ we can ' 
liave both a tTs^ful' system , and one that has the px-operties we described for the. 
whole ilumbers in. Chapter III^ * 

^ The use for fractions needs no justification, but the heed for under- 
standing tfiem again rests not ot^y on the rules for ii\gStpulatio?i» but on the 
reasons fo^ setting up the rules' in the first place. Of coui:se one do^s the 
manipiiLations by^ rote just as one memorizes the multiplication iable. But 
-the reasons put a firm basis under the manipulations as well as enlighten what 
went b'efore. Rirthermore, for those goiilg on to aige^a, her6 in a simpler 
setting are reason^ aM processes whi-ch recur later in the less familiar 
setting of algebra, 

* The plan of- this chapter is as follows. define what we mean by a , - ^ 
rational number and- give Vvk conditi^ons for equality so that important |;r6- - * 
perties will hold. Add'ition and subtraction, multiplication and^diMsibn are 
defined from the same point'of view.^ This we do in'detail for the reasons 
mentioned abov'e. It is also important to check along the way to be sure that 
these new ^pumbers do what we want 'them to do; that is -that they are a model 
for tbe applications we have in mind. The teacher ma^ not want to'go^'nto 
as much detail in* class as we do here*fbut certainly the pupil has a J^igfet to 
know why definitions are set up as they *are. 

"The secohd step would be to verify that indeed these numbers -have the 
properties with which we were famil-iar in Chapter III. Since this is not a 
complete trea^i^ in thi-s^enSe^' we give only a sample 
be d'one to be' complete.- c - . 
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i|t.t wotiLd have to 
r 



* The third step wQuld be' to aaauire^Mexterity in the handling of, the 
projcesses.. This the student presumably, already has" to aSer^ain extent, b€it 
undoubtedly he needs more^ Since the acquisition of this facility is pririjerily 
a matter of. practice, the author feels ti^at he can contribute little to this 
important topi?,^ except: by the infusion of sample exercises iir this text, 
. Since fractions ^em easier than negative numbers' v.-e deal with positive ^ 
Rational numoers in this chapter and leave negatit''e ii^egers and rational 
numbers to a lat^r point in the book* 



5,2 The - definition of;^i:^ionai numbers ^ ^ ' ^ 

^ ^ The mathematical need for an extensipn of our number system and the 
praotical' ieed ^tend from tjae same problem-"- the need t'o~aivide sometnTn^ ~ 
into a humber of equal pa^^ts. If we are to divide a pie into, five equal 
parts we must, in mathematical terms, solve the equation >x = 1. In fact we 
need -a nmber for a solution of any equation of thei form ax = 1 provided that 
a is any number different from zero. So, taking our cure from the notation 
for quotient in Chapter IV, we create a -whole new set of "numbers ar\d denote 
by . 



l/a or — 

' a 



the solution of ax = 1 with a ^ 0. \'He exclude a = 0 because 0/ x = 0. T4ore 
about^this later. ^ ' ^ 

Physically this number — indicates cutting something up into a , equal 
partd. In other words, it has the property that if 'yo^ multiply^ it by ,a 
you get 1. We coul;i^ indicate this on a line as follows, where a is taken 
to'^ ^ . V 



The distance between eash pair of dots is^one-eighth of the whole. ' 

To he useful this new set of niliioers slioul^-h^ve certain properties. 
For one thing, it should 'have the associative property for multiplication. * 
li this case: * ' . . * ^' 

.( ' ' ' ' ' 

a[(ijb3r^ [a(i)]b = 1 -b = b., a ^ 0, ' S. ' ' i- 

and w6 see that for .3^.=(~)b, it is true that ax = b. Also we would want ^ 

a , 

these new numbers to be associative, and commutative under multiplication with 
themselves and the integers. Thus we have •* ^ \ : ^ * 

{(^)b]a = [b(^)]a = b[(i)a] = b. ^ . . ■ 
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Hence X = (^)b is a solution of both the equations: ax = b and xa = b." Then^ 
we designate b(^) and''(^)b by the s:nnbol ^ and create a set of numbers ° " \ 
where b and ^ .a are whole -.umbers with a different from zero and having 
following property*: , , . 

• » 

for Ta a whole i^fflber and a a co^onting number. That is, our aew nvm/er'- 
will be a solution of the equations ax =:b and xa = h\ A>rmally, we'have^the- 
following: * ^ 

Definition : NvJnbers ;/nich can be re'pres^nted oy fractions b^a or - 
where b is a vhclc number and a a counting nujnber are called rational 
numbers . In o-/ner v.orJs^ the rational^urjbers are the solutions of equations: 

/' ax = b vhere b is a vhole m^^moer and a a counting nicnber. (This definition 
will be extended^larer to case^s-vixen^^Ja^^and a niay^b'e negative,)- . ^ 

This creation raijes a number of questions. Pe'rhaps the fir^t is, how 
do we know that such numbers exist? The answer to Vhis question is that we 
know they exist because we bring them into being. A^harder question is: wl^^ 
is there only one solutioV to tlie equation ax - 1? If there were two^ x and 
y, we would have ax ^ 1 ^= ay. Then if, the cancellation property is to hoia, 
the equation ax' = ay, with a ^ 0, would imply *x y. 

Of course, larger ^question is: . will these numbers do whaV^-e *want thetn to 
do? Here we h-^ve to take ^ome initiative and so,,^age oyr definitions that 
tke^e •numbers are our faithful well behaved serv^ts. Also there goes with it 
a certain amount of faith that t>ur definitions will not le^d us into trouble. 
Luckily we shall find that* at each stage there is really only on^ choice to' 
make if these new'numbers are to behave as we wish them- to.- . . * 

' - , Wfe have already mad^ the choice that b(^) shall be equal to i-)b by 

writingv^hem' both K This checks with our practical experience for ve know 

that if take one-seventh of a pie and consider two of these pieces, we 

• ' * ^ s 

will have the same amount of pie as if we had found- one-seventh of two pies. 

As a matter of fact, parenthetically ^ our practical experience keeps Jis 

straight many times in mathematics , We ^ me the world about us to be"con- 

sistent and if ' we .m^ke o(ir mathematical b/stem a model of the^orld as we 

know it we can feel reasonabJ.y sure 'of consistency in the mathematics. 

Higher mathematics often leaves the ordinary world f^r behind or, from another 

••point of view, becomes-^n expansion itself of^the world. Then new instruments 

for navigation are necessary, Bi^t here we are close to'our known world and . 

we must maintain contact with it, for our o\a comfort **and security. 




3»3r Equal i!ty of rationajr numbers 

Above, by definition, we made the product of a whole number and a 
onal number comniutat 
tive. The soltiti9.p^ of 



rational number comniutatave. Here w.e .^ant to make all such products associa~ 




' ♦ ' " ' ax ^ 'b and cax = cb . ' • ' 

should be the same since wfe want c(ax) to be equal to (c8E')x. But, by our * 
definition, th^ solution of the first equation is ^ and that of the second is 

I'^^l ^ Thus we* agree 'that 

b _ cb 

.* ^ a ca ' ' . 

is 'to 'be true whenever a, b, c a counting numbers. This is important 
enough "^o state formally as: ' ^ 

Property 1. If the m^merator and denominator of a fraction are mulMpligd 
or divided "by the same counting number (or as we sl;}all later see^ by any number 
different fr6m zero) the numSer Represented is not changed. ' - 

We can check this with experience. Suppose ^a line segment is marked off 
in twelve equal divisions. One third of the segment will be four twelfths: 

3 " 12 * 

In general, -if a iinS segment is divided into ab e^qual segments, then b* of 

these segments combined will have a length equal "to ^ of the given segment. 

\hat is, i = . . ' ' 

' a^ ba ' 

. He3ke we need a word to describe the relationship between two fractions 

which represent the same number. Traditionally two such fractions' aVe called 

equal, but for reasons discussed in the next section we prefer to call them, 

l^ast*forthe time being, " equivalent r*' *Thus: ^ * * 

Definition ; Two fractions are said to be equivalent 'if- they ^represent 

the- same number. ' • - 

Prd^rty 1 does not tell the complete story^ as far as equiyalenCe of ^ 

fractions is concerned.' For instance, consider ^ 

. k 6 - ■ . ■ •• 

10 15'. . ' 

By Property 1, ^ and ^ are equivalent fractions and so are ^ and All 

k '2 6 If 6 ' • 

thr^e" 0^*^20 > ^ and ^ represent the same number. Thus. ^ and arfe egui- 

- valent even though one cannot get j^/rom J^^^'y multiplying or dividing th^ 
I numerator and <fenominator by a counting » number. 
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There are two vays of determining whether two 'fractions are e^iivalent. 
Probably the simpler .as well as the less familiar is given in • 

Theorem 1: Two fractions | and | with b and d different from zero' 



are equivalent if and^gnly if ad ^= be. 

The proof is^not hard. First suppose ad 



be. 



valent by Property 1, ad = be implies ^ and g are equivalent and, • by 'property 

}' H ^""^ f equivalent. Thus | a^d | are equivalent. Conversely, -suppose 
a c * A ^ * 



b d 



are equivalent. By Property 1, g and | are equivalent; for the same 



reason, ^ and f are equivalent . Thus g and ff. represent 'the same number. • . 
•That is,bc(— ) and ad{^j represent the same nura]Der, which implies 
bc(— )bd = ad(^)b^or bc'.= ad, assuming the associative property. ' ' 

This metQod of determining the equivalence of two fractions fias the - 
advantage that it merely requires the" comparison of twOvDroducts and also it 
hold's iJbt. only for^co^tipg numbers but for ax^ nu^Tbers discussed in this book. 

^ The second methojof determination* is .spwewhat more laborious but,. sint:e 
it is in common practice and has- some adv^ges over the above we dis^ugs i^ 
too. .To this end we first define a fraction "in simplest form" or "in lowest 
■ terms." ' ' " . • . 

Definition : 'A fraction | is saiS to be iq simplest form or in lowest 



14 



^ terms i| a 



and b 



are counting numbers' without a common factor greater ■ 



HJixfs definl'kion is useful because 
sensed Jy a fraction in lowes1» terms. 



than 1. ^ 

r 

nte( 
the g.c.f.'of 

fraction f ^y g and have one ifi simplest form sincfe, bjr Section k.k, 

:"c 



every, rational'number can be repre-t 
To see--%^is merely note that if g is 



arid d, we may divide numerator and .denominatoi* 'of the* 



•'ijheorem 2/^ and | h^ve g.c.f . 1. For! example ^ and r|'are 'both" equivalent 
^•to Tj/n simplest fohn 



V*^''The^i we have (the following: 



.^^Theorem 2: 



forms 'are the sa 
relation in the lUxt section.) 



fo fractions 'are efluiklent i^''and only if -tiheir sln^iest 
(See the discussion of the properties of an equivalence 



///•,,- - - ■ ^ 

•t.'-"- ^° B^ove^l?. note lhat if '.they a^e equivalent to the sa«ie fraction VV^'. 
■ are equivalent tf\gach otheV,' T,r complete the proof we, need merely show t«at 
two fractior|s in| simplest form al>- equivalent only if they are^ the ^same. For 
^this, suppose fand | are twp -eq' bivalent fractions in simplest* form. ? '^en, - 
•■from_^eorem 1,. f,e l^ave .ad J ba. Since^' is in simplest 'form,- 1 lis the^g.^f." 
of • ^ and bj'ljenc?; from Section Ll^, 'a' ' is a- factor of ' " 
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since -r is in simplest form^and c , is a factor of ad, c is .a. factor of a 
Thus.»»c and a ^re factors of each other and, by Section 4.2, a = c.^ Simi- 

» larly, b d and our proof is conrplete. , ^ 

X We want ever> counting number to be a rational number, , For instance, 

'2x = 6 has the solution. 3 and also, by 9ur definition of fractions, l^he solu- 

tion g*, which is equivalent to th^ fraction *■ • 'So we agre^e thart j and 3, . 

shall'.be two ways of representing the same number. In general 1 • x = a has 

f . ♦ ii . ' * * ^ 

the solution x ^ a and also j, So^J^y definition ^ ' . _ ^ 

% . 

for eyery count;ing number. 



^1 



inally,, we" have avoided fractions with numerator zero. This was just a 
matter of coiw^nience. The fraction — should be the solution of ax = 0, We 
know that this has. the sblution.O and hence we define - ... 

. . ^ - 0 



a 



= a, when a ^ 0, 



This i^'^^^Lte a. different matter from haVing th^ denominator zero. 



Su^ose for ^M^^ftiqef that x = — were ' a number , This would have to mean 

1 = 0 •x. If we ^.-wiere to mul^ply both si'des by 2 and assume 'the associative 

property we wpuld laave^ '^^ ^ ^ '- ^ \ - 

2 = '2; il) = 2 * (0 f x) = (2 • O) • X = 0 • X = 1* ' ^ ^ 

f ' - Ik ^ ' ^ ' ' ' * ' 

This wpuld mean'^^^^e would either h^vo to acceptr the equality 2 = 1 or 
dispense with ti^^^©ci§^tive prope'¥^4 ^ Hence we outlaw division by 0 atnd * 
fractions/ with zero dejiomihator , o ' ' - 
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Prolkle 



Prove that two fractions with the^ same denominator represent *th^^ same * , 
. rational number if- [and only if the numerators ^re^the same« ., o • 

2» Does the conclusion of the .previous pr obi eft hol3 .if the wor(}^ "jiumeratofc" 



and "denominator" are interchanged? 



y 





^.k "Siinplest" of "canonical" forms ' ' ' ' 

At this point we digress from our development of the rational number 
system to ioo^: a little at .what we h^ye dorfe. Previous to this ch'apter A/e 
-had various vays of representing* numbers^. For instance the following -all 
represent the same* numb^ . ^ ' 



^ ^ ' 2 + 7 . 2, 1 + 1 + 1 + 1 + 1, . 

V The^are air tepreseptatians of the number fivej' We would ^ probably agree ^ 
• that '.the simplest- way iTd represent the number five is by the single numeral 
5. The MayanI would not have agreed with this, they would have u^6d simply 

a bar: . One way to. show that two expressions represent the same number 

is to Shaw that they "represent the same "simplest" number in some well-defined 
sense. Though w^ may differ on^what is "simplest/' and indeed this may well, 
'depend on\the -use we are going to make of it/yel itUhould have two >funda- 
«iental properties: ^ , -•>•• ' 

1.^ Every numbeJ of the kind we are/ considering should be expressible 
■ in* our "simplest form. " . , . 

— - 2,^„ For a given number^ there is only ony "simplest fofSf" that is, the 
'"simplest forms" -must look the ^^e. 

The' mathematical •te/;£for"sucI^^ "canonical f orm. "» Though !t is 

^ not in the least jiecessary to use this term, the concept is an important one. 
For instance, if you were asked, "What if the sum of | and | ?" a perfectly 
proper answer would be 

^' ' ' * .'1^2 ' ' ' 

*his is 'a representation of the number which is the sum of the "two given * 

^ rationa. numl^^. 3ut to find the s^|lest vf orm which represents the sum of 

the numbers, tien some WfUlation needs to be performed. It is the opinion 

Of the author that sorfe o'f Ithe t^rouble which teachers have, with- students is » 

because of the lack of giving definite instructions.* Instead of asking, find 

^ ^hB suia of. J and the rdjuest should ^e spmething like: ^ress as a single 

fiaction in simplest formrbhe sum: x +'^» 

. 3 5 , . * * 

"Her^ al59 are questions- of numerals versus, numbers. We have here con- 



s 



derej a fraction to he a numeral— something which represents a number. ' We 
u;e the term "equivalence" when referring:io two fracti&ns first of all -to 
eiphasize th'b above ideas and second to make a bow to what we hope will. become 
the, tradition in geometry .and elsewher,e of cabling things equal or££y - it • their 
ajpe ijhp same, thajb is; ideJtdcal. Thus if we 'are to express ourseiv,^^ in ' *' 



^ ^ccordancl witb a^strict usd the/te!rm "equal" we wou^d call two f rations 





I" and J equal onlj^f they are the same, that is a =- c and, b = d; they are 
equivalent if^ad'^^^fc^ We have tried to be careful in our language to be 
.consistent with this conceprt. It is easy to slip and if ^carried to extremes, 

this care can be ridiculous pedantry. For instance, what is the numerator of 
* • ' . » ^ * 

a fraction? Is it a number or a numeral? Since it is part of a numeral pre- 
sumably it haS'^t6^e a numeral itself* So we do not really multlfly the 
^nume^^^^or of 'a fracticMi'by a counting number; we rauitiply by a counting 
"^number the number which the numerator represents, and then we write the numeral 
which represents this product in forming t*he^ neW fraction • This Is of 'ho^se 
a ridiculous way to express ourselves. In the opinion of the author there is 
really no harm in calling two fraqtions equal when they represent th^ same 
nianber, provided that this double meaning is pointed out explicitly. 

In various connections wet shall meet this idea of an equivalence rela-^ 
tion and hence at this point it is well to consider what properties it has. 
^Consider some set containing elements a, "b, c, .... These elements may be 
numbers, tmangles, equations — what you will..^ Suppose there is a relation • 
between any- two elements of the set and call it R. If the set is a" set* of 
numbers, R might be'^equality . If the set is a set of triangles, R miglft be 
congruence. If the s.et is a set of persons, R might be the relation: "live » 
in the same house as." Whatever it is, we call R^an equivalence irelation- if 
, .it has the following three properties. 

1. (reflexive) a R a for all 'a in the set. ' ^ 

2/ (symmetric) If a R b then' b R a. ' ^ ^ 
3. , (traRsitiveT If a R b 'and b R'c,' then a R 'c. , . 

Let us try this, out on the examples given' aboveT^ Equality is certainly 
an equivalence relationship- because a number is equal to itself, if a = b 
i tl^n i) = ajand, finally. If aj= b'and b ^,c/theji a j= j. The last in 

Euclidean phraseology is "two things equal to the 
. oth^r/' tCongruence of triangles, is also an equivajlpnce relationship As for' 
the third example ijotdce fjrst that 
self, n,4x*t_if person A lives in t^e 
house as^A, and finally, if A and I 



in the s^e house 



as him- 



then B lives in the same 



a person lives *□ 
same houseji as^i' 

live in the same house ^and B and\C live 
in the^ same house, ^then certai-nly A and C live in the same housed'. , \^ 

However, "is the brother of^^ is not an equivalence relationship among ^ 
people for it s^^tisfies none of Jthe properties aboVe. The relationship among 
people "is not* taller ^than"" satisfies Prpperties 1 and 3 but not 2. 

An .equivalence rel^ation alvays leagls t6 a classification , provided w^ 
put in the same! class all elements which are equivalent' to each other! It 
has jthe following properties analogous to those for an equivalence relation: 



le* An element A is in* its own class. ' 

2c. If A and B are in the" same class so are B and A. 

3c. If A is in^the same class ag^B and B, in the same class as C, then* 
A and C are in the same' class. ' ' / ' 

In fact, beihg in the same class is then an equivalfence relation; In the t 
first example above we put into one class all the rwm^ers -^equal to, a given 
one, in the secfcd case we put all triangles congruent to one^ffi the ^ame 
-<ilass, and In tli\ third case we ^classify people by the houses they live in.. 

In the light of this general discussion, let us return to the idea of 

^equivalence of f racj^i^nsand write in ^two parallel columns corresponding 

statements abput fractlonsNnd rational numbers. To simplify this writing, ^ 

WQ denote "the fraction ~ is equivalent to ^" by - ^ - , 

^b ^ i a . b d 

that the numbers which the fractions represent are equal. 



we mean 



Property 



Fractions 



Rational Numbers 



o 
d 



Reflexive ' 



a 
•b 



b 



kSymmetric 



b d d b 



If 



=^1 J -I: 

d d - b 



transitive 



then 



a. >c 

r T and 



a- 



± ■ 1- 
d f 



The paralleaism, results ^Trom^the f 



the 



and ^.#1 



%hat<tK>th equiyaienc6 in this sens^ knd 
equality ;^re equivalence.relationsh|ips. We also have'a bXadsif i|;ation of ^frac 
•j^ior^ obtaii;ied-by putting in the same class all fractions* wljich are equiyalint 
to a^giyen fraction, that is,, all those -T^ich represent the same number ^ 
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5.5 



Problems 



.J 



1. Show that the equivalence of "fractions satisfies the three properties 

above of an equivalence relation. . " ' . 

2-. Show that if there is a classification 'satisfying .the three prpperties 

Ic, 2c, 3c then there is a corresponding equivalence relation. 

3. *Firid ex^pl^es of relationship^ which satisfy two 'of tjie properties of 
♦ an equivalence relation but not the third. 



5.5 Multiplication of rational numberst - . 

Since multiplication i3 here easier than addition, we consider it first. 

Let X = ^^-and y = These mean that aoc/= b and cy = d. Thus 
a c — t'-^ 

' = (ax)(cy) = (ac)(xy) 

where for the first equality we made use ^of the fact that ax and b "represent 

the same nu^i and also cy and d. Tor the second equality we assumfed -that 

our mional numbers have the 'associati-^e and commutative properties for . 

bd . 



mxxltipllcatj^on.^ But bd = iac,){xy.} means xy = — Thus we ha^ 



^d 
' c 



bd 
ac 



In other words, we have the . • . , . * 

Definition for multiplication ; The product of two numbers in. fractional 
form is represented by the fr^tion whose* numerator is the prodXict of the 
nmerators 1^ the fractions and whose denominator is the product of 
aenombators. ^^hat is, to find tfe product ojf two. numbers in fractional. 

multiply the nuinerators anc divide by tW product j^f tjie denominators. 
Fprtunately this .'checks witl, some other properties t)f fractions which 

* ' " ^ ^ ' third *of a 



farm. 



are very us ef ial. Returning to |p:.es,_7/^ know^Wftat •one-h^^^ of on^ 
pie^is^dhe-sixth. ^This^chisks ' WLtl| cJur'-mi^ipllcation ^rpcedurq- 



5 



1 i'_ i 

2 • s - '^ 



'above: 



Furthermore: 2 J = | • f T" = ^s. also fortunate.. Ftrially: 



a- 



a- n^^. a:-^'i^\:Srw £2. 
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.♦ior counting n^^T^^^^ iMti^iication is^^^ 

consistent witti. tlje *proi)eV^ .df ;eg5^ivalei;>c^-*of//rac . * ^ :[ 



5.6'. 




' Exercises \ 
1. ^'^^'Prove that if | and - = K then * ^ ^ 

^^^^^^^^ ^ ' (f)^f)-(f)(^- 



-liei Al^^kn equSrvllence reiati'on for a set of numbers^ S and suppose 
th^t ^^'r^^'^^t^^^^^* K^e'inJ^then a R b implies ^ ac R be Then 



prove that" 13?^^',^ 



d, th^ 



ac R bd#' 



In^ his wiU^ F|^^^^Bl:own 's^cif ied that one-halt ^,of, ^is-e%-^^e should , 

•youifig'^st . '-ihi^J^W*^:d:^e--he;.^ied/ th*l/l8tmir*so^^ . 
'3imete ihe''ies±||g7\ih"^cordanc^ with. their' fat^eK^^/^^'Hefe. qihis vaJ^--^*^ 



pcordance witb.their fat^s^rl^^i4SsHe^. "Shis va- 
|y sold the jBjiJ wh^n.i^ came to the/ai,,;, 

i^d^V„they talked the .more 
fitter- the.T&rgt^gplt' bac§5^ Their'jfe^^r', h^iaring the altercation^ ^ 
came to^le t/ha-t^. i):l€^diff i<xulty was.^' He\aJ.f 'that in the interest of 
pe^ace4amorig,3^i^hbors,"fi'e!' would contribute his, horse. ,,That made all 
things ' e^asy" for with l8, horses, the eldest received his shaj^, 9 horses y 
the second his share, 6 horses and thevyoungest his, 2» As it happened^ 
the neighbor's horse w&s left-over an?3'he took it back home. What is- 
th6 moral of* this tale? » . 



^Problem 



1. SW that if ^e define {\){^) = (^)* when one or both of b arid d 
q - a -c - ac^ 

a^e zero, this is consistent with our j5:^initi^n of - =■ 0 for c ^ 0. 



%6 Division Df^ rati^al numbers 
' We devised rational numbeirs: so that we could dividej^the ^jLdivided.'^^^e 
seem to have accomplished it for qount^ng numbers in-tl&t we can solve ax = b 
f or ^coun^tiag numbers a and b.< But what happens if a and b are th'em- 
selves rational numbers? We take care df this problein in two*j)arts. . t 
Ji-rst. we vish to find a s61tition of the equation: 



j,xv= 1. 



Since, we waMt the well-defined property for .multip:|i cation tq'hold, the' 
solution X should .Batifefy the'equatiofi: 
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d(|x) =d. 



From the associative property tiiis implies^ 



But (d = c and fienc^ the equation above becomes 

cx =^d. ^ 

Thus X must be equal to^ ^d we have shown that if the properties^ we 
desire hold^ the soliv6ion of , ^ 

jx =1 



must be That this' is i;ideed a solution can be verified as follows: 
c • ' ' . 



c d *cd _ T 
d c . dc 



r 



^J;echsmicayV then the. fraction which ^represents the sduticfn of the equation 



\ ■ 



d ^ = 5- 



is obtained. tJy interclmnging the numerator and .denominator of ^. 

. ' h r ' . i 

The numbers - and - are called re<^procals or multiplicative inverses 

\ ' ^ b a . * 

of each other. * Th6ir product is 1, as may be verified directly by the 

V definition" of multiplication of fractions. In thg^set of whole numbers 'there 

was only one number which^had a reciprocal in th^ set; the number 1. If we 

ver6 to 'lo(5k ahead and include the negative inl/egers as well, we wouJ.d have 

only one^ more? -1. But for, the rational numbers we have ^hown that every 

number except* zero has a. reciprocal. This is very conveiiient for if we; wish 

' to ^bive the.equation'rx == s yh^rev r ..^and s are rational numbers we need 

merely "multiply both sidefe of ' the equation by the reciprocal of- r and- use 

the a^pciative l)roperty of'^ultiplication ^s follows: ^ | 

I * . -1^1 ' ( 



! 1 \ 1 

' i>K = s imjjla^s - rx = - s 



But^ 

f 



(^)rx'= -x = X and [/e see tha^'Hihe ^ufion 'of ' rx =^s is 



-X = (J)s. 



• ^ Lhefdefinition | apd-^ the dki;iitiorr in S^ction-'5.5 of|Vhe product, of 
• ' • -^o numbers in fractional/form,". 

'I ''^ ^^^ 0 1 



r. 



ti - « ??• . hi- si 
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-*If we express r and s as fractions' r an^ T,we ha^e 
\ . D a ' 



b ~ d 



If we multiply both sides by the reciprocal of*4 we have 

b 

e 

be . 



,(^)(f) =-(|)(e)x=^l.x=.x. 



V 'Then x = -| is th^ solution of (}^)x = (t). 

^> . ' D a 

By showing how to ^olve the equation rx = s with r an^^ s rations 

numbers, we have shown that the set of rational numbers excluding zero is 

closed under^^d-i^ision* 



Exercises 

• . . • ♦ 

1* By definition, tl:ie' solution -of e»c = b is - for whole numbers b--^nd a 
wath a different from zero» Why does this also hold when a and b , 
are rational numbers, with a different'^ frSm zero? ' ' '' 

2m Let |, y = I and .z = I where a,*b'',.c, d, e and 'f are whole 'numbers 
- with, none of b, d, f zero* ^. Find expres^sions as a single fraction for 
each of the following: . -r^ ^ . ' . 

/ • • • _ 

a) ' (x/y)/^ . - - " F)r x/(y/z) 

Are the two results equal? ' * ^ , • 

' 3* (a/b) +'(c/d),'^ a f assuming that all letters stand for whole ^"^^ ' 

numbers' and no denominator is zero? (liint: check this first fpr 
numbers.) > '^.^ , . f 



, ! For rational numbers" x , y , z (none zero) coea the following, hoi 

' ' -I r 

' , - (x/y)/z.« z/(y/x)? ^ 

i . , (Hint: c^ecjs^his first for numbers). 



Problem 

Vei*fy,ai'rectly tliaf (|)x. (f) has the solution ^ 
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%7 Addxtion ^of rational nun±)et^ 



H6re> as above, there are tiio^i^robleir^s . 'First, how can ve define Edition 
Aof rational numVers so tha^! it will liave the properties ^^e.^wantr SecOijd, after 
we know the answer to the first, vhat is trie process or £ process by wlnH.ch we 
can -express 'as one friction the sulii of two nanibers repAaenled by fractions? 

For* t'h&. first, we can proceed as • inthe* section on <nultiplication. We ♦ _ ' 
^have^ = 0 and^ cy ^|^and wish 'to find ^ y. . If we a;L^e Vo use'-bhe distribu- 
'^ive propert>V ^^^"^ is^, if rational numbe^rs are to have^his property we need 
to charige the gi^/fen equa.tions linto equivalent ^"iieS in which tHe coefficients 
of . X and y " 



are the same. We dan do this by replacing 



= b by cax =*bc and cy*'^ d by acy = ad« 



^leri have* 



b'c + ad 



cax 



+ acy = aqCx + y) . 



Jhis me^ans thai^ x '+ y must ,be 
definition; . 



(be + ad) 
.*ac 



In other words we -have the following' 



b' ^ 'd _ be + ad 
a c *" a-G > 



We have thus found the single fraction which represents theism of the 

^ . . V " * (be +/ ad) 
numbers indicated on tJaj^^leB^ side o:? the equality. The traction — ^ 

may not be- m simplest" form, but it certainly is a, single fraction»whi*h 
re-ftresents the sum. * • ' ' 

There is another way of arriving at the same rasiHt.^his sterns from 
\he ob^e'rvation that : if two fractions '. have^the s^nm denominator a fraction 
r*ep resenting ; :he sum i£ one which hi£ the same ^ d^nc^inator as th^ two .an^ ^ 
whose numeral pr is the, syij of the 'jB oneratoi'S of ^ the two. Tirjis, again,' depe^^s 



on our desix^dl to have the distributive property. Let us se^ how this goes: J 



4) 



If the distribu/tive property i^ to hold. 



(r.t){i)=i-3 



(£) + t(-) must, be eq- 
r ^ 



il to 



This^ proves the unde*rlined statement abpv»e. ^ ^ • 

So now, if^we-have fractions ^'and ^ we first write them ^\ 
j - « ai ^ c • • 

lent \f ractions *vi*th the same denominator: 



7 



two equiva- 



5.7 



Tbe'n we have i 1 = ^ h ^ 
a. c ac ac 



which is the- same as what we had 



(be + da) 

previously. 

Tl>ere is a..^«jti)}tly mbfe "efficient*' wai/ to add two" rational numbers if we 
'are interested in having 'th^ Wsj^ilting fraction in simplest form. Jfhip is. a 
little m6<^ificatioj\ of ^he last ^ethod. What we wani is to have a denoirtinator 
whiqh is the same -for bpth/fractions. If w^ could liave a smaller one, we wouid 
have I$ss computation. 'The denominator common 'to the two must' 6e multiple * 
of both deh^Hninators. So the smallest"" possible 'denominator' is' the least '-^ • * 
common multiple of tlie two. * * , " ^ 1^ ^ " 

y Probably the best .way to explain this, process is by means; of .a-J^^l^^e » ' 
example'. Suppose we ^re Taced with, the sum | Here the l>.c.m. of the 

den6minat6rs is 30^ (pee Section '^^i .5) . Since u must 'oe mUlti^j^ed by ^•'^to get 
30 we^ftiultiply the^numerato^^ and denominator of ;the first- fraction by 5* and 
since 15^ must be muitiplied by 2 to get 30" we multiply the- numerator ax^^^ .:. . 
denominator of the second^.fractioi; by 2. Thus: ' ' ' 



7 



-30 ^"'15; 



lit 

3^ 



'and the sum is ^'^^^^ "^^^ = || . Notifie t^at for all our laior^the result iiW 

fraction- is not in ,simples.t form. Uov^er^ it "is somewhat 'simpler t?han tife 

117 . ' • . ' 

result which we would^ haYe.^obtair^ the definition ajo^ie. ..Ao^ually-I 

the advarrtages" ifh using the/l.G.m. much greater' in algebraic, expressions 

than for niombers and for this reason there is some point 'ir!vshow3:^ig this;;^..« 

method to the students. But, in the't^pinion of the author, it is, Abetter to 

learn the process first wi^iout the -iJise^pf ,the I^c'im.^ 



jl. > Brove that iJ( 
a^id J are m s 




^is the ^.-c.f. of"- b' Vid Jd, an|3 if the S^o^ct^^'^ ' \^ 
.mplest form, then so is thfe ^fraction - \^ f '* . ' 

ad^ be f • ' . u^l^Ti^ ■>•.••?/ i'.V 



You-^ere may want to r^fer^back to Seciid^ 
a * e 



'Let ^ and - be :two fract^ns^ in simplest form. Show t>at ^their'*-^}^! - ^ 
not' an integer Unless b'= d. . '^-'rlV'^?' 

Assume that all letters below /stand for rational numbeiTs-^nd no- .v<'>. " * 
P^fdenomlr^or is'zero. Then fiJd Vhich hpld for all' raf iLal-numbei. J ' 
]'J values if -t^e letters: (it might be heljJful 'filk to tty out par^^|ul^r . 
^number4:.^ , , ^ ^ ^ J , / . V^^^^ 



1) 



5) 



2 ^ 2ab 



a + b + e (a - b) -f (c - -p) 

5~r" " . 3 



2ab ~ a 

a + i . i 

a 'b 



/ 



(Note: tl^^exprec;3ion oji the right side of ^ ) is called the h anionic 
me^n of a aaid p.^ Try it for a = b = ^ r f or example.) - ' ^ 



1. Prove' thai - — + - 
a c 



' Problem^ 
[be ad) 



ac 



vhen b or d or both are zero* 
This extends our definition of addition from positive rational ntimbers 
to itGn-negative ratiorfsl numbers. ' 



The basic structure of rational numbers ' ^ ' * ^ 

Now that we have complete'd the basic "structure of non-negative rational 
numbers let us look at what we have* It is understood i^i ±hfi-.summar^L_below-^ 
that a, b, c and d ^ are whole numbers and whenever a^ nmber appears in a 
denominator it is not zero* ^ 

1* The fraction ~ represents the nmber with the property: 



^ 2. Two fractions - and — represent the same number if anfl only if ad =^bci 

3. The product of twj fiaetions ,(or, if Lou wish to be pai-t^cular, the c, 
ftraction which represents the product of the numbers represented by the two 
i factions) is given by * . - • . , -i • 



bd 



(ad -4 be) 
bd 



The sum of two* fractions isr\^r^+»-r 
J j> d 

— The set of ntimbers represente d by t he fractions described above is 



called^ the^ sgt of ^on-negative rational mmbers . ' / ^ 

We chose these def i*nj,tion^ so that certain properties (dje propeirty, in | 
one f'^.se qxi^ ^nother lin anothe|) would hold'but at^this point wei do r/ot know' 
that th^ desiried l|fopemes hold "for al'llthe operations desdi]ibed above. 
-To.be systematic, before wfe^work with our n^v niujibers too much, [we should. - 
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list all the properties and show them one by one. Here we merely list the- ■ 
properties and veroiy a f ew pf them, r"*" stands -for the set of positive ' , 
rational numbers anV^R> the set of non-negative or?es. Where R"^ o'r^- are not 
indicated it is understood that the letters stand for rational numJrs. 
a b in R"^ (or rO 'implied V . For addition 



Closure: s 
Commutativity: 
Associativity: 
Identity element: 
Inverse element: 



a +'^o''ift r"^ (or -RO 
* a*+ b = 0'+ a 
a + (b + c) = (a + b) + c 
a+a=0+. a=a 
Does no1ri exist for 
addition. 



For multiplica^on 

^b in R"^ (or R') 

ab = ba 
a^bc)^ = (ab)c 



a ♦ 1 



1 . a- 



I>istri'butive Propiertjj,' 



If a is in R 

the3;*e is an 

1^ * + 
element — in R 

' such^ that 

_ a(i)=(l)a=l. 



a(b+c) =ab + ac and (b + c)a = ba + ca- 



Most of thes^ properties follow quite easily from the corresponding 
properties- for the counting numbers, in view of the definitions giVen^^For 
instance, if - and - are tw^ rational nuntbers in which r, s, t, u are 
counting numbers, their sum is,^by definition, (ru + st)/su. Sinc^ the 'set 
of counting ajambers 'is closed under multiplication and addition, ru + st and 
su are counting numbers and the sum is a- rat-ional number • Hence we hav.e^ 
sho^tnat the closure property for addition Jiolds. 

\ For the identity el^nts, note that; usin^ the definition of addition, 
we have: 



0,1 

1 s 



(0 



+ 1 ♦ r) 



r 



- = - + - 

s s 1 ' 



using tHe properties of the QptLntijng numbers involving i)oth the additive 
identity 0 and the multiplicative 'identity ^ Similarly 

• * / 



1 .1 



1 * r 

1' ' s 1 ♦ s 



r ^ 1' 
s * 1 



Probably the hardest is 'the* associative property for addition. We do 
ha-lf of it and leave* -fche' other half as an exercise. 'We want to show 



Is 



where all the letteri stand tpn ^ole numfcers and npne o\ the denominators 



isrzero. The left side is equal to 






r ^ ^ (ty 4- .ux) _ (ruy t sty sux) ^ . ' • - ' v 

• * • ? ^ly ** - . ^ suy 

- ^ «... 

Since the set o% positive rationajL numbers vith the operation of multi- 
plication has the properties of closureCX associativity, existence of identity ' 
'and inverse ve say that this^ set form^ a " ^ifiultiplicative group > Since, 
^ furthermore, multiplication is coiTmiut*ative, it ^^alled a multiplicative 
^>^lian (or commutative) gi»oup. In fact,, any^* se-b with ^n operation (some-N 
rule of combination)* is .said to fd?m a §roup if it has Xhe four properties , , 
named at the beginning 'jof this p^agraph. We sha,ll|meet other examples^ 
ot groups later. Hotice that the positive rational^numbers do not fcym an 
acaditfve group since neither the identity element for addition ,1s included 
nor the inverses. If we were to consider tiie 'rftn-fiegative r;ationa1 numbers/ 
th^re would be an identity element but stiir n^ additive i<nverse. 

> In tbis connec-Dion there* is another pair of properties whicH we should 
volxit out and for which we ha'd a pre^cedent in the set of whole ni^bers^; ' ^ * 



The well-defined ^ prSperties 



implies a + c = b + C 



and ac ^ be 




IPhiBse seem quite obvious. 'They are In fact a joint property 'of the definition 
Of equivalence of fractions and the definitions of ^dflTition and multiplication 
pur reeison for emphasizing, them here is ^that^'t^iey^are ba^icXor the manipula- 
tion|6f equation/later on. In th^J?5nguage of JJuclid this property of 
a*d(^tion was: equals added ^ equals are equal. , ^ . , ' 
We>*how this fpr addition and leave^^he multiplication as an exe^jcise: 

' . ' " ' : X 

' r t X t X « 

, * Su&p9se - = wish to show .-4-- = - + -. ^ ^ 



r ^ X _ (ry s 



t ^ X 



(ty l y) 



y - uy ' 

These two repjregent the same rSational number if and only 

(ry + sx)\iy = (ty + ux)sy . 



■ 



that is 



•2 ''^ 2 

ruy « sxuy = tsy + uxsy 



^ . r t 
But - =: - im 



lies ru'= st and :J)hus, by the well-defined prpperty for multipai-. 
* 2 2 ' » ' ' ^ ' 

cat2,on'of ^hole numbers ruy =^.tsy and l^y th^ well-'def fined property for the ^ 
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♦ ' ' \ ► * * * ' 

additioS of whole nmbevB (as'vell as,^he associative and .conniutative pi:o- ^ 

perties of muitrplioation):* , » . / * , * 

^ * ' •* ' » • *' 

I 2 * 2 . - > 

rjy t s>aij' - tsy + v^sy, • . 

Tl'is %s vhat'we vanted ^o prove,/ ^ * . , ^ ^ ^ ^ 

•Equally "important ajre -ohe - - 

Cancellation properties * ^ ■»^^'* 



r X , 
s 



These follow ^irecUy from our definitions above^an^ .tiie 'corresponding pro- 
perties* for whole nunoer.i. We slm how it goes for multiplication.'* r 

S^.ce the two fractions are equivalent we have \ ► . ^ 

^ _ rxu^ = syLx. ' , \ * 

'J^^^^^t is . ruCx-y) = st(xir). 

Tnen, xy ^ 0 and the cancellation property for the product 'of whole numbers 
implies ' ^ J * _ , 



fu = st 



Which, in turn, implies ^ 



r t i 
. s " u • 



Finally th'ere is one very important consequence bf tne closure property 
^^of multiplication for the ni;ml:>ers of R^^. ^I^^is/is that -if a^and b are 
^ ' ' pg^itive rational numbers their product must be k positive rational" number . 
^ Or, - in other, words if ^he product ^ two' non-'ne^ative rational nurnbers is 
zero, ■ at least one of them mxsry be zero; • " , 



* i . * Problems 



1. Prove th^^ associative prope^:^^^^r multiplication of non-negative rational 
.numbers. * * , 

2. Complete the proc^' o'f the associative jfe-operty for addition of rational^* 
,^ ' numbers . ' * , ' \ 



3, Prove the well-defined property for multiplication of rational' ^[lumbers. 
Prove the cancellation nroperty for addition of ra^nalN^bers. 

Subtraction of positive rational numbers * 



pHere the situation's, quite analogous to tlr^t for the count ing. numb er s • 
Hence it is* desirable for the -reaaei^ to renev \\^^ acquairrtanoe,.wi±]a the sub- 
traction of integers- .^Tust as ^or the whole numbers, the equation r + x.^^s 
is sometimes solvable" in the set of non-negat-^ve ratiprial numbers and sometimes 
not.^ There are three possibilities;^ ^ » 

X* 2:+x = sj.s solvable -for a positive rat^nal number x. 
In this case we ^ay that s is greater than r and write ^-s > r« • 

. 2.' r + X = s< is solvable for x =-0,^ in which case r = s« . * 

/. 3. r + it = s is not ^l^rue /or any non-negative rational nuniber x. 
Of course then we need to have some way 6f telling whether or not one rational 
number i;a_ greater than another, , For the counting numbers* we- referred to the 
ni^bei>line. 'For the rational numbers it. seems better to deal with^them first 
al^^raically for we can thus x*'elate the problem in rational numbers to 'that 
fat c 5uni;ing numbex^. * , ^ ► 

1 >i:nDpose r = — and s = — . We can more easily compai'e them, at least at 
fir\^, if we write- them a«s' fractions with a c©mmonidenominator* Then our, 
^equa'Sion r + x = s becom.es: \ ♦ ' « 

^ ^ * ' be ^ da , ^ ' 

* ac ac 



or, if we write x = we 'hava 
^ ' ' ac 



(be t y) _ da 
ac " ac 



♦ From "problem 1 of Section-5«3; these can^be equal only if 

^ • be + y = da.* 

In other words we have shown that the f9llowing two 'equations are equivalent 
if J .= {3f)x, 

(1) ' « ' ' bp + y = da . ^ ' 

«).- . ■ V . Iv'-I;" . . 

Notice that if x is a positive numb^T so is y, and if 0 so is y.^ ^ Thus 
we have ' ^ 



1. If. equation iZ) is solvable. for a positive rational number^ x, tAat 



is;.if--r> then da > be- Conversely, if da > bb, equatu)n (2) 

*pos\tive rational number 'as its solution and - > - 

- c' a 



has a 



2, Ii' equation (2) ^s solvable, for x = (5^ t 



converse hoids.* 



•able 



a 

^nen — 
c 



and da = be . The ^ 



2-. .'If equation (2) 4s not 'solvable for a non-negative rational .number . x 

(l) is tiot solvable for a whole number y/ This -means that da < be and the 

equation 'da + z = cfc is. solvable^^ that is the eouation'- + x = - is solvable 

• / . " c a . , 

I ^ d " b 

and — < • f ' ' . • 

. ^. c a . i • 

Briefly, then, ve have^ the following: ^' 

b d • > ' V * 

I. ~ < - if and only if oc < ad. - • * . 

* 2.* - = - i:& and only if be = ad. ^ 

a e . ' , ' K . 

b d ' ' * ' 

^ o. > - if and ^only if be > ad\ * ^ . * ' . ' . 

.RealliV of eourse, the first and third eases" are essentially the same* 

All this means that if we hav^ any two ratiorfal rfumbers -r and s. Just 
"as for vhole- numb&r^^ one is greater th^n the' other *^r they are the same 
numoer. Thus the ratiom^^numbers eag,be put in order on the number 'line . 
just as the whole nm^^s^ '' We can cociparB^V^^Ov^^o^s'- and* - by writing 
thefc^as frac'ciong with the same denominator and c^omparipg the numerators: 
or, what 'is simpler, Comparing the produeta be ani^ad. ' * * , 

Just as f or ^-^hole numbers, if r and s a r^ rational .numbers witH I I 
r <^ s .we write the sol-ution of r -f x = s'and x i- = s as s^- r/ This tells 
us . ^ . ^' • ^ 



'(da 



be) 



^ ae 



5»10 . Density ^ ^\ , t , \ ' ' . 1 

In Section^i.2 we gave a defin:|tion of density whieh, for eorlvdnience, f 
^we.repe'at here as: ' ^ ' ^* | • 

Definitior/ 1: 'A'set^ with a relationAfl^hsvingV the propertb^ between 
ness is cal^d dense if^ for any. t'^o elements .of the ,tsiV^;j^^^^i^^ third * 
element b^ween V&em. • . . f * ' I ■ 

. . If /S is th§ set of -rationa/l numb^s and R.^s the>elatiori "les'^ than^V 
we ean ^how that set ,S *is dense' by sho^iig^' ^ha^t'lDStween arx/^two. rational 
numbers s and r (with s > r) there is^-a rational number. In fait^ sueh a 
number is , , ' ' 



This shqws*, in^iJentally, that oeuveen any tvo rational nunbe>;s there l/^an 
'infinite nunber of rational number?. Why-? ^ ' ^ J - 

There is anouher definition of ^enrsi^y for a subset of real numbers and 

the rei?ti,on of inequality which is r^or^- in accord with the usual usage in 

1* ^ * 

aavancea niataematics . Here' is the^econd one: , - - * 

DeHnition 2: Any ^utfset S" of the set of real nijnbers is called dense 
if oetween any two real nunbers there ig a njmber of S. ° ' ; 

Notice th?t these definxtiohs are 'not equivalent! ""^X^ct^ Definition 
2 inplies Definition 1 since rational nunbers are /eal numbers. There ^re ' 
sets,- t:-.oagr rather cor.plex>ones/ which are uense oy Definition'! out^ notJ by 
Definition 2^ To sho'^ -:hat the set of rational numbers is' dense in "idis 
sense we vo'^a nave to show tr.at between any t^^ rea^l numbers there- Is a 
rational num?rer. We can dp this a little more, easily after we l^ave^mqre > 
experience wixh Ineauali ties' and we DostDone this until Section '^♦^^ 



. ^ iixercises - ' . ^ 

, ' « — ' — 

1. For each of the following pairs of fractions, find which represents the 
smaller number: . ' # , 

^ a) ^and'jl , , , . ! d) arid ^ 

\ 11 I ' ^ * 1 V 17 ^ 15 

IF^^^"^ n e) y and --^^ ^ , 

-Wh.ich of the above could be' answered "^y inspection* without calculation? 

'why? . - ' • . 

* ^ < 

2* Pat 'the following. triples of numb,e]^s in the proper order from lesser to 
' greater: - - • ? ^ 

11 16 5 11 /5 ^ IIn.In 

11 ' 2k . 7'' 17' ^7 T7^^2^ , * 

16 ^ 11 ' 5 ' ' - 

3»/ 'If a > b with a and b whole numbers, which of^the following is 

11 ' * ■ 

greater: q^^* this be used to simplify some vOf the work in the 

• . ^ • * ""^^ 

t two, previous exercises? . . . , ' 
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; ■ ) 
k. , Show that if 1 is the g.c.f . of b and Vnere are integers x and 

■ y such that " " ^ 



X y _ 1_ 

b c be 



(see Sect>ion hjr), ' ^ ' \ 

One oell rings every thi^d of an hour and another every f iftJh Of ^n hour.. 
They ring ^together on theVhour. How close together can they ring with- 
out ringing simultaneously? - • ' . ^ ' 

Refer to Problem ^ below and write the Farey Series for n = 10* . 



Problems 

L . ^ 

? -^"^ 

We compase^i the ''value of two rational numbers in fractional -fbrrr bv 
corioariiig the ,nunerators , of two equivalent fractions with equal denom^ 
nato^^s. CouldV^e have done tliis by comparing the denominators of two"'' 
, .eq^ivaleni.^ fractions with equal numerators? If so hov? ' * 

^ Brove that if |- and j a^-e two Dositlve rational numbetrs and > -i then 
** ^ ^ • • d.-a^ 

} ' \ IS oetween tnem. • 

We could hsve chosen a simpler JefihiT^on of the sum of two fractions, 
^aar.elvr ^ » , 

*• V -ii It:- ^ t) . ; ^ ' ^ . ' 

s .5 u ('s 4 u) * ' * ^ 



In^3.ee^;thi3 is sometimes ffeen. V/}.at would be .some peculiar consequences 
,6f;thio definition ?^Vmich of the fundferaental properties for aAQition ' 
' would -hold? ■ : , va. . ^ , . . ^ ^ ' ^ ' . ^' ^ 

There is an interesting series ^called the Farey Series which -cpn^sts • 
- of 5ll *the.frac^;ions in increasing.drder between 0 and 1 with^denomi- ^ 
•'_na/ors less or egual to than a fixed number n\ For n = 7 the ?eries is 



1 I 1- 1 2 1 a 3 1 



•1 ' • ^ 1 1 1 1 ^ \ 

I 1 "5'! ''k''^ 'Z'J' ^: 

; One plcu^-iar propert^y is that if any three successive tpr^is 'are cho^bn, 

the middle pne can be^btained from the other, two by the process ,des'- 
^ci»<.bed. In. Problem 1 ab^e. For' instance, if we choos'e , ^ we ii^Ve 



You should check this for 3onie other cases* Another property, and the 

one vhiGh fnakes it useful in. the theory ^f nuir.bera is that, the difference' 

oetj^een any "cwo successive numbers of the^s^eries is is divided by the 

3 '2 1 



t>foduct of their denominators: e.g.. — - - = — . 



bers, will l/he 
or remain tne 



If - is a fraction in which a • and b are counting nuirib 
b . - V 

nvunber which tMe fraction represents' increase, decrease* or 

same if we add the same counting number to the ^umerator and denominator 

"of tie fraction? \ . ' ' * ' ^ 



• 5^11, ^ Ordered number pairs 

^ » Whether wfe write a »f ruction ;n the form 2/3 6r - it is 'a^ 'Ordered pair" 

of numbers (or, If yo^ will, numer^^ls) ♦ In rhe first instance it is ordered 

f]roin left to right since 2^3 is different* frbm :i/2; in the second instance it , 

r is ordered from tOD ^ bottom since,-- i-e different from^r^, .(Actually in the 

♦ o ' 2 . ^ 

second- case we order the numbers from left to right when we say "two-thirds" 

instead of " thirds -two, ") Anbther way of writing a fraction could be (g,3) ♦ 

# though' this .seems awkward since IWe are^not used to It. There are ^two advantages, 
however, in writing'Xhe ordei-ed p'air in the form (^3)^ The first is that we 
fan ascribe! various meanings ta it^s'we plea*se. One titae it might mean 2/3, 

J another time 2 - 3, .or, again* 3 + 2 or 2 ^3, Iii^the latter two case's the * * 

'ordered pairs would Siff^rent but the sum and products would be:.the same, 

^ e.g., the ordered yair*(2,3) ^nd.t3,2) would be 5^bciated -with the same 

• . number for the ^um since 2 + 3.*^ 3 + 2* ^ • " 

A ^econd adv&ntag.e of usihaf-*he more general hotation, (a,b), is that we 

c^n set up a one-to-one coj^resp.ondence betweott thesQ ordered pairs anB a set 

of points In the plane. C6nbide? two n\»nber rays* perpendicular to each other *^ ' 

with the counting numbers marked off* on them as indicated ♦ The numerals on .. 

'*.*'' * ^ ' 

' the ho^^izontal ray ca» .denote. c6iumji*s' and those. on the vertical rav rows* 

We can thefi form a grid lor Vattic'e) and, each poiwt where the lines of the 

gr}4. cros^ caf^ be identified ^by^ the col^umn and row in v^ich it occurs.. Thus 

fhe point in the 1 column ajid the^»3' row'.can be denoted by the number ^air 

^(l,3)» This^.wlH be^ a 'different point.ffom that JLn the ^ column and 1 row / • 

t ' which is designated by t3^1)- * .^he points on th^jVert^bal ray will be in ' ; ' 

order: (O^Q)^^ CO",!')', (9,2,) (p,^),*.* , a'nd' those on th^horizontal ra.y will * 

be dW?q'^^^ by (5,0)vJ^l,a) , (2:07^ {i,0)',.7^ Every point where, the lines of 

* tb'e ^rid cross, that is, every ^'&ttlce point will.be designated by ^n,or^iere^ 
' * pall^ tx,y) wherV/-*x ^" apd y .a/e whole numbers and every' ordered pair (x,y) 

' .V.-. • ' '* ■' ' . > •• ^ 



(0,0) •'(1,0) (^,.0) (3,0) .(1^,0) ■■(5,0) (6,0) '(7,0) (8,0)" 

'of ^hole numbers will designate a point, Tlfe point' (0,<i) i-s called 'the^ 

origin > In other words the^-e is a 1 - 1 correspondence between the lattice 

points and tile ordered pairs whole nuiJlbers. • . 

Now return to the inte:^pretation of the orde;*ed nunjber .pair (a,b) as the 

fracoioft a/b. In this chapter the o«ly fractidns we have considered are 

- • . ' • ^ ^ I 

those in which the numerator is ^* whole 'number and the denominator a counting 

number. ?o_^_ by the means, described ^in' the par&graph above, we have a one-to- 
one cor/espondenQe bet^ween aJLL such^ ^r actions and the lattice poi^ts^ o^- the ' 
plane, except tliose on the horizontal ray/, these , lattice points would .Qorres-% 
^^pond to the ordered pairs in which the second element is zero. . » 
This can lead to a correspondence b^tx^-een the" rational number^ and 
lattice points by way of the^ ordere^d pairs. Since ^ere the. situation is a ' - 
lit_J:le more complex, first we find the lattice points which correspond to the 
integer ^3 or 3/l,^ (The tjeacher may vaht to postpone^ the rest of this ^sectiin 
until he considers Chapter IX. ) Other- Hraptions representing the same integer 
are; 

•■ ■ ' I- ' . 

a 
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^ o'or anS'^ count number a. If you look at the s^t of -corresponding points of 

the.gridjf you vili' see >that they are all pn a straight Jine through the origin 

and 'the point . Similarly, if i/e (Consider the pair^(2,3) corresponding 

to the fraction 2/3, then all* the ^Airs w>.ichf correspond to this rational* 

number -wilL be (2a, 3^) for counting numbers a . '/^If \these are^drayn on the 

grid/ xhey will be s^en to be tl:^ latti&S pointy on "^he line 'through the * ^ 

origixuand the point (2,3). v^.. • - / * . 

. In general we^ shall show in Chapter IX that -for any fraction the 

ordered pa>rs which-; are associated with the fractions repi^esenting the same 
• * \» • ^ * 

Rational number^vlll 311 be on a line through the origin a^d' the poiiA (a,b7. 

.Furthermore ;t the poin^t nearest., to the origin wilJL- correspond^ to^the fraction 

in lowest terms, since its coordinatee will ,be-the least. Thus we-not only 

have a one-To-one corresponJence\petween the fragtion^ and the lattice points 

hot on the horizontlTi rxr.^t to ea<5h' rational number corresponds a unique 

^ ^non-hbfi?r.ontal, l!ine through the origin; ^donversely to each non-horizontal .line 

thVough the origin and a lattice 'point' corresponds a unique rational number. ^ 

could even, carry the correspondent^ a . li,ttle, further and "add points". 

*• We, know, from the sum of two fractions, "that . ' * 

* ' < k + £ - ad + b,c 

' ' ' ^ ^. b d \ bd . * ^ . ^ 

^ If we write this in the .form of number pairs we have , - 

, • * ' ' - (a,b) 4- (cjd) = (ad + bc,^^. ' ' ^ • V 

.So, in'tjiis sense ^the sum of two lattice points is, another, lattice point. 
Moreover we sag, in a senSe, add lines, 'for suppose the first lattfce po^^nt 
IS on line L through the origin and the second on line .then the sum will 
\ be on a line C through the origin. The well-defined property- of the -sum .of • 
-two rational numbers .tells us th^at if ve,.rpplace .the first lattic^jpoint by' . 
Another "lattice point on an^ the second lattice point by another latttce 
• point on-L*, our result^ will be a lattice point on the same line L" . For 



e^^mple:' 



2 k _^ 10.4- 1^ • ^ 
3- 5 \, 1? ~ 15 • 



^^^ir we^re¥l§ce''-;dy^.r;^gm by the equivalent fraction 

— and add^'tjie numbers which they represent we get • - Ic' / 

3P t** *♦ 



' 105 105 



Vn9^" • ' • • lOo" • 



22 

which equivalent to,^ . This means that not only do we have a corres- 
pondence between rational numbers and lines through the origin ,6ut that this 
correspondence is preserved when we -add in the above sense. The same coul'd 
be seen to be true for multiplication. *In such a setting as this/ the well^^'' 
defined" property is anything , but ^trivial. It-wa» for this reafeon^that we 
mentioned it earlier in a simpler setting. 

The ordered pair is a way of writing what is called a' Carre si an Fyoduct . 
Formally, if W is any set an4 N another, or the same -set, then *' 

W X. N 

stands ^or tHe set of ordered pairs fw^n) where w is an element of W and 
n an, element of K. ^bove, W is. the set of whole numbers and N the set of 
natural counting number^. " ' ' ' ^ 

Tj?ie teacher will have to use his Judgement on 'how far to go wii,h the 
ordered pair idea at, this point, but it 'is a fundamental point -of View and we 
shall ra'eet it again in various guisfes. • ^ * 



^ . * Problems ^ ^ * ^ • ' 

1.' ^^y.are there-po rs/ional numbers corresponding to the points on the ' 
horizontal ray described abovef , , . , 

* ' ' } *. * 

2* Sup'bose*(a,b) w'^re a*nother way of writing 'a + b. Wha4: points* of ' the 

lattice wou^d represent the number 4, the numb^er 5, in, general the 
number n? * ' 

3. Suppose. (a, b) were another way -Of writing ab. What points .of the lattice 

• would represent t?ie number 5, the number C, ti»^' number^- in general the 

* t number n?' . w » j - - , ' 



Suppose (a,b') were another way of writing a - b; What points of the 
lattice would correspond to whple numbers. ' What would co];*respond to 
the 'Whole number n? ^ * • . 

- ■ •■. ■ ^ 




■Reference 



Farey Geries: 7 ( Section. 3- 8)^ Groups: 12 (Chapter ^5) and 21 (Chapter y), ' , 
8 (Chapter 9 (Chapter l), 13 (Chapter 2), 21 (Chapters 1^2), 22 (Chapterfe 9,12) 
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< Chapiter 6 
RATIOS,. DECIMALS AND APPUCATIONS 



.1 Introduction 



• -Here we ai^e * cone erne. 1 with anolher way of representing rational numbers 
vhiaji extends to' pther kinds of numbers as well. Anyone ^wha deals with 
mathematics knows ihe use^'ulness^of notation but h^alsg realizes the dangeV 
of disassociating notation from wliat it really represents. For many tesTchers 
this dis^ssociation has been especially notorious in the case of .decimals* 
But many other teachers have for a long time taught decimals in relationship 
to the\rational numbers and, in fa'ct, the old te«m "decimal fraci^ions" 
acknowledged 'this relationshjJjrr It is at this place inhere the re^Lationship^ 
are most important, for a Knowledge of decimalj^'and -their connection- with 
fractions reinforces knowledge of both* ^ 

It is, especially important to maintain a prope^ pei«spective with relation 
to applicat.ions\ There is, first, the choice of applications.^ These should 
be largely within the range of the student's actual interest and practice*^ If 
he has a bank account, interest, is import^ht*. Tf he is concerned w^th^base- 
ball, the percentage of games lost or won is. important. But it is a rare 
junior high school student who pays irjcome tax or who borrows from, the bank - 
at a discount^. - * * . > >^ 

Second/ it is^ important* that each application not be treated as a 

separate body of knowlec^ge but as having a common base in mathematics* For 

instance, the two following pt-oblems aVe the same mathematically and the 

student and teacher should recognize them as* such: 
** ^ 

% Problem 1. If the population of a town'^is 1000 a'n^/it increases ip one 
year by 5^, how lAany more* persons ^re in the town at the end of thq year than 
at the beginning?- ' 

Problem 2. If ^1000* is deposited in a. s*avir;gs account and each dollar 
e^rns five cents interest 'over the period of a year, what will be the interest 
at the end of the year on the total amount? * 

Finally, it should be kej)t in mind that it is the fundamental ideas 
which are important and in no case sh6uld applications outdistance their 
coimectiOn with these ideas* ffhe most .important .trhing is that a student have* 
a firm base of taowledge and- experience so that he can -make -his, o^^rv applica- 
tions as they arise*' 

-. •• . ' • - 1031 06." 



'.2^ Ratios . ^ : ) : f<T^ ' . » ( 

Rational numbers l4ve tnan^' kinQs of applications. • Since the language is 
different, \iortietimes we nv/e to t}*inJ^ a second time, oefore* we'reaiize ^that it 
is really a rational niinber we a^re .Jfealin£; with. W& hear* such things asj ofte . 
out of five children entering: ni^ft 3Ci.Qor graduates frosa colleg^^y th^ odcLs are 
two to thi-ee tnat that horse xiH place first, the sides*,of the two 5-iir>ilar ^ 
triangles are# in the^ratio four to five. .Each hf the above could be stated 
in terms 'of fractions: 'one f if th^ of the children entering high school graduate 
froin college, the probabij-^it^-^hal the horse place first is ^wo-fifths, 

each side of one trianole Is -f o^r-f ifths /he length Of the corresponding side 
of the oth«-r triangle. • 

A proportion is only a/i'el atioiiship between Iv/o fractions. ^ "T'^o*is , to , 
five as four' is to ten" is nerel;.' i different way of Saying: 

V ' ' ^ ^ \ ' 

5 ^ 10- ' V * . 

; , , . " , ^ 

In "10 general t'erms, i# a, o ^and c. are proportional "to A, B and^C we 

mean that for sone^ fixed nunber n: a'= xA, b = nB, p nC. This just means 

that — , , — reore&ent the sane number, n. 
. A • B C ^ 

iHe the old notation: i:b*= c^.l ^nd the rule that the 'jproduct of the 
means is equal to tJie product of the extremes" is kerely in disguise the 

HQ. • 

fact that 7- =,T if al = oc; ind hence this rule i a' superfluous . -* 
^9 * 



In all these cases, the impdr^^ant thin^ is to recognize^ in the langua^fe ♦ 
the meanin>:j of the teminology in terms of the rational numbers. Here it is 
a m-3tter Cif rrL^nslution, ynJ tne- r^.'^nipulations should be in terms of fraction^^. 

6.:: Decimals * . ' 



With decimals there is ag^i'h a translation prpolem out, whereas ratios 
are usually easier to deal 'with- if we consider them as fractions, decimals' 
have 'their own^x^ules of manipulation which make tKemuseful in themselves. .In 
fact,' to ^dd decimals is much easier than to add fractions -and it is easier to 
compare tvo niunbers in decimal form'th^n in fractional form. 

THe 'ieciitial notation.,,, a? you know, uses a decimal pointy as part the 
Indication of^tUe number rejpresented. Within the United St^es the decimal s 
po^nt is placed below the line and a raise,d period demote 3 mult ipl'i,catdony In 
many other countries it is the' other way around. With a whole number if ve^^ 
us^ ^the declrial point ^t all we place it. at the end, that is, the right-hand ^ 
side of the number. Thus 325 and ^25. stand i'or the same number. . Similarly 
1 and 1. standi for the same number.^ Then;we indicate division by ten by a 



/ctetige In the position of the decimal point. Thus 



•1 = = ihn' -001 = rirr , .OOOl = 



10 > - 100 ' " ^000" ' -^^^^^^ - 10000 ' 

Anotner .vay of writing this series .would be 

J ' -1 = 10"S -01.= lOf^, ,001 ='10'^, .0001 = 10'^, 

Notice that in all^cases the exponent, .e.g. , -4, corre^onds to the number • 
of d;;gits to the right of the decimal point, e.g., K This is^ sli-ghtly 
different from ithat happens with ihe positive povei-s: . * 

* • 1 2 ' ' ^h'' ' 

.10 = 10 , 100 = 10 ^ 1000 = lOr, 10000 = 10 , ' 

when^the_^' exponent- counts tue nunber of zeros. We complete the picture by* 
defining: , 



10°. 



Thus: 



5if3'.103l/= 5 - 10^ + i+ -'10^- +3-10^ + 1 iq'-^, + 0 . lO"^' + 3 • lo'^ ^ v lo'^^ 

r One advantage of decimals is tf^t not only can evefy real number^ be 
represented as a decimal (aee Chapter VIIl)', out with one type of exception 
^which shall mention later, the decimal which represents .it is unique. 
The' addition an^ Buhtraction of decimals is no problem since the 
techniques and the ^reasons are just the same ai> for, whole numbers. . Igut 
multiplication ^nd ^division present some additional difficulties. ! 
ror ipsta^ce: ^ * 

5^'32oi = (5^32)^100} * ' ' ' • * - ' 

5^32^. = ,5^32 > " ' ^ ^ ^ \ 

, / \ .^^ 10 '^10 10- 

. ^ 100 100 ^ = W , - 

s k^p - s + _ *(J000_^J|32)_ 2i32 ^' . 

^•"^32 - 5 +^1000.= 1000 =1000:, ^! ' 

This shows- that every time we move the decimal point one place \o. the left we 

^Sivide the^ number by 10 and every time w'eVmove it to the right we multiply by 

ten. Sometimes 'we have to p^it zeros ^fTo get the decimal ^^int in, the- right 

place ^ust as We had to do for the dec^^ial notation ^in the beginj;iing: thu^ 

5te2 . 10 = 5^320 and J55^'=^* '05k3^ s() division or multiplxcatioji by 10 in 

*the decimal system is 'easy.' ' , 



.6.3 - 

What; about imuLtlplication in general? Here a^ain it Is better to consirler 
it in' t^rms ai\aji^e^ nipple: * ^ ^ ^ > * ^ * * 

TMs i^ ^ /ilM . (--^^F)(-TQ-0- ^,(M32)(^ ^ the/proauct, ^there. 

^ 10^ -10.10^ \ 10^ , . ^ ^ ^ 

fore, of 5i*-3,b'and 07,03 in each, case the^exponent^of 10 in the denomin^tJQr 

♦ • abgve is the number of digits " to' the right of the "decimal point /^fiamely, 1 

^jnd i respectiverly . Then. the exponent of 10 in the denominator oF'the product 
* is the jum of these two exponents,, i*n-thiG cai5e ^. So ih; generol we havej 

T>ie number gf -ilgits to U]^ right ' of^ the ' dec mjiX^ : point in a product 'of ' 
two members in decimal 'form is the oum of the number ^ digit 5 to the right of 
the -tecimal point in Ihe two members of the product . ^ ^ ^ */ 

somewhat different* kind of, exampl-e Is tiie I'olLowin^ procfuet:^"' 
^ ( ^'^QO) 0^2? •1:1jX^= 1*73 VjH,26'0 ^= i7j^^f>'^.-. I» notation, ^fuppos^llie humber A 
ha3* iuigits to 'the right 'of the decimal point 'arid B \ias b \Uc>t:tS to U^e 
rit>ht, then the product AB has a ^ b digits to the right of the decimal , point • 
For ^^ivislon, we jtist "turn the rule 'around. " Suppose C has c digits *^ 
^ ^ to the right of the decimal point and we ure to divide by A with 'a quotient 
B. Then a*+ b = c, where -q and b have the same meanings as in the pre- 
' vio\is paragraph, is equivalent to * ♦ *^ ' 

i , b = c a • ■ ^ . 

That is^ we make the number of ^he digits to ^the right lof the decimal point ^ 
. in the quotient, the difference of the numbers of digits of the other two 

; numerals • ^ "* ^ ' * * 

■Tor example, isuppOse ve wish to divide 88,995 by 523-5* To s^j^^iat is 
^ happening, l^t us writQ this in terns *of fractions: 

^^'^^^ - 1(500 + 10 1000 V 5235// ^ 

. ' \ 5235 ' 100 • , 

So, fdr our result, we first d^ivi^e 8'8995 by 5235 and" then divide the result 
by^ 100, -This is represented by moving the decimal point :y[i t'He quotient 

_ . ■" 5235 . ' .4 

tvb'places to the left, ""giving us 0.17. . ' 

In practice, this i;5 of course., sho:ftened. Since 523«5x == 88.995^ ^ 
^ being the quotient, the number of digits to the right of the decimal point 
in the product >(in this ca^e .3) is 1 more than that foi^ the quotient x. 

' 'ii ' 2 'li^ir.rV , • - 106 

* " ' -109 - - 



Hence the number of di-its to the right of the decinial point in the quotient 
^^2-1=2. Mechanically, this is acconiplished in various^ way's . " 



• 6,4 ♦ Scientific- notation a^vj approxi>ratio n ' . ^ , . * ^ 

Closeljf connected wltli the^above is a notatioh, frequently, used' in» \ ' 
science, vhich has twQ purposes^: one the concise representation of very ' 
.large or sniall^'nujnbers and^ ^^so the. indication of the degree of. accuracy in ' 
\ :4\^T!anber representing a measurement. For both, powers of t.en are use^, as . 
follows : ' . ' , . ' 

^ . \. ^ , . ^ * . - . ' 

» 53,000,000,000'= ?3 • 10^ ,. .0000000000053 = 53- 10""^^ ' 

' As regaris accuracy ve must remembe^: that thefe are two kinds of , uses of 
numbers m mathematics/ ;w;en ve -ieaj^^^th numbers''' in tae . ubs^^^ 
times in the specific there are no W^oxinations involved, l^^hen there are * 
ten people in .a room^ can oe sure 'that 'there are nQt 10.1 peopl^'or 9.99. • 
^ There are 'just exaptly ten peopl4. But for the population of ^a city. we can- ' 
nol^ oe sure. We know that th^number muat be a whole number but which whole 
number it is we can. only approximate.^ Also yhen^ measure the length of a ^ 
talf)le we can be pretty cure ^iiat the _ measurement is accurate to within an 
inch o;: evef^ an e^^hth of ah^ inch bu1? a more accurate Measurement would 



<i:*equire a,Jf iner instivjnent of measure 
4 * 



ent, and srn^^ instrument, has its limita- 



U6ns, in.acGuracy*. :So,^when a measure.meijt isi^^^, it is important to know 
^ how accura1?e ,it ' is • . V ' 

' Now if a ^jjsasureme^t^is ^iven as 53000 feet it ia not clear whether- it is 

accurate to within a thousand feet-, ^ hund:;ea feet, ten feet or a hundredth of 
• a foot. In the respective cases these c?in be represented as i 

53- 10-^, 530.10 , 5300 ."10, 5300000.10"'^, ' ^ 
indicating the accuracy by the multiple of. the' power of ten. ♦ 

This can also be used^tQ approxifaate t^e accuracy of a- product.' Here • 
/ one can consider absolute error or relative' error. ^ We' iUustra.te them esfch >• 
by examples. /T^ - ' ' ' \ >, . 

Suppose 523A and .78.5 represent two measurements i^n feet. -They are 
presumably accurate to vithih one-tenth of ^obt.\ How* accurate is their 
product in square feet? Presumably the f§-st, is between 523.35* and 523.1+5 
and second ]jetween iQ.k"^ and 78.55^ So the product wiU be between ^> 
523/35 X 78A5 and 523.^+5 X 78,55 that is between 

.!+10'56.8o^'5 and 1+1116.9975. 

" t' ' , ♦ ' 

O 10? ■ ' 

ERIC .. • • I / O ' 



This means that in this case the prodvct^ie accurate to witiiin»one half . of 
the diffj5renc9 l)etveen these two numbers, or^abou^^ 3Q.*1 square "feet. In 
general, designate the measurements by a* and I?. Then if we assume the 
maxj.mum possii)le error is the zame in bo'uh cases, we see that the true value * 
of tlie area will have to lie betweep* the product of the 'least possible dim^^ , 
sions; a - e a^d b 7 e, and the product of the .greatest possible idiraen^ions, 
-a and + e.' That is, the area must? lie between 

(a - e) (b - e) = ab r-e'iCa > I3) e and ( a + e) ( o f e^ = ab + e(a + b) + e^. 
This can be seen al§o from the adjoining figure if 'we ta>:e a to be .the 



0 



/ A 



>£ F 



length of the line se^ent AC and b 'ti^at of the segmenj AK, wi^h e the, 
J.ength of the segments; EC, CD, LK, K^". Then e^^will bs; the area orf the 
square MPON which will bQ/much Smaller than the area of the rectangle LPOK 

(which is ea) as ^^ell ^s^ the ar'ea of the* rectangle CBNO (which is eb) pro- 

' ' ' 2 

vided^that a and b are niuch larger than -e. So, if we d,isregard e we 



see that the maximum 



error Is about e ♦ (a + b), whiiclij f*in*' 



€hS case of the 



ex^rnple above ^s .05($23.U + 78.5), that is^; ^approximately 30. 

From ahother point of view, it is" 'th^ relative error (or ratio of error) 
whicn is more^ pertinent. Jt woul'd oe^much harder to achieve accuracy to one 
foot iji' measuring* 5^3^ f^ettHSn" in measuring 51»3^*feet* So in practice we 
might describe the possible error in terms* of a ratio f for example, one part 
■"in a huHdredr Thus" if -e is now the ratio of possible error, ea would be , the 



maylimm error, that is, the atJtual misasurement of the side AC would be between / 

a - ea, the length of segment' AB, a^d^,+ ea/' the length of segment AD. We - r 
could set up a; sim^ar correspondence for b -'on the assumption that the^. * • 

^possible^relat^^'^x^^^^^ is 'the same. -Hence the afe^^ould lie between ' . ' ' . 

La - ea}(b - eo) - ab ^ 2eab t e^ab 

and 

'i* «*,^ ' i ' 

^ 1 , - -"(a-^ ea)(b-4- eb) = ab + 2eab'-f- e-^^b. 

^Thib time e ab will be the ai-ea oi' the litric rectangles ;.ipOII and GHOF. So ' 
'the maximum possible en-o? v.ill be abo^it 2eab .£«id tbe.r.eaatiS?^ossible error ^ 



^ ' ' ao 



^eab,^ 2e 




Thus the relative ^^^isslble error of the product ;s twice' thpl of eac5) measure- 
ment ..' ■'. 

Two cotments should %e made in connection 'with.. the above discussion. -In 
each qase we neglecte.) a tei-rr, involving, with the re.nark th^t. il is smaller; 
than e. J^. -fact; t-ie' smaUer the-errx)r, the ^greater the disparity between.-!, 
e and e~ as the following table shows; ' , •\ 



e 


.1 ^ 


.01 


.001 : 






' e' 


.,01 


'.0001 


.000001 


f 





^ Second, in myltiplyihg numbers whic> represent approximations there. is no -/ / 
poin^ in having -?Qyre-ard for the last decimal places. Por instance isliL^^ro- ; ' I, 
duct of the numbers\ . ^ 

523.^ and 78.5 is la0Q6.90. ' • ' ''^''^A 

y>'^t if the iMo numbers represent two meastirements '^^^et which can beVin" 
error by as much as .05 of a foot, the area can' be in* error by as much:as 30 [ 
square feet. 'So if the product is to indicate the degree of accuracy,* we ■ 



should write it as 



, \1X -IP?, . 



which md-icat^s that the area is ij-I^lOO square feet to wiirhiji 50 "square- feet. 

So one has a choice of multiplying the two numbers and then writing the-,, 
result, taking into account the possible error, dr^he may tak6 this into. 
account in the multiplication process ^an^ abbreviate his multiplication as. is 
illustrated by the following: 



V- 



' 1 ■ ' ^ 109 ^'4: 
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^6.5 



, 523.^ 
260. 

- 36638. 



For this, since know the ans^ver_CAn be 'off as nrucM-as 30 square feVt we 
certainly do not need to have regard for anything les| than 1 foot. Sa for" 
the first ntultiplication we, multiply .5 by 520. ThenW multiply^, by ^23. 
and TO by 523.^. After we get .our res-ult, we write itvto the nearest huilared * 
feet and ha;fe • 10^. ' . ^ 



, Exercises 

1. How should a measurement of 32 feet be written in scientific , notation if 
it is accurate to the extent indicated below: 

a) To' within .1 of a foot. ^ A *^ ^ 

,b) To within ten feet, 
c) ^ T6 within '.0001 f estv ^ 

2. Ig: each of the c^ses i^Exercise 1, ^what is the approximate relative ' 
percent of error? * ' 

3. ' F<pr each, ot t{ie cases in Exercise, 1, what is the greatest possible error? 

• . . S • • 

4. Show why the ^rea^est pos^ilile error in a sum is the sum of 4;he greatest 

possible -err6rs in the members of tlfe sum. 

5. If- the percentage of error '|n the measurement of the side of a cube is 
1^, what is the -approximate ^possible perc6^ntage of error in the coi^puta- . 
tipn of the vblxune^of ^the ^cube? . - * • - ~- 



6^5 • Degimal expansions 

" ^ 2^ 

5 : 



We know that r = and 5 = .125 but ^ 



1 
5 



1^ 

3 



•33333 In other words, there 

1 



is jia flMte decimal wljfShi' represents rr or is the decimal expansion of We 



can approximate r- as closely as we'-please by a decimal since 

■ •■ - -xr • ■ 




3 " 30' 

1 

3, " '^^ ^ 300 



.333 ^ 



3000. 



and so on: 
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In fact: * , * 



3 -lo" 



where n the number of 3*s^x^hich appear in the decimal. This means that, 
by tal^ng ^ n larg^ enpugh, that^is, using a sufficiently large, jpumber of 3's, 
we can make the difference between j and the finite decimal' as small as we' 
please, ^.We say khat the decimal expansion com/erges .to %^ . ' . , 

Some other decimal expansions of rational'numbers are: ^ 



^- " " - 1 1 . • ^ 

^ = .090909..., = •027027..., 

^ - .1428571^2857... . 

In all cases there is a 'succession of digits which repeats: in the first 
'case in the second 027 and in the third 142857. We call such decimaTs" 
repeating or periodic gecimals and the repeating part thg Vepetend .. 

Of course, in some cases \he decimal does not repeat fVoiji the beginning, 
•For inst^cef ' - . ' ^ • ^ , " ' 

' kll9 137 ' " ^ 

9990 ~ 3330 ~ •^^23123123... 

Every ratiqnal number ha^ a repea-ting or--zterminating ^ecim^^ Why? 

Conversely, every repeating <?r terminating decimal represents sf rational 
number. If thp decimal terminates the result, is easy. If jiot, ^e show w^at 
l:%pens in general -by an example, ' ^ 

To find the number represented by 5,23^234,,,, let x = 5.234234,., 
J lOOOx = 5234,234234,,, 



5.234234. 



, *999x = 5229. 

^ V V -^5229^580. ~ ->v— 

^ 999 ^ 111 • 



Here is ^another case inr which a repeating decimal does not repeat from t,he 
beginning but will alfer a certain point, ' , 

Repeaiiing decimals have many interesting properties which we do no^ have 
space to consider here, but two should^m^ention^ ^nce^^eyer^^i?a'^{onal ' 
number has a^ repeating decimal expansion, one which does not repeat without 
end does nd% represent a rational -number'/ " J^or instance*": 

.ioiobi5ooiooooi,,, ' . ^ 

does not represent a rational pumber. " ' / ' 

^ " • ■ 111 11 A ' ~' . : , 



6.5- • ■ • . ^ - 

/ 

, Also it is^possi^ble for twc/decimals, one of them Snfinii:e^ to represent 
thi same number For instance: converges to the number 1. It can 

be seen from this that 'any finite decimal represents the same number as on - 
infinite decimal o>tained from the finite decimal by decreasing the last digit 



by 1 and adjoining an Infinite succession of 9*s. 



Exercises 

1. Find each of the following j)roducts: 

(23-. 10-^) ( 32 : 10^) . '.d. i22^ 



a. 



5 • 10 

;lo.lO-)(l5.10-3) e. 

8v,„ _-6, ■ ^ 3'^ • lo'' 

•17 • 10'^ 



c. (125 • 10 )(8 . lO'"") f. 



2. The dimensions of a rectangle are 6.5 feet and 7.8 fe^t as ir.easured. If ^ 
^ it is known that these measurements are accurate t:o 1^, what can be the 

a'^proximate percentage of error in 1;he com^ted area of the rectangle? 

3, Su:gpose each of the measurements in the previous exercise is accurate to 
* ',01 of a, foot, what' would be the maximum possible error in tl)e computed 

area? ✓ ' 

' : 1 ' ' ' 

h. Find the d>»^:.imal expansion of ^ and' show that the ^'pimal repels'. What 
happens if oneVmultiplies the repeating patt-of the }eci;{ial by, the nmbers 
from 1 tq 12 inclusive, in compari^son with what 'ha^ened^ for y'in 
Problem 2? ' ^ 

^1 • ' ^^'^ 

5. Find the decimal expansion of ^ and answer th^e (Questions in t^he preyious 

exercise. " 

6. Find the decimal expansion of 



Problems ' * ' 

Show that' eve^^ rational number-has either a terminating decimal exjfen-^ 
sion. or an infinite decimal expansion whicii from some point on repeats \ 
without end. ^ . ^ ^ - 

If ll|.285T' (the repeating _part of the expansion of t^) is iMtiplied by $ ^ 
we /get 28571 i^., by 3 we" get ^^-28571. We have the same succession of f^igits 
cyclically permuted. Wliy? 



3. 

k. 
5. 



6-. 



7/ 



Is tfiere any . conneqtion between the test for divisibility by 9 and the 
expansioA of |? -Similarly- for 11. What would be a teit for divisibility 
by '37? - ; . . ■■ ■ 

i ^ . . 

What rational numbers havs finite decimal expansions' - ■ " 

What woul'd be the expansion of one-s,eVehth'in the numeral, system to the 
base "seven? What woul'^'be thd expansion of one-fifth? • Itoes either 
repeat; .does either-terminaf e? In, this nymterai system, moving the point 
one place to the left does whaf to the -ntunber?^ ' ..> " ^ 

Find two decimal expansions for |. Does i haVe- two decimal exp^n^ions? • 
1+2+2 +'2^ + . 



As above, let x 

* h ' \ ■ » 

2 + The\2x - X = -1, or X = -1. What is wroi^g 



and. see that 2x = 2 + 2^ + 2^ + 





6.6 Percentage 

Percentage is just 's^oliier notation for a f r^oj;^' 

, common use. Yo^ know that 4 means ^ or .05 and.'withWs knowledge 
know decimals and. rational lumbers you know -percent^ V^yft^icatiflas^ many 
and the rea<ier is referred 1o other books for these e^feSS^ST^-ollowing 
development of compound intdrest. 

If $100 is put -.into a- skvings account, ft accumu lates interest over 
certain specified periods, ior instance, if the rat^stated" as^hi per 
year compounded quarterly, this means that the rate isV per gua::t^i.. Then/' 
for, c6jnp(S25j^interest, at the end'of each quarter W of tS^amount at the 
beginning^of the quarter is called the interest and added to>^e amount. The" 

.amount at the beginning of a period^ is called the principal |nd- that at the 

■fend the aaiount. .trhus we have the following table 

Quarter 

Princiba 



1 . 

' / 


2 


3 


k 


' 5 


^100^' ^ 


101 


O[t)2.01 


103.03 


104.06 


1, 


1.01 


1.02 


1.03 


1.04 


$101 


102*01 


103.03 


' .101^*06 
tj ' 


105.lt) 



* Interest I 
Amount at the end " 

The Simplest way to compute the amounts, is by use of tables , .but , there 
is 'a formula. To obtain it we need merely notice that each amount is 1.01 
times the previous one. " Thus^^^unts ^at the ends'of the quarters above 

100(1.01), 100(1.01)(1,01),'= 100(1.01)2, 100(1.01)2(1.01) ^ ^- • 
_ 100(1.01)?„ 100(1.01)3(1.01) = 100(1. 01)*^ ' 



In •general, if P is the principal ($100) above, r .is the r4te per 
^.interest period (•01 above) and n the /luiuber of periods^ the amount, at- the 
end of each period is (!"•+- r) times t^e amount at the beginning »of the period. 
Thus the amount at the end of the first period will be 

• P(l + r), ' * ' , 



at the 'er^tOf the second period will ^be 



\ 



^ ' P(l + r)*(l + r) = P(l 4- r)^, » :b 

'and at the end of the third period will be 

P(l + r)^(l + r) = P(l + r)^. 

Thus the number Qf times .(l + r) ap^ars as a product will be equal to the 
number of interest periods. Hence if the rate per interest period is r and*, 
the, number of interest periods is n^ we have as the final amount:^ 

P(l + r)",.. " f / ' 

There is another useful YfY to vrite^this same Compound interest * formula . 
Suppose the annual rate is t and the number of interest periods per year 
is q. Then the'jate per interest period will be - and the number of 
interest periods in a years will be qn. For these meanings of the letters 
the formula /or the amount becomes * * 

- Por instance, if the annual rate is h^o and interest is compounded * 
quarterly, that is there are four ini^rest periods per year, the amount" at ^ 
the end of five years would be ^ ' , " ' * 

P(l + .01)^^.^ ' . ' 

Fortunately there are tables 'for these values. / ^ * " 

^ Now let us see what happens in a particular case as , q, the number, of 
interest periods, increases with the annual rate remaining the same. Let, t, 
the annual rate, be 6^ or .Oo^and let ^ be the number of interest periods, 
jper yeai*. Thus if the interest is 'compounded annually, q = 1; while if it is 
compounded quarterly, q^= etc. In the table, A denotes the amount at the*' 
end of' one year for a sum of $100 depos^ited at the beginning of the year. 

So the first line gives values of q, the' second line the corresponding < 

A ' ' 

values of^r-^ according to tlie formula 



and the'tbxird' line gives A to the nearest crerit* 



A 



'1 2 ; .> * " .> 6 12 ^ v2l| 



"(i-.06)-^-^l.O3)^ (1.015)^ {1.01)\ (1.00^)^^ (Vio25p 




$ie6\^00 $106.09 $106illi $106.15* $106.17 $106.l8 



#1 . . 

Notice that there is only l8 cents difference between the first and last 

amount a»«J *as* tlie' number, pf periods increases .the difference in amolints , • 

beconQs less. As a matter of fact in this particular case, the amount would 

be $10''1.1? for an>^ greater number of interest periods, though if the principal 

had been $1000 there -would be a little difference. This therf naturally, leads 

one to wonder what would happen if t'he number of interest .periods were to 

inc2;ease^ without 'limit . The formula foVthe limiting amo'uiit" turi^ out to be 



•n nt 
Pe 



where e is an important mathematical constant whose value*^is ^approximatel;^ 
2.718, n' is the'number of years and t is the rate. £er >ear . It may be 

- ? ' 

' e-^^ -^1.0618 

correct 4^0 four decimal places. This verifies tlie statement above that if 
-the -number of interest periods per year is more than twelve* the amount at ^ 
the end of the year for $100 woo^ bfe $106.l8. - ^ J ^ > * ^ 

oThis-is a formula for what is'^called ''continuous interest" and is being 
used in, an ^ipcr easing numbeh of banks today. It has ^ number jDf advantages: 
'the formula holds when n is not a whole numljer and by reference to tables 
bne can find the amount at each^instant, it has "good customer appeal" sine 
money dravs ' interest for the exact "time it is in the bank, and the slightly 
.increased cost to the bank in interest* is more than made up for by the con- 
venience. to its accounting department. 




^e^ises 

1. An 



\n insurance/ agent makes a commission of on tall ins/C[rance sold-, rfow 
'^much insurance must he, sell to have an incom^^f $10,000?^'^"'^ 



2. • A town has ^ population of 1000 persons. Each year for a period of five 
years, ^the population increases by '^0 persons. What is the percentage 
of Increase each year?^ ' ^ - * 



Suppose in Exercise 2;* the .population cDejCj:eased ^y-jSX^sQng. each ;^ear* 
Vfnat vould he the percentage of decrease each year? . 

Comparing the two exercises^^ is the percentage of decrease in an^: year 
for 5)xercise 3 equal to the percentage- of * ihc'rease for Exercise 2? Give 
reasons why you sh?)uld h&ve expected the- answer to ,be \vhat it is be£pre 
you carried out the com'put^tion. y 

Suppose in Exercises 2 and 3 compute the percentage o;f increase and 
decrease comparing the ori-ginal population of* lOOO^with tllat at the end 
of five years? Are' the two percentages tfi5 same? If so, how does that 
.iibe -with the results of Exercises ^i-? n \ 

state an exercise Involving* the. same calcula^tions as Kij^cise 1, but 
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^tartijag with "A man has $1000" / \. - * 

In a C;ertaiPi country, hai^-^he "population is under 10 years of age at 
pres£irfe. During /th^ riext sixteen years eSTch of these wi^l have an 
, average* oj* two children (that is/each couple will have four children).^ 
If the net incre^e of the rest of the ^population is 20f^ over the. next 
sixteen years, what w^J. be the increase iH tota\ population at ^\he endi^ 
of that time? ' ' , \ 

** • *■ Problems ^ 

'The population of a certain city increased by b^^ in one yegr and then 
decreased by in tile follovjing year. Does rhis mean that 'over the 
two j-ear period its population neither increased nor decreased? 
In cit;^ A* the popula*tionN.ncreased by 12y^ over a two year period.^ ,In 
city- B* the population, increased by .o^o each year for two y^rs. If the 
two cities had equal pojg^lations at the beginii^g i)f th^ two ^yea^r -period; 
how did their populations ^ompar^ at the end of the two years?, 

A TDerson -desires* to borrow ;$400 from. a bank arid will pay it back in four 

quarterly in^^lments over the period c/f a>:ear. S^ince-the intei;est^ 

rate for the bank is 6^, the year's' interest bfi ^toO is ^\ and hence 

• ^ • ^- X 

' the., bank requires that principal and interest, be paid off in .quarterly 

, installments^ of $106 each (one-fourth of 1^00^^ 2^0 , Is the^ person really 

Daying interest at "the rate of (4> annually?: / ' ^ 

% ' . ^ ' . / ^.^.f ■ • * • 

' ' . ' t 

t^ef erences 

3, 8 (Chapter 6: Sections \ and 5),' 9 (Chapt ei^2), 22 (Chapter 9)- 



-.7.1 Introduction 



Chapter 7, 
•RATIONAL NUMBERS 



In Chapter V we extended our,, number system so that we 'could solve the 
^equation ax = Where a and b are whole numbers ^nd^a ^ 0* The resulting 
system, was the set of non-riegative rational numbers. And we found that thf 
equation ax = b was solvable also in ithis system provided, again, that a is 
* different from zero* VThen we consider the equation a + x = b with b < a, we 
come to the negative integers and then the negative .rational numbe;rs» This^ 
extension is spmewMt^ more difficult because the need of it is not quite as 
-^'apparent* In thV .author's opinion part of the ^reason for the difficulty is 
that many^ilmes a teacher is so anxious' to make the topic clepr'that he (or 
She) burffes tfe student under a wealth of applications and interpretat^^ons* 
It would be much better to show the algebraic reason and, the geometrical 
^ , Interpretation "in whichever order sterns best*- Then the teacher could connect 
it with on^ really simple and direct application lik^ the usual thepiometer 
wltLcli is the number^ line 'placed vertically ♦ £^her applications* can be con- 
^ fusing except those which the students may, suggest themselves and should be 
left until after^ he ideas are .fixed. ^ . ' / 

^ fundamentally the pint of view of the extension is th^ same as for the- 
. .5ati9nal^ numbers: the whole numbers ^3?e not adequate for our. needs; so we 
int-rbduce new nxamlSers for the purpose ana so define equality and the opera- 
tions that^as many of their properties'-^as possible ar§ preserved, and at the 
same time make these new numbers applicable to the^model w^ have in mind* 

Here the reader may want to refresh Ir^is miiid on what went on in. Chapter V« ^ 
• » / , ^ • 

1.2 Definition of negative integers ^ ' . - 

Recall that«4.n Chapter III, we copsi^ered the equation a + x = b where 
'and- b' are- wholfe-^b-^^ We foimd,^th&.t^lt^ had a solution which was « 
whol^^ber whenever jy> a^ knd.>;^ called that solutipn b - a, *. our 
^ appr^^^to-^ rational numb^a fle fii^t considered* the more limited equation 
ax = 1 in place of 9x ^ So hjre we corfsider the eqyatipn a + x = 0, the 
^ additive identity* Just as we Refined numbers ^ for the first equation, ^?e 



7.2 • ^ • * ^ 

• define jiew numbers a ftor.the second. Thus for every whole liiMber a, We 
create a new •number- which has the property that, a + B' = 0. We can 
.represent these numbers and the old ones on a number line (instead of ray) as 
follows: • - ' • ' ' , 



"5 '3 '2 "1 0, 1 .2,3-' 

* Tims the^poiht corresponding to 5 (which we cai;i call the point 5) * 
'is thih: xJftich is 5,^paces to the lef^r of ;the point 0. The nvunber "5 iias the 
property that "5 + 5 = '0 and the- point 0 is reached when we start at the point 

5 and count five space? to the right, *'We want a^Jdition to be commutative and 
so we -agree that 5 5 shall also be zero •as well as a + 'a = 0. What about 

0? We know that 0+0 = 0 and thus we should chopse 0 to ^be the^san^e-as 0*, 
Thus for every whole number a, we have 'defined an opposite number a »^o tliat 

• . . - *~ * • 

- ' a + a^ = a + a = 0, "O ^ -O^ * 

t ^ ' . ^ • 

These new numbers: • . . 

. - ri, "2;-'3,' 'h, \ . ■ . ^ • 

we call the ne gati ve int egers * Th^ae together with tt^e whole numbers form 

. — ^ — '' , V ' ^ ^ 

the set of integers . The natural numbers &re called positive integers . , Herp * 

the mathematical and practical needs go side by side* .We speak of "minus -five" 

in temp era ture^vhen it has to rise by five degrees to 'be at zero* 

We have Vsed the word "opposite" which carries a connotation. of> symmetry. 

If A is ^oppos^ite B, then B should be^opposite A. Thus it is time to define 

opposite numb^Kl'^ i4i.>symmetricai: -fom** - - ^ . . . 

. \ • . y ^ 

Definition : Two numbers are calfted oppos ites if their jsum is zero* If 

b^is an integer we denote jits opposite by 'b. • * p 

We have already defined b in accordance with this det'ini^ion b is 

a whole number. Suppose b = "c where c is a positive integer. Then tjie 

opposite integer to^ je would have to be^ c since c -h jp =0. Thus 

' '( 5) = 5 and ( a) - a* " \ 

'We hfive defined negative integelrs. Next we consider addition.^ Here it 
is best to take little steps and then summarize our results. 

First, suppose a. and b_ are natural numbers with b > a; what is 
'a + b, or, rather, what do we want it to be? Since we want the ^gsociative 
property, we should have 

- a + ("a + b) = (a + "a) + b = 0 + b = b. 
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But we know that b - a i.s j^he number which has the property that if it is 
. added to a *'the result iSj^/b. So ve have ' . ' 

* * • . " ^ *^ 

"a+b = bt-aifb>a, 

we want thfe commutative property *and so we agree that 

* • 

" ' - . * b +'*a = b - a also, if b*> a, ^ 

•Second,. what shotild be *the hinnber "a -f b if b < a? Of course 'the number> 

. is "a r«b but we want to express it as a single numeral. Here, there are at 

least t^o possible approachfe^ *and preferences may vary. We first' ions i^er 

the jilg^^aic approach-»i / v ■ > 

; * 

•fi+b+b+a=a + ^h- + "b) + a = "a + 0 + a = "a + a =* 0 

• if the 'as^sociat^^e and commutative propei'ties ^re to hold. This means 'that 
a + b,and< b' + a are opposite numbers, "We already know that *b + a is a - b 
Since a > b,. Henqe 

- ^ . ' 'a + b = "Cb + a) = "(a - b) . 

>*.^Ta suntaiarize these* two ca$es, we have for a and b whole ruunbersf 

b + "a = 'a + b = b - a if b > a,' • '* ^ - 

• b + .a F a =^ (a - b) i^ D < a, 

, • \ • • ' • ' • • 

In fact, for uniXormity^s sake we define- . - ^ , 

* . * b - ^ = b ^ a 

^ • regardless of the rel^ti^^ siz^of ^.^.t^^^an^ a but the interpretation is that 
above. This is natural b'ecftuse^b "a' has the property^ that when a is 
; added to it we get b and b - a has the same 'property • 

-We may also uga^e^ number line to find a meaning for "g + b'when b and 
a^ are whole numbers,- -To* do this recall that to get a^+ b from a we add b, 
or on the number line gount^ b . spaces to the right. So to add b "to "a we' 
should start at 'a and'Jcountu-_b.^paAe^ to the right. Then our, rfesultin$ 
number is b - a if b^:^,. as it shoiid heJ^Mo^lac^if," a 4s greater* tban 



b, to find the^s&i ofi-~^a +.b we should -sjbart at "a and count^. Spaces tp ' 
the ri^ht. In that eas^e we s^p short of. 4) just" a - b spaces', whiclTcofres- 
,ponas to the number "(a' - b) , ;The case in w^ich a is greater than b iT 
illustrated in- the figure beiow: - , * 



a + b 
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Here b is the distance^ between the polno s and "a -4 b yell as that 
r between the points a" and a - b. Ix l^^apparenr, f rom this that a - b and 
a + b are opposite points; * " - , 

Thus', whethe:? we consider tl'ie a'dJitign of a positive ind "x negative 
.integer algebraically .Or geometrL.''"'all;r' '-^'e o^ne "^he same conclusions. 

For addition it remains to^.aoR'^i iev Mie .swm of tvo negative intecers. 
Here^ in the author^-s ~op-inion, the -ilgebraic 'ppro^cl. is better. Again choos 
a and ^jb^.. whole numbers I'n'x see . 

"a "*^"b a, ^ D ir'^f^a + a) + (*D ^ o) = 0 0-0, 
if the associ?.tive un^i comriutative properties are to hold. This mean^ , 

/ , ("a 'd) ♦ (a + b) = 0 ^ 



and nence 



"a + "d ^ '(a + b) ; 



On the number line this means tliat to get the sum a ^ b you start at 
'-a and move b spaces to the left. ^ 

Here i^ules for addition of iirteGers are j:iuch more complex than the 



/ actual use of them. To summarize them we write firsct a numerical example and 

follow it with a literal one.' In the lat'^er, for the time being, we let *a, « 
b and c designate whole numbers : 

i) "3 + 5 = 5 + "3 = 5 3 2 ' "a ^ b =' b + "a = b - ,a" if b > a.'' 
liV* -f 3- = 3 + ^5 = 3 -S = "2 ' "a +. 0 - b + 7a ^ '{a -,b) if, b < a.. 
- * .xii) "y-i- '3 = '3 + '5 - "8 'a + 'b = "b + "a = '(a + b) . \ 

We shall see below that i) and ii) hold without the restrictions given. 

■ > Here we must distinguish between the process by which we come* to these. 

r • U ' * • ^ - 

conclusdons and the conclusions themselves. V/e have shown that to be consis- 

tent with preyious properties, we must define the sum of two integers as we 

♦ have done. Wtien it tdSies to actilal manipulations with integers we memorize 

>'Va»'v,vx^^^ certain rulel to the point where their nie is 'second nature and wonder yhy 

. ' ^"anyoRe-'shouijS have difficulty with them si^ce we know them so yeH^. . An ^ 

interesting approach Jo a class would, be to "introduce the negative integers as 

^ opposites of the positive ones and then "ask the dlass what it thinks 3+5; 



"5 f'3'and 5^ + 3 should be^ It would not be hari to eliminate all but' the' 
^righi -cpnciluslons . Here in tHis section and in the one to come, the author 
makes no. reco^endation that the methods used here^ be used in a junior high 
♦"school class, but rather that these properties be in the mind of the teacher as 
* fun'damentally the reasons for ^he properties developed. 
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7.3 Subtracl^ipn of integers 

We ^set out tQ create the negative integers so that we could salve' the 
equation: * - • 

a + X = b. 

Have we acccanpli shed- this? We certainly have if a and I5/ are whole numbers 

for the solution is 'x = a + b. This has Tneaning 'since ""a w^s. defined for a 

a whole number and if is a negative number, "a" is its' opposite which is a 

positive number; |infilarly we„defined above the sum of any two integers. 

Assuming the associative property for integers': 

« ' * • 

r a + ( a + b) = (a + 'a)\+ b = 0 + b '= b. 

* ^ • • • 

This shows that a" + b is a solution of a + x = nb matter -whaV integers a 
and b are. 

We now proceed to eliminate the conditions imposed for i)/ ii), iii) 
above. So far notice that we have defined r - s^nly when 'r and s are' 
whole n\;mibers. Now we know that s + x = r is always solvable in integers. 
Hence we define r - s to be "that solution. So by this definition: 



/ a, + b = b - ^ 
for all integers a' and b. Also: . ^ 

"(a - b) + (a^ - b) =0 
*» * ^ 

by definition, ' ' 

' \ 

. t (t> >- a') ^+ '(a - b) = ^b + "a + a l«Sb^ -Cr^^ 0 = 6. 



Thus . . • , ^ .b - a = "(a - b) 

for all integers . a and b. Thus we have for all integers a and b: 



/ 



"a- 1 ^ = b t "a =: b^,T a *= "(a - b) . ^ 



• As for (iii), the "same 'argument we 'used when a and , b are whole.' 
numbers appldes for all integers a and b. Thus we have the same conclusion*. 
We "summarize the results of this and, the 'previous' sectiop, where it is upder- 
•stood that, a and^ b^^are integers: ' ' ♦ , 

i) The solution of 'a, + x = b is b - a . This can also be^written: 
' b + "a, "a + h'l "(a - b), "*(a "'b) 
ii)*^-ra) = a. ^ ' ^ ^ ' ' ^ 

This m^n^ ^j^^ixi most cases we* can dispense 'with the elevated minus sign. 
*But there still is^a residue of the old meaning le'ft, fof'^while^ b-T.a can 
mean equally "add minus ^ a to b" or "subtract a^ from* b", yet -a by itself 
can only mean "a n\amber which is the opposite of a". 

0 . ' ; ; ■ ' . ■ • 



^ ^Tp illustrate the above consider_7_ - C^) - . egual to * 

7 + '("3^) = 7 + 3 f 10. Also "5 - Cj) ^^"5/ '{"Xy ='5 + 7 = 7 5 = 2. 

It is helpful to seQ what all this neans-'on the^-ntcirbBT line. First 
suppose b is a ^whole number and c iz any integer. Thj.s was Sealt with *^ 
in the previous section wht^re we , saw that to g^t the .point cospresponding to 
c + b we finc^ the j^oint corresponding to "c c^nd cSnt'^'T^' spaces to the' right. 
Now suppose b .i's a negative integer.. Then' 

• c + b = c - (V). ' - C ^ 

This will be the nv --r with the property that if >ou add the positive integer 
b -to it yota cet ^ (see figure). Thus the point corresponding to this number 

■ 

' b 0 • 'c + b ' c s 

i 

must^be b pQin^s the left of the point which corresponds to Thus adding 

b, wher^ b i^ negative, . is 'equivalent to moving "b points" to TFTe" left.'" To 
isuimiiarize the geometrical significance we h^ve: . , ^ * 

To move from the point 'correspond i,ng to c orr the" ntober:iine to thaj 
corresponding to c + b, move b spacS^'to thetrightCif ]l is positive 
or b spaces to th^ left JJ"' b is^neg^tive. - 
This is independent of whether c is pSsitive or negative or zero. 



7«^ ' Mult ix^i cation ot negative integers 

Actually multiplication is a little easier ^ha_a.a^dd.ition. ^ What should" 
3('5) be? It .should be, ' . - j ' 



5 -f 5 + 5 = 15.. ^ 
. » - » 

Similarly if a and^ b are whole numbers a("b) should b*e "(ab) . We define it 

that way. We want -/oltiplication -to be .commutative and S£ we definfe ' 

I / ' ■ ("b)a = a("b') = "(a-^). ' 

We could also arrive at this result .algebraically by^ noticing that^ ' , 

' ' " - ^' - . 3(» + 3(5) =-3{"5 + 5) ^ 3--0 = 0. ^ 

Thus when we add 3("5) to 15 wgl get zero^, which showS/that 3('5) = "l$. 

The value' for ("i)("5).is best determined by our ^desire to have the dis- 
tributive property hold. * 

•■„ (■3)("5) + (■j)(5) = ('3)('5 + 5) = rs) -0'= 0". * "v ' 

^ . ■ ■ , " ' ■ ;) v: 
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. But (r3)(.5) = '(15) and since I5 + "(15) = 0, we mti^t have 
- ' , 15 = ("3)("5). ^- 

I'or the product of *tvo negative integers, geometrical picture is not much 
help. In summary 've have the following ?or a and b whole * numbers : 

. " ('a)b = b( V) = "(ab)' ' , . • 

("a)Cb) = ab. • 

^In words we have: the product- of two negative integers or' the product of two 
positive integers i£ positive and the product of negative integer and a 
positive one is negative . It 'is in "explaining" that the product of two 
negative integers is 'a positive integer that many ingenious devices are, used, 

.like walking backwards on a moving train.' This is orfe place whers, in the 
author's opinion, illusti^tions 6f this kind confuse rather^than illiiminate . 
The question: "what is the product of two r|egatj.ve integers?" if a mathematical 
question and deserves^ a mathematical answer. 

It is not very difficult to show that the distributive property holds for 
the set of integers hut if we Here to c.onsider all the possibilities the |)roof 
would be rather long and somewhat duli. So we merely assume it here. 



Exercises 



For what natural numbers n is Ql)^ = 1 and for .what values of n is 
(-1)^ = -1? " ' . 



Will the pVoduct of 25 negative nxambers be positive or negative? or '^may 
• it be 'sometimes one and sometimes the other? 

V/ill the sum of 25 negative nvimbersf be 'positive or negative or may it be 
sometimes one and sometimes t^ie other? ^ * 



I 



k. Answer 1;he questions of Exercises 2 and 3 if 25 Is replaced by 30. 

5. The product of 13 numbers is negative. Which of the following, stateme^p^s 
cannot 'be truet ' * . • 

a. all' are positive c. exactly^^vo are negative 

b. exactly, cJne is negative d^^^tly three are negative. ' | 

What are the possibiliti,es? / *• • , ' * 

^ ^ 2. -1 ' 1 * -1* ' ' 

fe./ Suppose ^ is written 5 and similarly - a for every rational number 

a ^ 0. What .yoUld. be equal to (5 )"'^? • ' ' - 
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Using the notation in Exercise 6, that is J" letting ^ = a whenever 
group the follgwing into sets of equal numbers: 

(-5)-^ -(5-^'), (-5), (-'!)> 5, _(|)"\.-^., . 

Let Rx mean "replace x 6y iis reciprocal" and Sx mean "replace x by its^ ^ 
opposite'; that is, "change the sign." It x = 5 find "the following: * 

^ E5, S5;r(S5), S(R5), RIR5), S(S5), 

' ' ' ' \ S(R(S5)))- ' * , ; 

Shov that each of those in the previous list is equal to one o^^the 
following four: 5, R5, ^5/ R(S5) ' " ' r 



Problems 

1« Prove ("a)(b) ^ "Jab) whep a is a positive integer and b a negative 
one, also when al is a negative integer and b a positive one; finally 
when both % and Vb are neg^ative. , ' 

2c ^ The previous pr"^oblem for the product ( a)( b) = ab. 

- ^ f . . 

3. Prove (a r b) - c a - (b - c), but * ^ 

(a ^ b) - c a - (b^+ c) = (a - c) - b ' , 

(O Absolute value , . ' ^ 

There is^ one concept which Is convenient on seversSl occasions and is , 
very simply defined, namely the absolute value* The absolute value of a ^ 
number- b is vritten |b| and d^ined ^ike this: ^ * 

If'b is positive, ' jb-j =.b. 



If b = 0, , <|b| = 0 = b- 

^ * If b is neg^ive, Ibl = "b • 

■ V - • - : , 

It has a /definite geometrical meaning .if the number is thought of as represented 
on the number line. The absolute value o^ b is the "d^tance" of the point 
which represents b from the point 0« "Of [course "distance" ,means. the number 
of I units ^ An importayit property, of the absolute value is 

|ab|'= Ia| . |b|. 

V . ■ ^ ■ ' " •/ .127 , ■ ^ 
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This is easily verified, 

terms, of this notation it is easy to sh'ov another property of the 
. ^integers. Let denote the set of integers vith zero omitted. This 'set is 
closed urxder multiplication for^if a and b are ^ny two integers in I*/ * 
|ab| = |a| • |b|. The right side of t'his equation is the product of^t^wo count- 
ing numbers and know th^ ti^is prdducl 'is a counting number, ri>\P*%^^^¥ . 
IHien since the .absolute value of abj is non zero, the value of ab is npt 



Exercise's 

/ In thi's set of .exercises, the small letters 

^ * . ' stand for integer?^ , ' ^ . 

1. Prove that if b and ' c are Foth negative or bot| positive, be = |bc|, 

2.,, Prove that if he = |be|, tfien b and c are both positive, both' 

negative or one, is zero. ^ " ^ ' * 

\ ^ \ \ I I ' 

3* Suppose \h\ < |e|. What conclusions can be drawn about inequalities 
between b and c? » ' < * 



If |b| > |c|, and'b < c, what conclusions can be drawn about b and c? 

5* Let the numbers and* c ^ correspond, to points B and C on the * 
nmber line. Prove thall ' • ^ 

BC_= |b - c| = |c'- b|, ^ ^ ' 

♦where BC denotes the^istance between B and C. 
^ 'Suppose ) ♦ " * 



K 



If B and D are the points corresponding to the nui^^bers b and ' d on 
the number line) what are the possibilities for the point C,^ correspond- 
ing to the -nvimber c? ' ' ' * 4/ 



Problem 



1* Prove; |a| • |b( = |ab|. 
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•6 The structure of the set of integers 

* We now 'have the set of integers comprising tbe negative integers and the 
whole numbers* We have defined addition,^ subtraction and multiplication. < But 
in this set we cannot always divide for there is still no solution in integers 
to. the equation 5x = 5, for example. If now we re^er by comparison 'to the set 
of properties' of the rational numbers listed in Section 5'8 we see tha't the 
set of integers has t/he following properties for -addition and multiplication: 

! Closure (including that for under mult ipli cat i,on) , 
Commutativity, ^associativity, existence of identity elements. 
Distributive property. . ' . , 

It also is true that every element has an inverse "element for addition but, 
' in contrast to the set' of ibn-negati^ve rational numbers,, .it has In general no 
iAverse^elenient for mult ipli elation., Thus for this set ve have a group under 
addition but -not under multiplication. The group is ahelian. ^ 

For multiplication, in place of the existence of an inverse, the set of ^ 
integer^ has^ a weaker but important property, namely the cancellation property . 
That is ^ / ^ i »4 « 

ab' = cb, b 5/' 0 implies a = c , 

' for all integers a, W, c. To show this note that ab = cb is equivalent to ^ 
ab - ct> = 0. By the distributive p^roperty we have 

(a - c)b = 0. 

But the set of non-zero integers is closed imder multiplication. Hence the 
product can be-^zero only if one of its members*' is'zero. 'But we have assumed 
that b is not zero. Hence a-c=0, ora=c. The desired property is 
proved. ^ , ' 
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There is a name for a system which has the properties (l), the; existence 

of an inverse for addition and the cancellation property for multiplication. 

r\ • * ^ , ^ . 

It is call^ed an integral domain. . ^ 

•» ' • • ^ 

More precisely, ^an integral domain is a set of 'numbers or elements with 

two oi^eramons, addition and multiplication, f6r which the following pro- 
perties r\^d:'* 

1, For addition: closure, commutativity, associativity, the Existence 
of an identity element, 0, and an additive inverse for each element of the, 
set, the "'opposite numher." (in other words, the set is a group under ' 
addition.) ^ \^ ^ 

2. For multiplication: closure, associativity, commutativity and 
the existence of an identity element 1. . . ' ^ , 
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3. If^the product of two numbers is zero, at least one of them must be zero. 
^. The distributive property. * ' " 



7.7 Negative integers as number pairs ^ , . » ' 

Negative integers can be defined as number pairs of whole numbers as we 
did for rational numbers but with different definitions of equivalence, addU- 
tion and^ multiplication. Math^maMcally this is the most sati^sfactory way to 
define negative integers but the motivation for.the definitions associated 
.with these number pairs lies in the properties which we developed above. In 
other w6rds; this is another example of a mathematical structure built In 
accordance with our world as we see it. 

. Now then, we let^the ordered pair of whole numbers (a,b) correspond to 
a - b and have the following correspondences in the two notations for 
equality (or equivalence), aj^ition and multiplication. - 

1. a - b = c - d if and only if ' (a,b)' = (c,d) if and only if 
a + <3 = c+ b + d = c + h 

2. ■■ (a -b)+ (c - a) = (a + c) - (b t d) ia^b) + (c/d) = (a + c, b + d) 

3. ^ (a-b)(c-d) = (ac + bd)-- (bc + ad) (a,b)(c,d) = .(ac + bd, hi + .ad.)' 

To see the geometrical meeting of Property^ 1 in terms 'of the lattice 
points (x,y) where x and y are whole n»i^b^s, let L be the line through 
the points (0,0) and'(l,lj. All points/^ the line L^-will iiave -the same 
difference, namely zero. Thus the^la^ice points on the line L correspond 
to the integer 0. The set of point/ (x,y) in' which x - y = I'is another line 
parallel to L; all the lattice poin^ts on this ^ine correspond to the integer 1. 
Similarly the set of lattice loi^ (x,y) in which x - y = "2 correspond to 
the Integer '2 and lie on anoth£ line parallel to L. From this it' is not ' 
hard to see in general »^hat all the points corrfesponarar'^o-i'HiidTiirt^^ ' 
lie on a line parallel to L-. (See figure). 

... '\- 
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(0,0) (1,0) (2,0) (3,0) (1^,0), (5,0> J^,0) (7,0). (8,0) 



■ t 

Here the reader may want, to refer bp-ck to our similar discussion for non- 
negative rationaJ numbers la Section 5»X1. There we showed that each such 
rational number clo2?iesponded io the^et of lattice points^ on a ray through -the 
oi^igin. Here each integer^ corresponds to the set 9f lat^ic^ points on a ray 
which is 'parallel to L, the line through the origin and^the pokit (l^l)- ' 

For Property 2, the student "should trj^ out the figtires for ,a'¥ew values 
of a, b, C; 'd and try^o form his own conclusions. **In, particular h^ should 
look at the figure formed by connecting by lin'fe segments the points (a,b) and. 
(c,d) first 'with the oS-igin and setepnd with the sum (a + c, b + dh This is ^ 
proposed in a problem below and the answer given at the end of the book. 

There does not seem to be a simple geometrical interpretation for 
multiplication of pairs according to the above definitioij. 



ERLC 



m 1 



Exercises * '* ' - . • 

: — ^ , ^ 

!• ' ,Let (a,b), (c,b), and (c,d) be the coordinates of poi^' A/B and As 
in Exercise 5 for Section 7.^, or by other means /show the following: 
AB = ]a - c|, BC = |b. - d|. 

* 2. Use the results of the previous e:iercise to find the following formula 
for the distance hetveen A and C. 

■ ' ■ — = 7(3 - cf +. (b -ly^. * ' * ' ■ 

3* Use the formula developed i^ Exercise 2 to find the distance between the 

/ : , points (4,5) and4r(-2,6)^ * / 

«. * • * *> ' 

h. Suppose, in Exercise 1, (a,b) and ( c,d) -vcorrespond to >the same * number ' 

that^isr a + d = b + c. Then find a relationship between the distances 

AB and BC» , 

5. trie correspondence ^between number pairs and integers givei/ in this 

section, which number pairs correspond to the number iT^^nfch to -I'and 
which to zero? Show that if (!)c,y) Is a number pair corresponding ^o 1, 
then ' * ■ . * 

^ ^ (a,b)(x,y) = {'a,b) 

lor every ,,number pair (a,b). Show also that if (z^t) is a number pair C 

^ • corresponding tq zero, th^n: \ 
^ ^ . - ' . W 

(a,b)(z,t) = (z,t). - ' 



/ ' ■ Problems ^ 

^ ■ 1» Develop a method for finding the line which corresponds to a given, 
integer, as described above ♦ ' ' 



2. Find a geometrical meaning for the s' 
above • ' 



two number pai^^^ ^s defined 



3.^- Show that equlity of j^ber pairs as defined above is an equivalence 
relationship in the sense of Section 5*h^ 



7»8 Negative rational numbers . „ 

Once the negative integers have been undergtrooaT" it is not a^ very 
difficult* at ep to pass on -.to tfie negative rational numbers*. For instance, 
wh^t should "(~) be?^' It should have., the property that when we add it to ^ 
we get zero. . But ' ^ . 

■ .' . ■ ■ 'M-^'-t-«-':t- ^ 

' Thus — is the oppo^ite^of - and we have • ^ ' ^ 



Also 



b 



_1 
"1 



("l)Ca) 



a 

'b " 



So we have 



/a\ a a 



With the^ ^i6gaiive rational numbei^s we can complefe^be .number line fbr all 
rational numbers. , ' ^ 



7*9- Properties of the rational numbe:^ " sy^^em 

Now we have the rational mombers. We defined -addition and multiplica- 
tion so^^"timt we would have certain selected ^properties of comirtutativity, 
assaciativity, distributivity and additive ah^'" (except for zero) multiplica- 
tiye inverses* If we were td be systematic ~i^;^v6iuiraG3ieQlt to see -ftiat all 
these 'properties indeed hold. But i(n this book we prefer to take them for 
granted. We should, however list them. TRe" letters^eldw stand for rational 

'Closure)f\ a, + b and ab are rational niimbers. ^ ^ r . r_, 

Commutativity: a + b == b + a and ab,=: ba.' ' ^ ' - / 

Associativity: ' (a + b) + c = a + (b + c) and (ab)c =^ a(bc)» ^ - 
JExist^nce of Identity Element: Pdr addition: a+0=0+a =a. 
For mult>Lpli cation: a • lit^l*^''a = a. - - . . . ^ 

Existence ofian Inverse ^cept ^or Divisio^ lDy Zero': ' "~ 
For addition: for^ each a there is a "a such that 
a'+'a = a + a = 0. .- 



nxambers : 
1. 
2. 
3. 
1^. 



5. 



For multiplication: for each a / 0 there Is a — (sometimes written 

"l 11 ^ 

a such that (— )a = a(-) = 1, ,, » 
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6/ The distributive property:, ' ^ ' ' 

• a(b + c) = ab + ac, (b + c)a = ba + ca. 

There are:rother systems vhioh have all these properties, as "we shall 'see in 
later- chapter's: Each sue!) system is called a field. (Ir; some books it is - 
assumed that for a field jjiultiplioation is .coinmutative, but all tl# other 
pfoperlies aJ»^^^i:ssuirted,) * " . , 

* . hj ^ way ^f'Te scribing a field woiJ.d be to call it a system which' is 

cl6sed uiad'er atidition-, subtraction, mul>iplipation and division excppt by 
^ -zero an(^^»^!which the distributive pi'operty holds, /• 
" - ■ — Wi? hav« developed ,in turn four jiumber systen;§.: ^the- whole numbers I« 

the nomiegative rational numbers^R', the integers I and the rational numbers 
In all of these we had-"for nrul triplication and addition closure, commuta- 
tivity, asso^j^fcivity, existence of an 'identity and the distributive property, 
^ The difference i^as in the existence of an inverse. We can exlfLbit th^ in 



th^ following table: 



^y^^^^ ' , . ^Existence of .an lrf{ 



-for addition for multiplication 



, / ' except for zero 

I', the whole numbers »^ - no no * • 

R', the nonnegative rationales ' ^ no 



'I, the integers ^. ' 
R, 'the rational nxunb^s ' yes 



yes 



yes' no 



yes 



However in^all cases the cancellation and well-defined properties for 
addition and Inultiplication hold. Whenever we have an inverse the cancella- 
'tion property must hold sinoe we can^acf(? -or multiply the inverse. But the 
cancellation' property can hold when the inverse does not exist. 



Problem 



1, Prove that in a field the cancellation properties for addition and 

multiplication must hold, as a con^equehSe** of the well-defined property. 
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7.10 2l£ rational numbers as number pairs of ln1>^eers — ^ 

Just as in Section 5.II ve considered expressing the positive "rational • 
numbers as ordered paiys of whole numbers, so ve can consider the set of' - 
rational numbers as ordered pairs of integers. Here instead of having two' 
perpendicular rays, we. have two number li^es, perpendicular at the point (o 0> 
The lattice points ^ill then be represented , by the pairs (a,b) where- a and' 
.b are integers. Each lattice point (a,b) will correspond to a rational ' . 
i^umber if b / 0. All,the pairs corresponding to the same rational humber " 
Will be on a line through the^joint (0,0) called the origin. It is .Ti i.por- 
taht fact that from arV_ integral d6main, D, a field may be constructed by 
means of ordered pairs of numbers of D Ju3t as we constructed the rational 
numbera^lram the integral d^)main of i^itegsrs. ~ • 

7'11 Inequalities 

_ WhHher we are^considering ,the set I of integers or the,sefr'R of rational . 
numbers, we can divide the set into three classes: ^ , ^ • - 

^ P: .the- set of positive numbers (integers or rational numbers) '-j 

0: the jaumber zero , ' * ^ 

• • ■ ♦ 

N: the sfet Of .negative numbers (negative integers or negaUye rational 
^^J^ . numbers)- ' * ' 

Thes'b.eets are categorical ang^is.^int. That"is; every'number in I or in^R 
, 1% m one of these sets and no number is in two of them. 'There are several 
. qjnportant properties of this cla'ssificatioh: " 

1. The set P is closed under muKiplicatidn and addition. That is 
the sum of^ two positive numbers, is positive an^heir prod'^ict also. 
• ^ 2. If X is any number in I, or R excep^'ro, either x or"-x is iri P. - 
3. The product of .two numbers in N is in P. . ' « 
-^h. The Voduct of a numbejr in N arfd a number in P is'in N. ' - 

Notice that the set N is closed under addition, since the sum of two • 
negative numbers is negative. But it~is- not" closed under multiplication '~ ■ • 
since the product of two negative numbers is positive. ' ' ' " , ' 

, al30 that in I and R, the equation a. x=b is always Solvable. : 

... With this preparation- we can' give a definition of .inequality. 

Definiti^: Lef a and b ie two numbers 'in'l or in R, a^nd.let ^ be ' 
the solutiop of a. + x = b. Then - • ' , , - . ' , ' 

1. If -.x is in P, that is, if X is positive, we say that b -is 
greater than a and write b'> a. " " ' ^ 

2. If X = 0, then a = b'. ' j 



o ^ • • 132 . 1 3 5 

ERIC. f , ' 



3« If X is in N,'that is, if x is negative/ we say that b is less 
than ' a and write b ,< a • 

* Notice that the disjointness of tlte sets P, 0 'and N implies tha15 if" b 

and a are any two nmbers in I or in R exactly bne of the f^lowing- -ia-vtrue : 

' ' b > a, b ='a/ b < a.' , _ ' , 

. Furthermore, if a + x = h^e can, by the well-BefLned property 'f6r 



^ ^^add^^fqa-^tid'^'V to both sides ^f the equation and have 



b + "x = (a + x) + 'x = a^+ (x 'x)_-= a t 0- = a« 



^-Thffs' b + ">c^= ai. 



Now by the second property of P above, we have * 



If b > a, then ''x * is positive, x is negative and a < b. 

'9 » • * 

If b < a, then x is negative, "x is positive and a > b, , 

1 -So, as we know', b > 3 ar^i a < b mean the same thing and b-< a B-nd a > Jd al^o 

'mean the same thing. - ^ # ^ 

For inequalities the well-defined and cancellation -properties which we 

considered for equalities take pn,& new significance.. First consider them 

for addition. They'are, you will recall, ' , ' . 

; c ' - . . . 

, a\ =-7'b implies ^- + c = b + c ^ , , 

a +^ c' = b + c implies a = b. ' ♦ 

For sets like I and^R which are closed under subtraction, !thes"e tvo conditions" 
are equivalent, for to get the second from the first ve heed only make the ^ 
following replacements' , • ^ 

a a + cu b - — b + c c « ■>» c."- --—^-^ 

And a similar replacement vlll allow us to deciuce the former from the latter. 
So't/e n^ed consider only: \ -----^ 'r^- ^ 

The well-defined ^roper^ty pf addition far -equality 
^ • . ' a = b implies a c = + a* 

The corr^jponding property for inequality Is ^ ^ - ^ ,^ ^ ' ^ ^- 

^ • ^ ^ a < b implies a+c<b+c." 

The property foi* inequjlit^ fallows iWBjediately from that for equality ^ince 
+ X = -b. implies (a + c) + x = b + c*and "if x- is positive in Sie equation 
it is positive in th^ other, if x is negative in one it is, negative in the 
other. That is, if x is^^posi-j^e both a < b and a + c < b + c. While if 
^ X is negative botli^ a > b and a 4* c > b + c^. So the well-defined propejrty for 
additfon holds for inequalities just as for egualities. 
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For multiplication the situation is somewhat more complex • Recall that 
the' two'properti^ are^: * ' . ' 

« W^U-defined property for multiplication: a b implies ac = bc^. 



efined t): 
l^ion p: 



Cancellation property for multiplicationr ac = be, implies a = b if 

Both of thesfe properties hold in the set^I of integers and in the set R 

• of rational numbers but only in R are "J^ey equivalent since only in R is there 
a multiplicativ^e inverse. So ve consider the properbT©ft-.afigarately • 

* Thus we hava the following question for a, h,xrt^!hree numbers in ? or R, 
. . Does a <i imply ac < bc?-^ 

Now a "< b means a + x |= b where x is a positive number. So, by the 
wej.1 -defined property for multiplication and equality we 'have 

ac + xc i= be. c 

^ ' m 

The relationship between ac and be all depends on whether xc is positive, 
zero or negative. 'There are, in fact three possibilities, frcxn the properties 
of the seta P and N: , ' ♦ 

J.. If c is positive, "xc is positfive and ac < bc^ 
^ 2.' If c = 0, xc = d .and ac = be. 

3. If c is negative, xc is negative, and ac > be. * 
» Thus ve have: If a < b then 

1. if ' c' is positive, ac < be =•^ 

2. * if c. = 0, then ac = be ' ^ • ^ 

3»- • i^ c is negative, ^ac-> be. * ' g. 

It i^^asy to 5how by interchanging a and b, that the correspgndiHg 
results hold when a i^/greater than b< JWe can phrase these results as 
..^follows: ' • , . ^-^Mk, ' ' 

o Multf plying the numbers on ?oth sj^des of an ineqpaality by a positive 
number preserves^ the direction of the inequality and multiplying by a negative 
number reverses the direction, of the inequality . We call this the well-defined 
property of multiplication for inequality. ^ ' \ 

It can be shown similarly that the same situation exists with respect 
the . cancellation property . We state the result and leaAre the proof as an . 
exercise: • 

if ac ,< be then a <^b if e is positive and a > b if e is negative 

* ifoac > be then a > b 'ff . c is positive and a < b if e is negative. 

' IJiere is no problem in determining which of two integers is the greater 

»^ if w^mere^y epnsider the number line as, follows:* ^ 



0 . 
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-3 -2 ^1-0 1*2 3 



9 



Thus any number is less than another number if the point which corresponds to 
it is to t]^ left of €he point whith corresponds. to the other. Thus if t\<o 



numbers are to the right of the point 0, the jjoint closer to the point 0 repre- 
sents the lesser ^number. If the two points are on th^ opposite side of the 
point 0, the number corresponding to the point on the left of 0 is the lesser. 
If both points are on the left/ the one farther from 0 corresponds to the 
lesser number. Thus, jtn the lalt case/ ^5 is less than "3 because "5 + 2 = "3. 
^^"^^"^^^ distan'ce betwe'eri 0 and a point is the absolute value of Uhe number 
corresponding to the point, we can state these facts in tefms of absolute va^oxe 
although it is no\^ clear to the author how much thfs statement contributes to = 
the understanding of the situation: ' ^ 

1. If-'^^^i^d b are in P, a < b if and only if |a| < |bf. * * * 

2. If a 1^ in N and b is in P/ then a < b, 

'3. If a ^and b are in N, then a < b if and only if |a| > |b|. 

•For instance, the ni-uribers, 3 and 5 are in P and are the same as their 
absolute values.* So of course 3 <*5 if and only if J3| < j^j. Any negative 
number is less than any :^ositive number. Finally, "5 is less than "3 since, " 
r^l - 5, Tsi = 3 and 5 > 3. 

For the rational numbers we have to*exercise a little care. Here t\ie 

reader is referred to^ection 5.9. We could use the same methW here^as . ^- 

there if ve specified that the denominator^ ot the fractio:^ were to be, 

positive. But a slightly more efficient ahd somewhat more informative way' to 

deal with the matter at this stage is to Jjuild directly on the properties above 

Suppose we have two rational numbers - and - and we .wish to determine wViich is' 

^ s u ^ ♦ 

the greater. We learned above from the well-defined and cancellation^proper- 
ties of rauXtiplication* and inequalities, * ^ ^ 

a < b is equivalent to ac < be if c is positive ."^ 

r t ' ' • ' < ^ 

So, taking a = b = - and c = su we have >) 

s u • ' *' / 

^ < — is equivalent to (~)su < (— )su 

s u s u . ♦ 

provided that su is positive, ^ut (~)su = hx aG^(i)su = ts. So we have 



^ < ^ Xs 'equivalent to tm < ts, 
5 u ' 



provided Vbhat su is positive . But since ~ = ^ ''e can wrfte any rational 
number as fraction whose denominator i$ a positive integer. This means 
that if the twcr fractions are written so that the denominators are positive 
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(or, for that matter, both negative),,.* 

r t * » r t' 

7 < 77 if nu^< ts and if ru < ts, then - < - . 

For 'example, suppbse we wish to compare 1>he fractions 

» — and . 

1 •• 6 

We write the second fraction in the^form and see that 



> ^ -implies^— > — ^ , 
/ ^ "7 



Of course if one fra.ction represents a negative number and the other a positive 
number, we do not need any such complex means of comparison. 



Problems 



1. . Wi^iy are the well-defined and cancellation properties of multiplication 

for equality equivalent in the set of rational numbers? That is, why 
does each imply the other.? 

2. Prove the cancellation property of multiplication for in^uaXity in the 
set of rational numbers. • 

3. Refer to the definition of a group in Section 5«8 and stat^^^^hich of the^ 
following fprm a group under multiplication:' 

a. The set, P, of positive integers. - 

b. The se;t, P'., of positive' ;rational numbers. ♦ , ! 
' c. f Th^ 'se't, N, -of negative integers. , ■ ' ,y ' , ' \ 
; d. The. set, N*, of negativeMratiorial numbers. 

e. The union of P apd N, that is, all ;non-^ero integers, i ^{ , 

f. i Th.e lunion of P* ^nd N* , that is, alj non-zeroj rational numbers. ^ 

g. The set of whole [number s^.^ . i 
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7 •12 Betweenness , 

— I — : i 

In Section 3^2 we discussed betweenness for the set of whole numbers. 
Let us icarry this further for the set of rational numbers, Referring^^ the. 
numbef' line we see that a point is between two others if the ntunfie'r^.iwSich ^ 
corresponds to it is between the niunbers corresponding to the other two points. 
In other words, let A, B, C be three points on the numb^^^ne apd a, b, c 
the numbers,^ corresponding to them, then B is between A and C if one of the 
following setg^ of inequalities holds: 



a<b<cora>b>c. 



V[e say that the number b is between the numbers a and c. It is not hard 
to prove the following for rational numbers,, ^''^-^^ ' >' ^-^^ 

1, If b is between a and c, then between, q, f d and c + d, 

2, If b is between a and c, then bd is b'etwe>n\ad 'and cd if d ?^ 0, 
The first is left as a problem. To prove the second,, suppose 

a<b<c. r::3jr' 

Tftien if d is positive, ^we have from properties described ahov^: ^ 

' ad < bd < cd. 

On the gther h&nd, if is negative, 

ad > bd > cd. 

In both cases bd is between ad and cd and our resul^^s proved. 
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Exercises 



Let b, c and d be-ntambers corresponding to three points on the number 
line.. Prove that if the* point corresponding to c is between 'the points 5 
corresponding to tjtie other two n\imbers then ' • ( ( 



b'^ c 



d| = |b . d| . 



Show that' if h," c, and d are three rational numbers suih t\^t 

' ^ Mb - e| + |c - d| = |b . d| ■ I 

then the i>oint coi^respbnding tp c on the ntamber line is between the 
ppints corresponding to the pthei* two numbers. (See Section 3L2). 

Let b, c and* d, be three rational numbers. Show'that one df the 
following is the ^um df the* other two: ' ^ ( ' * 



b - d 



C^^ee Section 3.2), . 
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^ . Problems 

1. Prov6* Property 1 of 'betweenness above. ^ 

2. What is needed to conJplete the proof for Property 2? 

3. If a is between b and c and c .is between a and d, frove. 
that a ' and ,c are between .b and d. 



"^^^.13 ThQy^^riangle inequality 

Nov^ .we distuss two important applications of the concept of absolute 
value and the properties *of inequalities. The first theorem is quite easy to 

prove: * . ' . 

2 2/ ' • 

T heorem 1, If a > b > 0, then a > b . 

• 2 - 

Proof: Since a > b and a > 0, then a > ba from the well-defined property 

2 

of multiplication for. inequality. Similarly, a > b and b > 0 implies ba >-b 
The transitive property of Inequality then completes the proof. 

• , ^ Theorem 2. (The triangle inequality), - If a and b are rational num- 
bers, -^^en . * 

|a + b| < |a| + |b| . 

I 2 2 ' >/ ♦ 

Pi;oof: V/e know that |a| = a since either |a|N=>'a in which case 

fa|^ = a^ o? |a| = -a in which ca^"e |a|^ = (-a)^ = a^. Similarly 

|2 2 ^ " 2 V 

|b| = b and |a + b| = (a + b) . Now suppose that the conclusion of the 

theorem were false. Then we wouJLd have ^ ^ 

|a + b| > |a| + |b|, , ' , . " 

and it wQjuld follow, by Theorem 1, that* , 

(1) • (a + b)2 > (|al + lb|)^ = a^ + b^ + 2|ab|. , / 

since (see Section 7.5) [a| • |b| V|ab|J On the other'hand, we know that 
• • I ^ ' " ^ 

^ 2 2 2 ' " 

, - . . "f (a + b)< = a( + b + 2ab. ' - 



There are then two possibilities which we consider in turn: 
i) ab > 0. In *hat case, the inequality, (l), becomes 
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a + b + 2ab > a + b + 2ab 
which is false y 
i'i) If ab < 0, we would have ' . . * 

+ b^ > a^ + b^ + 2ab > a^ + b^ + 2Labl > a^ + b^ 

which is also impossible. Hence our"* assumption that the inequality 
of the theorem is false leads to a contradiction.. Thi§- completes 
the proof. ' \ ' ' 



I Though this theorem was proved for rational numbers we used only the , 
properties of Seclion 7.11 together with the properties of a field and hence 
any system which has these properties will also be a system in which the 
triangle inequality- holds . In particular,' the real. numbers which are dealt 
wijh in the next chapter have these properties and the triangle inequality / 
holds for them ^Iso. In fact, with a definition of absolute value for com- 
plex numbers, it holds for thes^ as well. ^ y 

" The reason for the name "triangle inequaVf^" lies in its connection 
with vectots and the^Jiscugsion. of complex nyfoers in Appendix HI. At- this 
point suffice i't to say that geometricairy-jjfthe' triangle inequality is this: ' 

If A, B and C are three points, thei/the sum of any two of the . ■ 

distances AB, AC, BC is,^not less Jh/n the jhird. If the. sum of 
■ ,two is a third, the points are collinear*— otherwise, the three 

points are tfie vertices of a 'triangle. ■ ' 



1 . 
I 
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Exercises ^ 

A* * (See Problem k) , Under what conditions is the following true: 
r |a - b] d |a<| + |b|? 

2m 'If a ^nd b arer-j^psitive rational numbers with a > b, does it^ 
alj^ays follow. that: ' , - ^ 

. • . • ^ , a b' , ^ 

3. Let a be a positive rationd^l number and c a rational number such 
^ that a + c > 0. Prove the following: ' - ' ' 

2 

(a + c) + > 2a, 

a + c — 

and the equality holds only if o = 0. 

\m Usin^^cercise 3 or by other means prbve^that if b ♦ is a ratiolaal 
-"'Tumiber different from zero and a a positive rati6nal nmber, then 

. • . \ ■ 

Apply this to an improvement of the result of Problem 5* 

; . ^ ■ . # 

• ' Problems ' ^ 

1» If in Theorem 1 we reguine only' that a > b and a and b be different' 
^ from zero, does -the conclusion necessarily hold? ^ 

"2* If a and b are rationai numbers and a > b^ does it always follow 
that a^ > b^? ' ' • ^ , 

3. Prove fpr rational numbers a and b: U - bj > |a| - |^| • 

If. Prove that |a + b| = |a| + |b| if 'and bnly if ab > 0. ^ 

5. • Prove. that vf b ^ 0, then 
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Chapter 8 
THE REAI/ ^njMBERS 



8.1 Introduction 

Though there is probably not much to be said'abotit the real pumb.ers to> a 
student in junior high school, he can scarcely fail t6 meet some numbers which 
are not rational ones. The number 'jt is not rational,, though this ^is not easy 
to proveC The number ^ is not ,rational^ and the proof can be found aMost 
anyvhere. Just for variety /^e give one which 'is a little different from the 
usual one. Suppbse 2 were the square of a rational number. Thei( we would 
have . . 




that is 
(1^ 



o 2 '2 
(-) = — 

0 



2 2 
2b^ = a^. 



.Consider the^ factorization of b into' prime factors^ b = pqr 



Then 



t . So if 2 is a faiftor of b it appears an even number- of ' 



Thus in 2b it 



^ . 2 2 
b = p (J 

times as a factor of b (note tha>cero is an even integer), 
api)^ears. an odd number of times as^a factor. But in a^, 2 appears ^n even 
rifUmber of times as a factor. It is impossible for 2 to appear an even number 

*^of times oni>ne side of (l) and an odd 'Wber of times on the other since bVh 
side's Represent the san)^ numbpr. Thus our supposition that (rl) is possible is 

^ false and there is no '•rational number whose square is 2. We ,al^o noted that 
the decimal " ' . - 'f^-- 

^ « . 1010010001 1.. ^ ^ ' . 

cannot r.epresent a rational number.* All these considerations pt^int to the 
"ineed, though a somewhat more sophi^ticatfed pne, for numbers- beyond the rational 
numbers. , * ^ «, / ^ 
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8^0. ' Definit 



Ion of a real number 



Up to tMs point we could always 'have extended oui: number system by con- 
sidering paits of numbers of the previous system* But an argument in Appendix 
IT of this book shous that this will not suffice for passing from the rational 
numbers to the reai^^smbers. In fact, triples, quadruples, etc., of numbfers 
would not do either ♦ One has to use an. entirely pew approach ♦ 

Probably the simplest way to think of a real number is to consider it to 
be any number which can be "represented" by a decimal ♦ But though this may do 

give one a vague idea, yet many difficulties are bound up in the word 
"represented." For one thing, a number has %o exist before it can be repre- 
sjnted* One may also think of a real number as one which can be used to 

epresent the ^istance between any two points, but it i% easier to defiVie ^ ^ 
distance in teAis of real numbers than the other way around* A rigorous 
definition of a real number is much too difficult for us here but we can 
perhaps give some" idea of how a rigorous definition could be made. Let us 
approach our definition by the consideration of two examples: ^ 
First of all, consider the unending ^decimal; 



.33333-. . 

We know that this is the decimal expansion for one-third, but let*us look at 
some of its *characteristics. It can be considered as a sequence of numbers 
as follows: 



where L.^ contains 
n 



.3, 

n 3's . 



.33r ^ = -333, 



L = .333. ..3, 



3 ■ ■ ~n 

Ve can associate this sequence with, another : 



\ = = .3^, = .331^, &^ = .333. ..3^, ... 

where U has (n - l) ?'s and its last dig\t is a k. We got- each U from' its 
n . . ' 

corresponding L.^y, adding an appropriate power of 10 as follows: 



+i 10 



V2 '='^2 ' 



.01 = + 10 



-2' 



L^..+ ;ooi 



+ 10 



"^^ U, = L, + .0001 = L,. + 10 



U • = ' L + .000 

n n' 



01 = + 10 • 
n 



In other^ words, for edch natura^l number n, we hJfive 

1 



(1) 



u 



10" 



14'5" 



The^seVwo 'sequences of numbers have the following four properties: 
1. The L«s fomw.a nondecreasing sequence, that is^ each is greater 
than or equal to its pred||ce§,s^ . In notation: 



^^J^^ ® nonincVeasing sequence ^hat is, eack is less 'than. ' 

or equal^to^its predecessor. In notation: 

• • ^ ^\ 

3. Ev^p U is/greater than every L.. • " ^ 

V.^ As D becomes larger and larger, the difference U -* L approaches 
'k A I n n "^"^ . 

?iero. * 

<r ^* These properties can be represented graphically as follows; 

-m ' * ' • ,L ...u u u u 

^ ^ Jy. d 3 . ' n n ' . 3 1 . 

(We have not^.tried to* rep'resent this to scale.) The first two, properti^*^ 
are apparent. Consider Property 3. Equation (l) shows us that L is less * 
^'^^">^n* preceding L's are less than L^'and hence less than U- - 

whrch-'^Wn is less thah all the' following U's. In notation, ott argument 

V; , ■ V, ,f ; ; . ■ 

, >i < ^^n ^^j ' J y^'e less 'than n.-. 

Finally, Property ^^^^Uowa from the Equation (l) and' the fact that^^ * . 

• ^ - ' lof '^^ 

approaches zeyo as n becomes larger and larger.- More precisely, by' 

^ choosing n large endugh we can make the difference U - Ir as small asXe 
please. ' , ^ . ' . /- . 

So associated with the decimal .333 ... we/have two sequences with tHe 
properties listed atove. There is just one number, one -third, ^ which i4 greater 
than -or equal to all the L»s and less than or equal to all the U»s. In other 
words if a number k'» has the prdpeirty that 



" . ^ n — n * 

* » * ' ^- 

* ■ ' 

for all values^Of^ n, then k must be one-thij^a. This is the number w^ich 

is defined by the deciinal. (in this case we did not need the qualif ioation 

"or equal to" But there are cases in which w^ wili need' it.,) 



V 



'Now consider the decimal associated with V5« W^'proceed to construct 
two sequlitcep having the four -properties' •above 

Step !• We know 1 <4s less than 2 and 2 = is greater than 2,' so* we write 



Step ' 2, 




1 and = 2. 



We know ±.k^ = 1. 96 is leas than 2 and 1,5^ = 2^55 is greater than 2. 



So we choose 



Similarly l.i+l = l,988l which is less than.2 and lik2^ = 2..0^6U 
which is greater and so w^ write: 



= IM and 



l.k2 . 



To find we could try in succession the squares of l.UlO, l.i^-11/ 
I.U12, l.i+13, l.klh"... until we find the gresTtest one which is less 
than 2. This process would have Jo stopN^ecaus^ we Know thfeit the 
square of l.i+2 is greater than 2. It turn-out that*^«^ 



l.klh and 



IAI5 z 



We can check oti#* calculations from a table of square roots where the 

^square root of 2 is listed as l,UlU2 to fou33 decimal places, whi-ch 

2 ' ' 2 * 

' implies that l.hlk'U is, less .tuan 2 and' l,Uli^3 is greater than 2. 

At ani^fate we nave fou^hd the first four terras of the two^ sequences : 



I.U2, =: I.UI5 



We could carry this GOfftput^ti^n^furthfir along' t^e lines ;.ndicat,ed above. 
But the important thing .to see is that we ^av^so constructed the two sequences 
"that the four properties ^old as well as Pj^opert^w^'h^n *%dition, we h#re ^ 
constructed our sequences that the square of every L is less'^tlian 2 and the 
square of every U is greater than 2, (This could be used to establi-^siu ^ 
Property 3^ , . » ' \; 

In the case of the decimal .333..« there was a rational number which was 
greater than or equal to all the Lis and* less than or equal to all the U*s • ' 
We •now 5how " - ^ * ^ ' - 

Theorem 1. -If there were a number k ,wi€h the- property^ that it is 
greater th^n or equal to all the L*s in t^he sequenQe above associated with 
the square root of 2 and less than or equal to all the U*s, then its square 
would have- to be* 2. • ^ , . ^ . " 



- • '\ 8.2 

I ■ - - ^ 

Notice that when we have established this, v<e will have shown that' k ' 
cotild not be, a rational number-^since .we haye shown that tliere is no rational 
number whose square is 2. Now, to begin the proof, we 'have 



t 

. L < k < U 
n - n 



' for all integers n. Then (sel Section 7.13) we have «» 



L2 <k2<u2 • ^ ;^ 



for all- inte^gers n. Bi^t, from^th^ const^ction of the sequences we 'hW also 



< 2' < if 
n — — n 



Our results up to this point are shown in the foUowing figure: 
T2 72 ,2 ■ ,2 "2 J ' 



,• ^l- ^2 ' ^3 . ^n < . i 

The both numbers 2 and k^ are between and and hence the distance 

between 2^nd k^ must 'be less^th^n or equal to the distance, between ?nd U^. 
In notation this is - - , " . " 



But 



- = (U^ - L )(U + L* ) < -i- 
sn n ' n n'^n V - ^^n 



since U - L = -i- and 
n- n ^^n 



' . - "n^^n<Un^"n^-2U^5.2Uo=A. - ' . 

Thus, by choosing ri, large enough we can make "the diftfterence between 2 and k^ 
as small as we please.- This is" impossible unless k^ is equal to 2. This com- 
es the proof- of Theorem 1. 
^ Thus weTi^Te shown that there is no rational number which is greater than 
or equal to all «he Us and less than or equal to all the^U's. This is an 
^ unsatisfactory, state of affairs and s6 we c/eate^ such a- number just as we W^. 
created numbers before. Or, alternately^ w'e might postulate the "existence 
, 0$ suqh a number. We 'state th?l 'formally as a postulate -^^ '• 



The Completeness Postulate ; Suppose ve have tvo sequences of decirnals 
^I,^ and with the fo,ur p5ropert;Les listed above. Then there is a unique 
number wl^ich is greater than or equal to all the L*s and less than or equal 
to all the U's. * ' / ' ^ 

. Definitic^n ; The g^t> of real numbers ^consists of all numbers postulate'd 
above. . . \ * 

» 

Note: Actually the sequences L and U need not be decimals and it is ' 
true that property ^4- implies that the word "unique" is superfluous by an 
argument like that which we used in the proof of Theorem,!. But the postu-. 
late and definition is* sufficient for our purposes here. t ^ 

No^i we are in a position to*give a more definl>4e meaning to the phrase 
"represented by a deeimal." Suppose we have* a decimal which we write as 
follows : 

' .a. a^a . . . a . . . s • <* * 

12 3 U . 

where the'a^s are the digits. If the decimal terminates, this just means 
ttiat frora a certain poiht^^rr, all the a's are zero. Then we write the series 
of. L«s: ^- ^' 



1' 



3 n 



For all values of n we define 



\ 



U = L +*10 
n n 



as before. . . * 

* Now WQ want to show that these two sequences satisfy the fouir properties 
above. Property 1 is evident. (Notice that if a'digit is zero, two succes- 
sive »L*s m^y be equal.) Property \ follows from the definition of U . 

Property 2 may be intuitively evident, but it is bettfr to give a formal 
proof. First w^e need some information about the sequence 6t L*s. Since no 
(3igit .,a /is greater than 9, we have the following sequence Qf inequalities: 



2* 



^ ^1 ^ = ^1 ^ 9 ' ' 
' ^ L^-^ :oo9 = **" 

L, < L. + .CX)09 f 9-* 10"' 



10 



-n ^ 



L < L ^ + 9 '10 = L T 
n ^ n-1 ' n-1 



9^ 
10" 



"n+1 



< ^ 

n 



10 



n+1 • 



The last inequality then gives us: 

. ^ 'Cl -^n-^' 



10^^^ 



Sing^ejU^ = + lo'", this leads ' immediately to 



U - U 
n+1 n 





1 


.,t -JL 
" 10" 




n ^ 


1 

lo"-'^ 10 


' 9 


9 ■ 


= 0 . 







10 



.n+1. 



Thus W£ have shown* that U^^^ . u; 0 , that is vj^'^ U^/ which establishes 
Property 2. Then, just as previously, Property 3 -folibws since * 



i -^u n ^ n i 



5 



^ for all i and -j^le^s than n. Logking back over the argument we "sefe that we 
began with^a decimal between' 0 and 1, but this was only .a matter 'of convent- 
ence in potation. We could. have utilizid the%ame development with any. dJcimal. 
^ Thus we have shovn that from any' decimal there may be constructed two^ ' . 
sequences of U«s and L«s with the four properties. ' Then the numbeV postulated 
above :^s"the nujiber which we say is associated with the decimal or r^epreserjed' 
bj^ it. In turn, we can speak of the dedim&l expansion of a real number. • 
, , The reader -m^y think that this is a long way around to come to somethiti^' 
so obvious as the concept of a number r^resehted by a decimal. The^int is 
that along these line^ one may define a real 'number and that this method places' 
the real^ number in relation, to the^ two^equences. Furthermore, the 'process ^ 
also places the xeal numbers on the number' line^ Starting with this; one v 
could p^yei that the £eal numbers form a field whicrf is. ordered. This, how- 
ever, 'is -too- difficult* to attempt here. ■ ' ■ ^ 

There are t^o kinds of real numbers: rational- numj)ef-s and "irrationaff 
numbers (€hose which are not rational). There would also^e n^gative<^nd " 
positive real numbers. It is a little hard to ^ow tMt ^tyJen any two ' ' 
•rational numbers there is an irration&l number ^nd between, every two i>ra- 
tional numbers there is a rational number. (See, Section 9.3). We can/think 
.the_real numbers, as '"f illitig the nUmber line, whatever that means. 
The reql numbers form an ordered set wh.ich tias the same properties as 
were described for rational numbers in Section 7.11. -OnS .of the' consequences 
■Of this is that the square of every nbn- zero "real number is a positive number'.^- 
An in#3"rtant consequence of this 'is thaf -the equation = -1 Hds no . ? 
solution in thejet.of real numbers. ^ This lack can b? taken^care of in the" 




creation of the complex numbers discusse^ in Appendix 3, by considering 
ordered pairs of real numbers with certain prescribed properties. The? com- 
plex numbers, however, do not have the properties *of* an ordered $el. ^ ^ 



Problems y ^ 

1. Prove that^there is- no .rational number whose square is 3 • 

2. Prove that there' is no rational number whose cube is 2 . 

3. Prove that if r is^a rational number different from zero and s " is 
^ an irrational number, then^ rs is irrational. 

4. If r and s are twor rational numbers and r < s, show that 

r + (s . r)(l|) ^ . 

• r , 

is -an irrational number between r and s. 

5. Find ae^rational number between /2 and v3 . Describe a method *of finding 
a rational number between any two given irrational numbers 

I 



6. ^ ?ind the ,first five members of t|ie sequence of U's and L's foj^eai 

1 . .... 2 




the following: i) the decimal for ^ • ii) tlve decimal for - 
^ iii) the decimal for n , which to five places is 3.1^1^9. 

There are two decimals which^ represent - : .400007.. and .39999.... 
Find the sequences , of. L*s arjd, U*^ for ,eagh. j ' ^ ^ ^ ^ _ 

Consider the following two sequences, prove that they have the four 

properties described above, and find what number th^y define: £ 

■ ' ■» 

T-^'T-2-t_3 1 + n 



II -3 II II _ 5 - ,1 - _ 3 + n 

9.-. In Rroblem 8"above replace the two sequences by the following: 

11 3 ■„ 1* II. ■ 5 ■ * II ^ 3 + n 



. 8.2 



Exerc ises'' r' 
♦ ^ 

1. Consider the exercises of Section 7.13- -There it wak assumed that the 
letters ^tood for ratipnal numbers. Would the same re'^ts hold for 

* any re ay numbers? ' - 

/ " ^ * 

2. SupposA ve consider^the numeral system\t6 the base seven. RecS^I that' 
then .1/^eans one-seventh, .01 means oue^fp^ty- ninth, etc.* Could reai^^ ' 
^numbers be defined ^^iw terms of these "decimaj-s"? If so, hov could thid '"'^v.. 
be> done? ^ > ^ * , ^ ^ 

3. Give sotijr^ examples of decimal s whi-clKrepresent irrational numbers. ^ 

^ 2 4 ^ ^< 2^ 

. 2^ 2^ 2^ 2"-^ • 2" 

" , • \ •->«»' 

Then define 1;wo sequences of L'6~ and U's as follows: 

h-'^' h-h' h-'z' V*5'' ••V^^*2r-; ' 



% =;^a^ "1 = ^2 ' ^2 ^ "3 = ^6 ^ ^r = 



In vords, the -L^s are the t^s wi^h th^ odd subscripts, and tJfe U«s are, 
the t»s with even subscripts. Show that these two sequences satisfy ^ 
th^ «pur properties of this" section. What number is represented?^ 
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Chapter 9 
EQUATIONS Ap GRAPHS 



9»1 Introduction 



We h^e been using glibly through this bool?' equations like 



a + b ^ b + a 



a + X 



i^i 



The first was used to express a property of numbers; that is, ir*a a^d b 
ar^any; tvo'numb^s (perhaps raticfnal numbers), then a + b = b +,a; For'^the- 
setcond eq^uation the -point ^ view was quite, different. We thought of trie 
4^ .numbers; 'a, and b ^as given fiJced numbers asid vantedHo f ind jfor vhat'numbfers 
X the^equation would be true. • * ^ . " .* 

. Traditionally an equaT:i-on was "an indica%ed equality between two expres- 
sions."^ 5n jnost.of -the newer t^xts now i-t is thought of as a sentence com- 
posed of two -"number phrases" with a'Verb phras^ /'is equal to." . f^^chani cally ^ 
- there are t^^Nj'sides" of an equation: that whTSlTH^^to^th^ left of the equal- 
itl^slgn and that which is' to the^right. These areSthe two "number i^ras^s." 

statert 

^Ve may have^^quations which involve ^numbers ^lo^e like: 

3 + 5 -6 , + 7 +^2 = X3 , - 
\ ' . ^ • ' \, • ^ » ' • s 

iThe^ first of these is an eqilation which ^is, not true. (Sbme people -^/ould pfe^ 

-'fer tr? say_that_it„is not an^quati9n. b^t J.n that cases they ^would have a 

different! definition of ^an equation.) The secjernd is an eqi'atic^i/' ^^ich'is 

true.* 'The thi^d is an 'eq^t 

any m^ani'ng; in Qontra^at to the first one which has^a majaning.,^ 
We al^o have equations involving letters an(|fnumb,ers 'lilse: 

. . . ' a + 5 - 5 + a,, X ^ 7 / * 



. «.xv. oiic^o «iix^ii J.D uae rif^nz. Tnese are >tjne two "number jAiras^s 
equaNjionls a s^atemegt' that two numbers are .eqikl. * Sometimes the 
t is 'and. sometimes it is not* ^ 




o + 1 „ (a,- lO(a 4- 1) 
^ > - . 'a . 1 ^ 



3x +-5 = 2 , X + 1 =- X 



^ The first of these' is true for ^11* numbers^ a (or If you like, ''a]jl values 
^ V a ). '-This equation aid any (Hher which is true, no matter what numbers 




are substltui^d for the^ letters, is called an identity. The second equation 
is true if the' letter x is replaced by 7 but not otherwise. The- third 
equation is true for all values of a except a = i. The reason for t4ie 
except'ion is. that if a is 1, the right side becomes 

0 • 2^ ^ , 0 

_ which, as we hav^ noted befo.re, has no meaning. It is genj^al practice, - " 

though not very consistent, to call this equation an identity too. This 

• * • * . 

requires a^ slight modiXi^'ation of the definition of * identity* as followsl:. 

An - ie^entity is an equatioA vhich is true for all substitution's ' 
of numbei^s for the letters for vhi«h both sides of the equation 
have meaning . ^ ^ 

The equation 3x + 5 = 2 is not trtie^ for any co unting num^Der Tior for any 
non-negat'ive rational number. It is true -If - -1. We call this value of 
X a solution, of the equation. That is, any number^^^or which the equation is 
true is said to "satisfy the equation" or is "a solution of the equation." 
5^om \his point of view, if every number is a sciI->tion of the equation, it is 
an identity/^ ^ . « Vv^ 

Finally the equation x + 1 = x is jiot true^fpr ajf^yj^umber x^ . It Y(hs 
no solutions ► ^ \^ • 

Equations' vhi cht are not identities are often calTed conditional equa - 
tions . The .set of solutions of ^n equation is , of ten called the ^trlution set 
of t|ie equation* , " • - --^ ^ * ' - <^ 

■' ' , ^ ' ' 

^9.2 Solving equatlpns ^ ^ - * * 0^"^ ^ { ""j i , 

The process of fl;iding all the numbers ^vhl^ sat^if^'^^a. equation .is . 
called' "solving the equation." Sometimes this can be doneJtty inspection as 
f^r X + .5 = 7. *We can tell by. looking at.it that x :r 2 'is a soj^ution and. 
only this nurrlier ^satisli^es th^^equation,. For more croi]^p^lc^t^^e(^uations the 
process consists in findl,ng a succession of "equivalent" equations 'on '^he way 



to an equation whose solution is obvious. Two equations are said "'-to Ue- 
equivalent if they have the same solution set. For instance, the",^air + 
- 5 and X - 1 = 3 are equivalent, since x = if is a common solution and they 
havjb no other, 'in fact, x + > = x and ^ + 2 = x are equivalent equations 
because neither has a solution; that 'isV their solution sets are the null 5et 

There are certaii;i ftindamental processie.s which we can be sure yield 
equivalent equations. If we confine ourselves to these we know that. from 
step tp step we do not change the solution iS^ets, so thatj at the end, the 
'final equation will^ give us'all.and only the solutions of that with which 



ve began.'^ These stem from the well-definjsd and c^cellation properties for 
^ addition and multiplication* Recall that for numbers they are the following: 

1. For addition: if a/= b," then a^ + c = b + c 

if .a .+ c b + c, then a = b \ 

2. For multipliqatitfn: i-f a = b, then ac = be, 

/ 0^ then a = b» 



if .ac s= bd andc 
ition represent nurr 



Then if the sides of an Equation ^(ipresfn't numbers and if we get another 
equation from tl;ie first iiy adding or subtracting any number to both sides or^ 
by multiptying b;/ or dividing by any number different from zero, then the 
solution set of the fil^st equation will be the same as that for the second* 
Let us s^ee Sow thi^ works for a nume^rical equation. Consider 

• • / '\ 

y , 2x + 3 = 20* ■ 

Here we have in n/in^d that ^wj£. want to end with an equation like x = b for 

some number b \l So first we add "3 to both sides and get 

^ * w» . . » - > • 

2x + 3 + "3 = 2o + "3 

or ^ I ' . 2:c =r 17 , 

We know frOm/pfoperty 1 above that .tfie solution set of this equation is the 

I ' * 
same^as thatt of the given one. We would ba,ve had the same result had we 

subtracted 3 from both sides, ^ " 

Next we divide both sides by 2 or multiply both si<les by one-half to get 

This last equa^tion has just one solution, and hence the first equation 
has the sa^e solution The purpose of checking this' by'^5ubstitut^^ng ^in 
the given equation is to find' Whetlier w^'^ntfifde *a mtslak^ in-^the process. If 
we wei^sure^ th#t there were no mistake, Velco61d be sure that what we^fin- 
ished with proyjiiea^ all the -solutions^'- ' 

As long as one is solving linear equaliti^ only (.like ax + b = c)' 
one may confine himself to the processes of adding, subtracting, multiplying, ^ 
and dividing by numb ers^ ( numbers different from zero' inCtJie last two I/^oce5ses) 
without danger* of trouble, . ^ ^ * 

In fact, whenever we keep to these proce;sses ve ^are on safe ground, " 
^Wh«n we Use others, carfe is necessary. For instance, consider, the equation: 

(1) * ^/ + 1 ^ 7I, ; * . ^ 

X' -vj^^vx - 2 (x- - 2)(x - 1) > . ' ' , V . . . < . ^. 

To eliminate the fractions, we shoMd multiply -by (x - 2)(x - l)*v Let us do 

this and explore the <:ionsequences. This yields; * ** ' ' 

• < * 



* W 17 



-i.e. 



2)U - 1) ; (x - 2)(x 



(2) 



2 + X 



. = (X .^2))x . 1) 
. 1 = .1 . 



Now let us analyze what we have done. • By the first part of Property 2 



above, if (l*) is jtrue for some number x , then (2) is also true;; in other 
words, every . solution of equation (l) is a solution of equation (2). Another 
way to* say this is that the solution set of (l) is contained in the solution 
set of (2). . • 

Furthermore, we can obtain equation (l) from (2) by dividing by (x - 2) 
(x - l), and* the second part of Property 2 above show« that, unless this 
'''divisor is zero, every solution of (2) ts a solu^on oT (l). Now 

(x - 2)(x - 1) = 0 

if and only ifx=:2orx = l, since the proQiACt of two numbers' is zero if 
and only if one pf them ia. Thus we have shown that, aside from x = 2 and 
X = 1 (which may be solutions of ^t2)^ut not (l)), the solutions of (l) and 
(2)jare the same. - . - ^ ' 

it remains to solve equation (2) ^nd apply whAt we have noted. Equation 
( 2) can be writjben ^ , ' 



2x - 3 



-1 



]fy Property 1^ above it is equivalent to • * * 

, : • • ^x = 2 , . ^ 

from Property 2 equivalent: to x = 1. Hence the only solution of 

' equation (2) is x = 1. This means that e^cceptt f or the possibility of X = 1, 

there- can be no solutions of equation is not a solution of 

• - .A . . « 

(l) -since for x = 1 the first ^enominatdf* is zero. ^Hence (l) 'has no solutions; 
'thfiti isTj • the Jsolution^-set^ of-Cl^X-is-^the, nullX 

For solving quadratic equationV, the technique is, quite different i Here 
one ' s ' ob Je(?t i^'"to arrive at' an equation like * ' , ' I ^ " 



two numbers can be 



^ 'that 
5 "zeio 



fx - a)fx - b) 

sr ^ -r-,a = 0 or 
pnly when one of ^ them is. 

X - 3x =.3x - 5. 



= 0; since the product of 
Thus to solve 



one fifids^an 'equivalent equatlon^in which vthe number O alone appears On j:he 
•right side of the 'equality sign. To. this end we subtract 3x - 5 from both 



^ERiC 



sides to get 
« • 



15(j 



By multiplicatiojn wo can verify that - 6x + 5 = (x - 5)(x - l), and thus 
the solutions of Our, given equation are th'e solutions of x - 5 . 0 together 
with those of X L 1 = 0. That is, x = 5 and x .1. These ahe the only solu- 



tions. 



Exercises , i 

Solve the following equations for 

3. ^ 2 b) 7 - Px = s . * • . 

1 = 3 ^.d) x%4.. 

Consider the" following "method of solution" of t??e equation 

, (x,^- 1CH>. ,-;) = 3 . 
_ Since 3=1-3^ ve have two possibilities: ' 

-X - 10 = 1 a«d X- - 8 = 3' 
' . 'X - 10 = 3 and X - 8 = 1 . 

The first, pair gives x = 11 ard x = ll^which is a solution since. 

\ . (11 - l'b)(ll - d) = 3 . 
But the' second ^ir gives x = 1 J and x = 9, both of whlch_cannot.be . 
true." Yet X = 7 is a soluti<5jn of the g%n- equation- this did not - ' . 
appear by ^tfce, method^^^err. I^K^t is ^rong, or what alteraul' ;houM' 
be made? 

Can the'methods used in the previous exercis^e be used to solve? 

' (x - 2)(x . 10 ^ . 1^- s_ 

Why o^rfvhy not? *^ 

Show that the ^equation of Exerai'^3 is equivalent to each of the follo^^ 



ing 



" ------ o 

2 



6x + 3 = 0^ 
6x 4.^^9 . 6 , 

x-3=V5 or x-3=-v^ 
x=:3 + >^6'or.:>c=:3.y6 



•9.3 ' 



1 



Problems 



r 



Shov that equivalence of equations is aa equivalence relationship in 
the sense of Section 5.^4-. , 

Consider the 'equation \ 

(x - 2)(x . 1) = (x • 1) . 
To solve this^ 'one may divide both sides by (x i- 1) and get 

* X r 2 = 1 ; 

or X = 3. Is ^= 3 a solution of the given equa.tion? ''Are there others? 
What pairs of equations are equivalent"? Give reasons for, your answers. 

Find all the solutions of the equation 

(x - i)(x - 2) " ^ • 

Explain which pairs' of equatiof^s in the process of your solution are 
equivalent. ' , ^ * 



9.3 Solving inequalities . ^ 

For inequalities ye could," ^th only slight alterations, use the same 
discuosion as appeared for equations in fia^st seation-jof thife chapter. 
, We have solution sets of, inequalities and^ equivalent inequalities just as 
for equations. The. basic techniques are the same except that at * one point 
there is a difference. Again it is based on the vell-defined and cancella- 
tion properties. ^We state them again here for reference and comparison. 
1. . For addition:* If -a < b, .then a + c < b + c. ' ^ 

. _ ^ !lf +. a <:b j:,, then^a <.b^ _ 'I'T^r'" 

2. For multiplication: If a < b, then ac < be, provided 'that c >*0. 

If ac < be, then a <*b, provided that c > 0. 
If In either of the cases for multiplication 
' c < 0, then the second inequaLity is 'reversed 

We thus must have regard for the sign of" any multiplier.. "(Not only are in- 
equalities important in themselves, but they are also important as a mea 
of emphafsizing the properties of manipulation oS. equations.*) Let us iilus 

trate the process by solv-ing an inequality in' two \iays: 

* . ' * * • , 

.. -ssiwr- . 'ex +, 3 < 7. . 
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J, : * *V 

Uf^hb^ I'j 'Subtract 3 from bolh sides'.tQ get th^equAypl^ni iLqiuaail|rl 
"2x < 4'. To find the solution ve jould want-^'^dividfe both -iid^s by fp. ' I 
This is negative. Hence ve f-everse the direction of .W -inequality and geti 

This is equivalent io the given inequality vhioh, therefore, has the solution 

^ Method II. ^Add to both sides to get the inequality: 3 < 7 + 2x. 
Subtract 7 from both siaes to get 'k < ^x. Here ve vant to divide by 2, vhich 
is positive. This leaves 'unaltered the' direction of the inequality, and ve 
have ag our^fiaal equivalent inequality ^ - 

"2 < X . 

l^.ough^m this book we shall ^ concerned for the most part only vith 
linear inequalities, ye might look at the irfequality corresponding to one 
of the problems in the previous section: 

(x - 2)(xVl) S (x - 1), 

Here there are really tvo cases to consider. 
* «> , 

Case^l. If X - 1 > 0, that is x > 1. in thi^ case the given' inequality 

is, equivalent to x - 2 > Ij that is, x > 3. But her? if x > 3, certainly , 
X > 1. .Hence our only" condition is x s ^. 

Case 2. If x -^1 < 0, that .is x < 1. m this case the 'given inequality 

^ ' is equivalent to. x -':2 < 1, .that is _x < 3. Since x.< Xi^nplies xrSJ ve^see 
that the given inequality, holds, if 'x < 1. - , '• " 

l^ie conclusion combining the two cases is , 

' • X < 1*- or X > 3.' 

' As an, application ofnhese techniques ve recall and soive a postponed, 
problem from Section 5-10. There, using the second definition of, density, . ^ 
.„.ye staler tb.e"tQlloviDg resj^lt vhiph ve qow give as a^ th^.^mTv^ 

\ ^eorem; Between any* tvo^ real numbers there is a rational number; 
Proofr^^/This could be s)ic^i;n' using decimal expansions, ^ougb notationally 
. this i? raUer difficlilt to do, in any numerical case the technique is clear. 
For instance, if tvo real numbers were * ] . ' 

. ' : I.J1U59..'. and lJil51...^,'' \ , y ' 

a rational number between them is 1.4l46. 



i - • y ^ 

We give here another proof because though it is somewhat more^ sophisti- 

jc^l^d^jiit inyolATep ,6om^ ^imporj^nt ijcljeas and, can be m^de muQlt'.more ^^efi(rji5tj|^ ^ 

. First ve prove a lemma vhicii- is an, extension of a result i^n SeqtloYj h.2. * 

(An auxiliary result is oftenlcdll^d a^"lemma."). • , i 

Lemma , Let' s and t ^"be two positive real numbers; then there is an 

integer q and a real number! r such that ' 

' • • ' ' ^ \ 
s = qt + r, 0 ^ -r < t . | ^ ' 

I 

Proof:^ Notice, first what this ^affirms geometrically. We hjkve ^tvo points 
s,. and t on the number line ant3 to the right of the pointi 0. If t is to 
the right of s , that is, t > s, ve take q = 0 and r = s. Jf t ^ s, ve lay 
off distances ^ t on the line repeatedly until ve have the greatest multiple 
of t less than- s . This , multiple of t is q and s - qt = r* ^ In a way 
ve divide s by t and writ?e the remainder just as if t vere^a vhole 
number* ' ' ' 

To make this more precise, ve consider the. integral multiples of t: 

' ' ' t , 2t , 3t' , i^t , 

Since by choosing the integer n large enough, ve can make .wt as large as 
ve please, there vill be some integer n syich that^ nt > s. Let m be 'the 

least such value of n ^t^.Then choose q = m - '1 and r = s - (m - l)t\ Then 

s = (m - l)t + r . * 

It remains to verify tlie conditions SDn r . In the first .place,, .s_.< mt 
• implies * * , ^ 

, s = (m - l)t + r < mt ^ 

mt - t + r < mt . ) 

— ' ■ . r< t . ; 

vhich is part of the condition. It remains to shov that"** r is fton-negative 
Suppose r < 0* ^ -Then--^ - ~ . ^ ^ ' ' . , , * . ^ ^ , . ^ . , 

r = s - (m - l)t < 0 . 

s < (m - i)t^.. ' 
^ ' -_ / 

, vhiph contradicts our choice of' m to be the \east multiple of- t greater 
than s . JThis completes the proof of the lemma. ' ' ' 



* This intuitively ev indent ptroperty ve ass^-me. It is called the Ar chimed i an 
property . ^ . . * , * - 

' ; '158 . ^ ''\ ' V . . 



•• • Nov we. are prepared ' to .prove, that the" set ■ of i-atl^nal^ nuipb^rs is dense. 

- 4-^oren./vrittenfabUy/p/|ffe^^ Hmmte^hS^/Ut^^ecre ir^^ 
opposite sign^ then 0 is ,a rational ntoer between them and our result is '. 
' showrr. ilf.we^can pr9ve'the th'eprem foi- two positive rea'l numtiers, it will • 
also be, true for two negative real numbers, since we can find a rational 
number betweeh t^e absolute values of, the gi^^en real numbers and use its - - 

• ^additive invgr^e. Hence we assume that s and b are positive and take 

• b' > s. Now there is a rational numb^t less than-b - s, since by choosing ^ 
t = - and maHftig n sufficiently large, we can make t as smell as we please. 
It is intuitively evident frpm the geometric picture that if t is less than 

t - s, some integral multiple of t must be between s and b... To give 
a more precise proof we use the lemma above and find an integer q and a 
real number r such that - 

'"■ 

s = qt * r , 0 £ f < t . . 



i , U -l)t = qt + t = s - r 4- t >^ s , 
since t > Also 



(q + l)t. = s + t - r < s + (b - s)*. 



r 



Thus ve have shown Jhat ^he ^rational number Xq^fljl is between .s.^and jb. , 
and'ourrprbof Is qpmplete. ' . - r.^:-^-^ '' 



♦-^.K J* ' Exercises 



.2. 



iV^^^ive the fpllowing inequalities:^ 

Suppose in the./Lqmma of this section s = ^ and t = 2. Then find q'a^ r. \. 

3. Indicate on the number ll»e the sets of ^points which satisfy the follow- '-J 
ing conditions: , , ' ' i> 

a) x>l and x^k b) x < -1 or x > 4 / 

c). x>l or x^k- d) , X < 1 and x:> 4 " ' 

^ 1^1 <3 ; . . ;.f) |x| ^3 • ' , 

' ^ -159 i e.i ' ; . . ; • .: 



e 



^9.3 



ienek 'a ' !stWi ior 'qrie^ of 1 and / '"b ,< ^ 7^ / 



f oHoVing I the 

dne Of the same set, while c standi, ^^r ''*or" or' "ai'-d/' Consider 
the statement: , ' * ] 

(x a\) c (x b if) , 

(For instance, if a is <J , b is > a^id c is "or." it becomes 

X < 1 or X > k,)^?^it in the^proper sign Or w'or& for a, b,' and c where 

possible so that the set of ■ poi nts^^jc^^^xtfK^fr -dumber line i3: • 

a line segment ' • b) , a ray „ 

the vhble liae d) a ray without the end-point 

the empty set f) two rays 

two line segmetits . ^ 

Where your answer is "impossible," explain why, - 



Problems 

1, Recall tto4; in Section ^.9 we defined a set D of numberb of the form 



where n is an integer* and k is a whole riumber. ^ IShow that if a 




and b are any members of D, then there are other numb.ers q and r 

** * * *" 

of D such that ' ^ 

; a bq ^r,' 0 r-< b . • ^ . • . ^ - 



Ling toe 

1- 



Recalling toe second definition of density in Section 5. 10,^ prove that 

^ '"""'^ < 

betTween any two real numbers there is a number of the set D defined 

/ « ' ' ' 

aboye and hence^ by this definition of density, the set D is detise. 

Let a , b , and c be three positive numbers of jthe set D defined 
above «i Prove 1ihat tljtere are numbers q, .^nd ' r of D such that 

One way to show this to use the result* of the^ previous ^oblem. 



r 

I' T 

160 1^2 



A 



\ \ 



* u * ' 

; , Traditionally algej)ra vas sometimes taught as if the whole purpose of 

the subject were to solve equations / .And then when the grand climax appeared, 
the equations were of the puzzle typN, Most of us enjoy solving puzzles, and 
they are edifying, but a mere puzzle should not b« the aim of a year's study. 
^ ^ Most of the equations whieh one would ^want to solve in everyday l,if e \)y al- 

' ge]?ra requil^e much more complex processes.. than can be .discussed in a hig^i 
school class,, and in many cases the ^se''of iyWachine is'^etter."^ Certainly — 
there are not many really practical^ problems which re(^re the pc?lutioa. of 
a linear equetion. Here is one. , * 

Problem. A theater 5'wner does not want his cashier to hkve to be bothered 
with anythin^es> than half dollars. He vants a r.et gain, nd^counting / 
expenses, for instance,^ of about .^6.00 for the best seats in the house. But 
there is an^ entertainment tax of 10 per cent. What should he set the over-- 
all price, to be? ^ 

He notices that 10 per cent of 56.00 is 60 cents. So if he diar^ed 
?6.50 he^ would be a little short and .t'.OO a little ahead. He asks himselfy,^ 
what would be my net gain for these prices? IJow if N is the net gain, the 
price charged 'vould N + ^ = 11(1^). s'o he has two equations to solve: 

•N(|i) . 6^.50 , tHat is, - (6.5) • YT = TT ^ ' ' 

^ - This would, give him the general result that his net gain wOuld be*i2 of the 
• price charged. In t^se two cases I5.9I , and $6.36 would be the «net-. 
gain«. Thus he has to decide b'etween these two prices. Doing it this .way 
instead of by 'trial has the advantage that he has a ratio ^ which ^le can 
^ use for determining his net gain on the other priced seats as well. 

This l2ype of problem ^^s many variations.. It could be used in determine 
i^ the wholesale price of an article if you know the retail price and -retail 
mark-uj). In these days of government contracts, if you know. the percentage 
of the'^verhead ai^ the total amount, you can find what there is to spend " * 
before overhead. v - - . ^ , 

Vmat should be emphasized a little fhore is the role of algebra in sitnpUr - 
fying calculations. For instance, suppose^ there afe lhree**cities— A, B, and 
C— with B between A and C. You know the distances and want to find hov far 
' from A is the midpoint between B and C. ' The most natural way to do it is to 
add half the distance from B to C to the distance from A to B. But a s'^htly 
shorter way is ^to -find lialf the sum &f the distances of B and'C from^. Th.at 
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^ ' the? two, are equivalent l^s ^hovn by the following, where b is [the distance 



of B- from A and c ^the distance of. C from A. 

2 ^ 2 2 2 2 2 




Actually it must be admitted th|t the average cixizen gets alOij^^^ite 
well without solving equations'. To be sure^ it is very common to use letters 
to stand^ for something- -our whole language is this — but we do not add them 
^ unless we wish to be facetious as in* - * 

USA + FDR = NEW DEAL / , r 

\ 

/ f « ; 

At least i'f we subtracted FDR from both sides, the -equation would not be 
true, nor in fact would it make any sense. 

'Moreover^ for the persoH^ whose most complicated arithmetical^ transaction 
is making out hi^ incorne tax-, algebra is dis^ensa>3l!e. But if he wishes to 
b^ informed about what is going on in the world. around him, he certainly 
needs to know the properties of numbers which pervade our lives. And these 
are algebraic properties. See Section 9»8. 



2*5 Relati^^ns^^^/ " ^^ >^ 

So far we have considered only the solutions of equations involving 
one letter, though ve have cojis.idered many identities involving two or three 
letters like ab = bajupr a^+ (b'+ c) = (a + b) + c. Consider the simple 
equation: ' ' .v. >■ * 



2L + 3 = y . 



Here.we^can choofee x as we please^ and the equation 'will be true if y is 
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3 more than the x we^chose. This expresses a relationship between two 
numbers x and y . Two^ther ways in which tliife 'same relationship could be 

expressed jare: i 

i y Z: - ^ -Y' - ^ - ^ 

y - X = 3 and 'x = y - 3 • J ' 

\ ' 

The* second of these shovs that we eould also^choose as we please if we 
_allow X to be^ny integer or rational nurnfeer, l?ut that if x has to be a 
positive rational number, ^he only values^f y which "f^eld a> value oi* x 
<5 are \hose greater than 3- ' * ^ / ^ 

^ Anotiier relationship would be expressed by the' inequality: 

In this ^case again we can choose *x as^e please and to satisfy the ij^eiqual- 

ity, y must be greater than 3 + 'X. * 
. - '^^ 



* In both cases above we have a .pair of numbers .(x,y) and a I'elattonship be- 

iSfjeen them. We vould even J-nciiide the relationship implied. by the equation 

.xy ^ 0, For this equation if x = 0, ye can' replacV." Y by any n^mbeJt* arid have 

^ the* equation true. ^ Also if y = 0, ve can ^''eplace x ^ by* any number and have 

the equation true. But if y / 0, there i^s only one x , 'x = 0, f or vhiah .the 

' equation holds. ' • i * . 

*- " * * \ *' o * ' • * 

Th*ere are a^number of Advantages \in rj^r^enting these relatioaships 

graphically. Here the reader Should recall Section 5. IL' where the Ordered'* 
• pairs of numbers (a, b) correspond to points in ;the plane. - ^ W , : - 
.Consid.er the first equati6y%f this secltion - ' . 

■ . U ' % 



c 



We could ^make a table of som/ 
is'^rrue: m& 



X + 3 = y . " I 

i. ■ ' 

of the pairsj?f values for which this equation 



^x 


-3 / 


-2 


-1 


0 




2 


3 


y 


0 


1 


2 


3 




5 


6- 



If ue represent these points on graph paper, we would have" a^ picture l^k*^ V 
this: • * • ^ . . _ 



t 



05 course tlj^se are not the only points. Another, for in&t^nce, voajd be-^ 
{3| , 6|) or, indeed, (v^ , ^2 + 3). ^ ' ; ' ^ 



It looks as IT these points '.all lie on a' straight ^line. In facty it is 
true ^hat the solution 'set of the •^q^uation consists of the pairs of coordi- 
nates of the points of the straight line connecting, for instance, points 
(-3, 0) and _(0, 3). *This is proved in Appendix IV for those interested. 

' In fact, it is true t;hat every linear equation (that is, ax + by + c = 0 
^ - for numbers /-a , b , ancW : ) has a line as its graph, -and every line is the 
graph associated in this manner with a linear equation. 

The line repres.ojnting x = ^ is parallel to that for x^+ 3 =r^y, since th« 
\ two equations ha^^^^^r^a^scom^bh solution.', ^ 
The inequality 

^ X + 3 < y ^ . ^ 

is tru^ when y is a member which is greater than 3 + x. In terms of the ^ 
graph, for any x the numbers satisfying the inequality will be the second 
' coordinates of those points ab'ove the line. So th^ graph of the ^fn equality 
IS all^those points above the line x + 3 = y. Similarly the graph of x + 3 
> would ^e all the points below the li'f^lSiW^ ^ 
^ Notice that tb€ graph of the equation and the ifiequalit^r differ in one 

important ^respec^^ for the former there is just one y for each x and for 
the Latter there are infinitely many. The former we ^all a function^. 
• .- Formally^ * • » r 

A function is a set, S, of ordered number pairs (x,^) such that no two 
fV ^ ^distinct -pairs of S.havfe the s^e sepond element y . In this case we would 
say that x determines y This i;^ not.,qu'ite accurate, for there may be* 
values of in a function which'"have no \:orrespondiijg y . • . 
• <- " ' . ^ ' - * 

For instance: . ^ r * 

' rz y . 

For each x except x = 3 there is a vaj.ue of y^ ..and exactly one. But for 
^ * X = 3 there- i^ no nfimber y, for ^ch the equation is true. We still call 
\. tHil^jllffunctioii. ^ But the inequaliV^^+ 3 < y is 'hot a function because y 
has an iffifinite number of valufes for ^'ach x \ 
. ^ ^fetnetim'es a givj^n equation works both w^ys; that is, each of x, y is a 

function of the otAier. Wi^ have the following pairs of equivalent equations: 



/ 



CD I/- '^^'^ 1 no 
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X + 3 = y. and x = y 3 



In the'se cas6s we say that the function has an' inverse . 



, J 9;.5' 



But not ^ ail functions have inverses. Consider the equation 



:-x2, 



It is a function s'ince there is only one y for ea*ch x. But for a given 
npn-negative y there are, except for y _= 0, two possible values of 
X ; and -Jy . 'However, even here if x is restricted^ to be a non-negatiVe 
rea-l n^amber, for instance, and y to be non -negative, the inverse function 
exists, fo'r th^n for each value of j there , is exactly one value for x. * 
Graphically, ve know that, there is a -^wtr^^-one correspondence between 
order&d pairs of real nuinbers(x,y) 'and^the- polnta in the plane. (Recall that, 
starting v/ith a pair of axes, #c represents .the" riorizontal coord inate* and y 
the vertical one.) ^ So graphically such a function may be represented by a 
Set of points witih the property that no two of tn^set are on the \anie vertical 
line./ The function will have an inverse if no *twa\30lT its*Q£ .^4rtyset are on ' 
the same horizontal I'ine, , since %\\e roles of x and y are reversed. 
Figures la and 23 represent functions with Inverses and lb and 2b flunctions 
without inverses. 




y = X , X > 0 * 




Fi^re la 



Figure lb 
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i r if ■ 



(3,U) 



(5,3) 



(1,2) 



(1,2) 



(1^,1) 



Figure 2a 



figure 2b 



^Of course there relationships and funct'fon|,..vhich are not given in 
terms of -equations . Figui;es 2 above are t;^o examples* 'The following' table is 
another example of a^ function. This gives the heights of §en persons. It is 
^ function since every person has a unique height. 

' Person nvmii^er 1 2 3 4 5 6 7 , 8 ^ 9 10 

Height in inches kQ 73' 62" 53 7| .69 73 52 58 65 



Exercises • 

In Th'eorem k of Section k.h it was proved that lis the g.c.f. of a ' 
and b, then the equation, ; , ) ' . 

- • • . J' ax + by = 1 • / 

ha.s solutions in integers x and y. What^does this tell us about the 
line 3x + ky = 1? T-Zhat does thi*s tell us about the general- li;;^ ^ / 
ax ^ by = 1 when 1 is the g.c.f . of a' and b? ♦ 

Carrying on the ideas of' the previous exercise and noting that 



I 



6x + 15y = 1 



has' no solutions in int/egers x and what does this mean in terms of. 
' the 'graph of this line? 

An housewife spent $1.00 op omnges and banana?. If oranges coSt h cents 
apiece and^ananas 3, draw a graph indicating her possible^purchases, , 



166 1.^3 . 




9*o App-lications - .to ordered pairs • * ' 

Here the reatier should recalL Section, 7.7 in which there was' set ig^ a ^ 
coiTosponJenee bej^ween negatiVe integers an^C^'rdered pau's of "wEoIe numbers . 
There the number a - b was made to correspond to the ordered pair (a,b), 
Tf-ere>e ^'ound that alj. the points ^defined by ordered pairs corresponding to 
a given number were Yatt ice points on a line parallel to the line through ihe 
points (0,0) and (I^l) . More specifically, all ordered pairs of whole numbers 
corresponaing to the nuniber 1 are coordinates of lattice points on the line 
X - y = l;*all pairs corresponding to -2 are coordinates of lattice points on 
the line x y = -2,^etc#>. * * 

We could set up another kind of correspondence as follows: 

^ 2 - ib corresponds zo the ordered pair (a,b). 

Then the' ordered pairs corresponding to the number 1 would be coordinates of 
the iattfce'^oints satisfying -the equation x - 3y = 1; all pairs corresponding 
to --2 would be coordinates of lattice points satisfying the' equation x - 3y = 
etc, ■' • ? ' ^ - ^ - 

One can also, in accordance with this correspondence,, set up definitions 
of addition and multiplication of number pairs. . Spejifically 

(a - 3b) + (c - 3^) = (a + c) - 3Cb +d) corresponds to*(a,b) + (c,d) = (a + c,b +d) 
(a - 3b)(c - 3d) '= (ac +9bd) - 3(bc ^ad) corresponds, to ( a,b) (c,d) (ac + ■od,bc+a 

We could proceed further with this correspondence and add and multiply 
line? as in Section 5-11 hyit it seems scarcely worth while here. 

^ In Section 5-11 we considered also the positive ra-^ional numbers as 
ordered pairs of whole ni^ibers. In this case the correspondence is between 
the number — and the pair (a^b). Then ' ^ ' • 

(^>y) = (a,b) if and only if,xb = ya, 

which is the equation of a line through the origin- Recall that the numbeV 
pairs (a,b) and (b,d) will correspond to the same rational number if and only 
if adP = bCf This Xs jUst the condition that: th^ point (c,d) lie on the line 
xb = ya, since if weyreplace x by c and y by d, we have cb da. Thus 
iJhe point (c,d) will be' on the lin e xb = ya if and'only if- the numb^; pairs- 
(a,b^ and (c,d) correspond to tMe same ra&t«mal number. In other words,. all 
the^points corresponding toyQ gi'^Fen .rational niS?Ib^ are lattice points on a 
single line through^the "or/gin 




9^:-. Pairs o fC liTiear equations 

We have found that a single linear^ equation in two letters or-unknownis . 
usually has an iitfihitFe number of solutions. But if we have a pair of linear 
equations and vish'a common solution what may happen can. seen oy recalling 
Xhat a linear: equation represents a line. So one of three things niiy happen: 

1. f' The lines aro- the same. . 

2. The lines intersect in' 6nly one point. 

The lines do r^ot intersect, that is (since they are^ m the same plane) 
theV^are^j;)^^ . • • 
Each of ,£he3e categories has its equivalent statement, of course, in terms of 
ihe equations,, 'is follows: - ^ ' 

I. Ti"^e equations, represent the r^ame -line, in oth.er words they ax^e 

equivalent equations. For example: 2x + 3y = 5 '^^^^ + 6y =10. 
Tii^e is just one common solution, that is, the intersection Of the 
* ^ two solution sets is one number pair*, Fpr example '<lx i- 3y = 5 mdi 
2^ r. 3y -1 with the^ solution -(1,1) . v 
There i3 no common solution, that is, the intersection of the two 
^ aolution sets^ is the null set. For example, 2x ^ 3y = 5 and 
2x 3y 7. V ' ' A 

In the last case it is easy to see that there is rtb solution in common because 
2x 3y cannot be* simultaneously equal t6 5 and 7« 

Here,^ as for a single linear equation, the process of solution is to 
devise, by certain procedures, a sequence of equivalent pairs of' equations 
until in the end the pair is, in the case of 'a single solution, something of 

♦ ^ , • ' 

the form -x = a,y=b. V ' 

- -^^ , ^ 

V/e^ first illustrate* the process by a numerical example Sind then show why 

the sequence is a set of equivalent pairs. / ' 

i 

2x + 3y = 5. 

• ' ^ • 3x - 2y = -12. 

Here if we can manage it so that we have an equivalent pair of equations in - 
which the 'coefficients o^ x are the* same, then we can subtract and get an - 
equation in y alone. If . we multiply the first eqiiiation by 3 and the second 
by 2 thi,s will be accomplished. So we have the fair' 

' ' • 6x* + 9y =*.15 t 

. • ^ • . 

This pair has the same solution set as the first because this is true of each 

^equation of the sequence. Then if we subtract tlfe*'second from the first we get 



13 = 39, 'or, y 3.' ' 
» ^ - 

In the first of the given equations, 'y 3 implies 

2x + 9 = 5 or X = -2, 

. Th|re are al least two ways to loolc..at the above process. The first is 
this. Ve suppose that there* is an ordered pair (x,y) which'satisf ies both 
equations. If so, -this sam^ pair will satisfy the second i)air of equatiojis. 
Thus f or-this pair. ^ \ ^ . 

' ox + 9y - 15 = 0 ' - ■ ■ ' 

and * ' 6x - hy + '2h = 0*> 



So if a pair of numbers satisfies both equations above, tt certainly satisfies 

' - , '^x + 9y - i5 - (6x - hy + 210 = 0 > 

that is, . ^ 

. I3y -^3? T 0.; ^ ^ ^ ^ 

This tells us that if the;re is'' a common Solution, y must be 3 and by ^ubjsti- 
tutT&n we find that- x must be -2. Thus we have shown that if there is a 
soliAtion it .must be (-2,3): Thep b^ substituting this pair in the' given pair 
of equations we verify that indeed jp: i^ a solution. > . • ' 

The second" point of, view^is this.. We Have the given pair of equations 
whieh^is equivalent to the second pair for the reasons pointed out above. Qur 
. third pair is • ^ . , 

/6x + 9y - 15 - - i+y + 2h) = 0, that' is; 13y - 39 = 0 
and-^ * * 'Sx + 3y = 5. \ ^ ^ 

.Jvst why this pair is equivalent to the previous pair can be seen a little^ 

more easily probably in tenns of the general discussion below. . 

Then the pair * ' 

• , * * - ' ■ 

.y 7= 3 

2x + 3y 5' * ^ 

t * , • . . , . > 

IS equivalent to y = 3 ' ' ' * • 

• » ' , r • 

and^^ ' ' ^ " 2x = -i* / 

or finally,_t6 the pair y^ j, x^= -2^ .By this line of reasoning.we know that 
if we have not made a mistal^e in the process, (-2,3) •i^ the 6ol\^tion 'arKi there 
are tio more. 
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It is perhaps a/iittle easier to see what is going on if we use letters. 
-Suppose the two given equations are 



f 



0 
0. 



(In our illustration f c:t2x 3y - 5 and g = 3-^ - + 12). There are two 
fundamental operations*. 

^1.^^ iMultiply an equation by a non-zfero constant. Thus f = 0 and af =M) 
for ^ ^ 0 are equivalent equations and 

^ af 0, a ^ 0 * ^ ' 

bg = p, b ^ 0 . 
i3 ah -equivalent pair. ^ * 

*2. Subtract one equation from anotl^Jer: - 

af - bg .t 0 
af' \ 0 



and af = 0, then bg =^0. 
0. Wejftpuld oi course also 



"'This is an equivalen^t pbif because if af - b, 
Conversely if af - 0 and /bg = 0, then af - bg 

bg =jo ahd bg 




nd have a pair 



0. 



•have used the paii* af 

Notice that in all easel we must continue with a oair. Geometrically 

this has a ratxie^: ctriking ihterpretation. The first process? above does* hoH 

cnange ^he lines, the second process replaces one of the lines 'by one which 

,goes tnrough-the sama- common point. Thus fran a geometrical point of view^ 

the solution is the process 'of finding a horizontal line an3 a vertical line 
•. . , . *. > . V 

vriich go through the common point. 



X - 2y -12 
(or: -3x + 12* = ay) 




2x + 3y = .5^ . 
I, (or: ^3y'= 5 - 2x) 



■ ,17? 



/'■This same process works for inequalities as well. Suppose ^^e hau^ ' f 

. 2x + 3y > 5 , 

3x-- 2y < -12. ■ / /- •' 

The first inequality /i^s equivalent to the inequality 

. 3y ■> 5 - 2x. • ^ 

Nov on the line 3y = 5 - 2x, 3y and 3 - ^2x.are equal. Thus /or the inequality, 
3y >5 - 2x, 3y and thus y is greater ' thar. the .o^t on the line corresgond: 
mg^to the same x. TlUs .ea.s geometricaJly th^he points which satisfy th. 
inequality 3y > 5 - 2x lie above the line 3y = ,^ - s^. 

. ■ . The second inequality is equivaletit to 3x ^ 12 < 2y. . Hence the points 
which sa.tisfy it are the points above the "line 3x - 2y = -13.' Thus 'hose ' 
, points which satisfy both /re those -..hich are both'aoove the first line khd 
abo-fre the second as'm the figure. 

. Some may prefer to test an inequality by, checking it -for one point. A 
convenient point to yse for this purpose is _x = 0, y = 0. .In the case of 
2x + 3y > 5/ we see that x = 0, y =^0 d6es n6t satisfy .the inequality. Since, 
from the graph,- the point 0 is in t?ie half of the plane below the Une ' 
-2x-+-3y = 5, the p^ri: of the .plan^ whfch satisfies the inequality is that 
-above the^lir^e. - Looking "at the other inequality, 3x - 2y < -12, we se.e that ' <* 
: tHe .coordinates of the origin do not satisfy this inequality em^. Since 
the origin lies below the line ^x - 2y'4 .12, the point's which satisfy the ' " 
J.nequatity l&e above the line'. ' , 



f 



Exercises 



* \ * ' 

'Find all the^Jsli^ions of each of the following- pairs of 'equations 
algebraically and draw their graphs: " ~ ^ 



a) X h-y = 3 
6) .2x'+ 3y = 7 

c) ^ 2x + 3y = 

d) 2X + 3y = 7 



and 


X - y = 3 . . 






and 


^x - 2y = I4 






and 


^ Ax + 6y = li; 


" J 




and 


^^x + 6y = 15 
* *9 / ; 







For eachpair,4n the previous exercise, repl'ace>.he ;^!^f-st equality by 
> and the second by ' < . . Then show' graphically 'the points which 
satisfy each pair of ine_<jualities 
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Recall that x - y = (x - y)(x y) ^ncJ that If x and y are integers 
such that - ^ , 

c:^ 2' 2 , . * ^ 

— X- - y = 9, 



then ^ 



\ • /(x - y)(x + y) = 9, , - , 

that xs, (x - y) and (x + y) are two intege^^s whose product is ^* Thus 
f^ind all the pairs of integers x 'and y * which satisfy the ec^uation ^ 

x - y =0, 

-^r,^^ Find all the solutions in ifiteg^r? of each of the following equations: 
_ - - . • • / 

a) x • - y = 15 ^ ^ / \^ 

• b) x^ - y^ = iio ; 

c) X^ - = 1^4 , ^ " > ^ 

5. Guess from the examples in the previous exercise the integral valuer of 

c for/which the following equation has a solution in integers x and y« 

X - y = c. , 
Then see* if you can substant^iate your, guess. 



^ problems ° ' r 

1*. §uppos.e f = ax + by + c and f* =.a*x + b»y + c» ♦ Sljow that f = 0, f * = 0 
have a single common solution if and only if 

; ab» - a^b ^0. 

2* In the previous pr6blem, what, two kinds of things^ay happen if tlje 
equality ab* - a*b = 0 holds? 

3» Using the notat^i^ -of ProjDlem for what values of ^r, s, t, u will 
the given pair be equivalent to the pair:'' . ^ , 

' ^ - ' rf + sg = 0 . 

/ ■ / ' • t / 

'tf ^+ ug = 0? ^ ' 
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9.. 8* Applications 

Wot only are ^-raphs us.eful in visualizing what is going on in the' above 
algebraic proce.^ses but they can also oe useful if one van^ts approximate 
solutions. First consider' the problem of the* theater owner in Section 9.h. 
Here there is a formula: * ^ ' 

;N = (g)P-'' • * 

where P is tne price including 'tax and IT is • the , net r$turnHo the owner. A 

Simpler way to express this would be: ^ - ^ 
*. - 

IIN = lOP,' 

. Making use of, our knowledge tKat the graph is a straight ;Line, we notice that 
it' is' satisfied by ihe^pairs N = 0 = P and .N = 10, P = 11 that is, it goes 
through the points (0,0) and (lQ,ll) • Thus on the graph paper it ^is an easy 
matter to' draw the linfe as in the«figure. This is a- function which has aij 
inverse, thai is, -if you ^pow P you, can find N and vice-versa. So to find ^ 
the net return, flor a' price of $6 you find the poiitt of. the li;ie which 

. . r-TT 



J L 




i i I 



corresponds to P = 6 and see what the value of N is -at that point. 

- *The graphical technique is also useful in mixture problems. Suppose .one ■ 
^bas two mixtures of coffee, the first of which is 8o^^ Java an^ 205^ Mocha, 
Lj^e the second is 50^ Java 'and 5t)^-Wocha.- The object is'to use proportions 
of these to' get a five pound bag which is.60^ Java and ir05^ Moeha. If W stands 
for the weight i-n pounds o€-**ti(>e mixture, arid J the number of pounds of 
we have in- the three cases: ^ " 
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.8w, 



J = -5W, 



••J 



The 'graphs of these are three lines through the origin. The technique is as 



follows. (We leave the reasons, fior a problem.) 
J ^ 
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Plot the three lines, measuring weight along the horizontal axis and J 
along the vertical»axis. For, the third line find the paint where W = 5, that 
i^, the po^int (5,3). Then draw the liiap parallel to the second line through 
this point (5,3). Whbre it cuts the first line will oe a point, P, whose 
first coordinate, x, is the weight of tiierTirst mixture which should , be used. 

• Of course this problem can be solved algebraically. Though this metho(i' 
tL% quite different and probably not as interesting, it does provide a more 
accur/te solution. This also is left as a problem. 



Our third example involves inequalities. A certain dealer has a ware- 
hduse which he wishes to use to store bags of grain and cement. A bag of 
grain takes twice the space of cement bag but weighs 75 pounds instead of 
. 50. The capacity of the warehouse is A bags of grain. Since the floor.s are- 
weak, he cannot store more than ? pounds. t)n the other hand, grain is 'worth 
three times as rich per bag as the^cement. He wants to arrange his storage so 
as not to exceed the- capacity of the warehouse either in space or weight but 
to maximize the value of -what he stores. What shQuld be the distribution? 
To solve this, or 'show how it would be solved, let g be the number of bags 
of grain and c the number of bags of cement. Then for th^ space requirements 

g + 2» < A. 

For t"he weight requirements 

V_ — 
75g + 50c < B. 

If he -wants to maximize. the value, he must maximize 



, The graph of the first inequality is the set of points below and on the . _ 

line g + 2c = A and the graph of the second is the set of points belpw and on 
the line 75g + '50c = B, as shown in the figure, in which.it is assumed that - 
'.the coinnjon point of the tvo lines has hQth c5ordinates ^'positive'T Now what 
about 3g + c? ConsiderHhe linek 3S + c = x. These *^ ill be parallel lines 
since tio two intersect* So it is quite- obviq^us from the^graph .(at least for • 
A =6 W B = 250)' that the*maximum x will be 3g + c where (g,c) is the point 

. of inl^eTSection of the first two lines. (For A = 6, B = 25O, the point of ^ \ 
intersection is (2/2) and the value of 3g ^^^^ P°\^^ ^- ""^ 

realized that these values for A and B are not realistic in ter^s of the j 

problem.; 



Exercises 
— V. 

/ 1. . 1!he radiator of a car is full of a mixture of anti-freeze and water, the 
/ - percentage of water being sTI!)^. The tank h^jlds fiye gallons. How much 
■ of the tank must drained, and replaced by pure anti-£areeze to get a 
50?^ mixture? Solve thXs alg^raically and graphically. 



2. Jack Sprat couXd estt no fat and his wife could eat no lean. Jack's 

minimum daily requirement .is 1.2 pounds of lean and his wife's 1. pound 

^*af fat^ Now portc is JO^ lean*an4 lof fat while beef is uO^ lean and hOi 

*S ' , 

* .fat: but* beef costs ^ as much as pork* How many pounds of each kind of 

meat shpuld they^buy to meet the' minimum requirements, and still be as 
economical as, possible? v - ^ • , 

3* In 'the mixture problem of -this Action l^he solution was obtained % 

drawing/^line through* the point A parallel to the tine J =p?5W, and' 
fbi^Tng Jhe first coordinate of its intersection with'J = ^8W* Conld 
one ^^so obtain the solution by a^rawing a line through the »point. A 
^ parallel.to the l|ne J =' *8W, and finding the 'first coordinate of its , 
* intersection vith J f .^W? Why or' why jjot?_ 

Find a Solution of the mixture problem' with .8 replaced by the letter ^ 
.5 by the letter'' s ahd .6^ the letter t, where * r, s ajid t^* 



are numbers beHiween 0 and 1 and t is between r and s< 



- ' • 9.*8 



Problems 



1; Give a« algebraic solution of the problem above about the poffee mixtures- 

< ■» 

2. Justify the method ysed for tfte -geometrical solution of^the coffee ji.ix- 
ture problem. . / ' ' , ' ^ ' ' 

3. For the examfle'-above involving a, warehouse, find conditions on A and B , 
that the point of Intersection of. the two lines have both coordinates 
positive. Wha.t are the possibilities if this condition-' is -not a^tisf ie^?-:^ 

^ References . ' 

• . 1 (Chapter 10), 8 (Cljapters .6. and T). ' 
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Appendix 1 
SESPS 



. 1- Iittroduction . " . , • " 

We have various ndhies for collections of things, merf or animals': herd, 
flock, squad, regiment, covey. The word "set" includes all of these, and more, 
wi^out Shy. connotation of the kind of thing considered, ifi fa^|||fc- could 
include a collection of thoughts," ideas, or what you wij.1. The members- of the 
set again could have^various names tut,^ be noncommittal, ,^in mathematics we 
•call the members Of tl?e set its "elements," The chief thing important about a- 
set is that forgone or another reas^on "any given entity 'is. either an element of 
the set or not. AU the houses* '^n t given st^reet constitute a 'set because 
either something is a house' on the street or it is not. We may n6t know^e- 
■^ther John's^-riSlise ia on' that street but we know tl^lt it is ^ther an element 
of houses on thfe street or it is not. 

, 0 ■ ■ 



\ 



2. Relationshirtas Between Sets . . • ' 

-Suppose A and B stai^id for twoisetl'. There are a number of possible rela- 
^lonshi'ps between them. They may be equal; by this we mean th|t every element 

3f this relationship Holdsf 
' A IS contained in <© 'or^ 



A is in Bland vice ve^sa. f If onJ>f the first part 



tjiat is if every, eleme^if^ of A 'is in *B, we* say thaU ie 



is a subset 



of I o:t:'^that B contai 



ns A. We writ 
A c B . 



;e thijs relationship* 



Often the notatign c is used in plaice of our A . Whea this 4s the 
casejthe symbol c Excludes equality, 'jrhereas for our* usage ' c fncludes 
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^ As ve- have 



just ^ 



itdben: 



If A c B and B c A • then ^ A = B 



.and .. " *• • if A = then A c B aM , B c A . 

. / ■ ^ * ^ . .■■ ' 

Thus'^f A is the set* of even counting numbers: 2, ...,.and B is the 

set of ;^>iole numbers: 0, 1, 2, 3, 'h^. 6) then A is a subset of B. If 

A is the set. consisting of the rimbers 6, 7, 8 and B of 7, 8, 6 then the two 

sets are equal, or the>same. * • ^ 

> ' • * . . t 

3. New Sets from Old . • - ^ ' 

Sometimes two sejts have elements inT common. ^These elements form a set 
siftce if weykpow when something is in s^t A and when it is in set B, we know ' 
when it is in both- This 'se1^ is called the intersecticfti of^the two sets and. 
designate it by , A B* . . . • . " * 



"I 



Thus A n B .denotes €he set of ele@nts common io A and^B, Suppo'se" A" is *^ 
the set of countries in Central -^erica: Guat^n^Ia,, El Salvador, Honduras, 
Hicaragua and Costa Rica. Let B-,be the set of countries in the western hemis- 
phere whose names begin with C: Canada, Costa Rica, Chile, Colombia,, Then the 
intersection of these two 9ets is; Costa Rica. ^ 

It sometimes happens that two sets hkve no elements in common. For in-* , 
stancA^ let%R be, the set of countries iii the western hemisphere whose names 

" ? ' ■ 4 'S 

.n/withU: United St 



begir 



o countries 



United States or America, Uruguay^ Sijtc^ there are r 
in Central America whose n4mes l:^egin with U, t^iere are no elements common to 
A^and R., So that' we can say that the«intersectio;a of ar^jTl^wo s^ts is a set, 
and for other reasons,' we* define what we call the null or empty set and-"denot*e 
it by 0, Thus we write. ' . ' ' . ^ 



A n R = 0 



J 



The null sstj is jcontained in pvery set^^ * Why are all null sets the same? J!f 
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the intersection of two. sets ks thi Lml set, we call them disjoint s ' 



We can form another set frpm two 



^ which are in pneiSlfe both. *THis iSjkC^^ 



union of sets A a? 



above is 




.by considering all the elements 
r i!nipn of two set§. Thus the 



^Guatemala, El Salvador, Honduras, Nicaragua,* Costa Rica; Canada, Chile, 

.Colt^bia. - 



^ We desi^^te the un: 



A and B by A U B. 



These ^sets jnay^e p\ctured°as in the following figure: 




Here the set A consists of the. two regions numbered 1 and 2, while B. consists 

of the regions numbered 2 3, -The union of these two sets, A U B, consists 

of the regions numbered 1, 2 and 3. The intersection, A 0 B, is that te'gion 

numbered 2. ^ , . . ' 



3^ 
If. 

6. 



Broblems* 



If A and B are two lines^ in a plane, what possibilities are there for 
theflr intersection? A and, B are sets of what? 



.r intersect 
2.- Pro^je that. all /lull sets are equal. 



Show that the intersection of twa sets is a subsel 



of ea.ch. 



'A and B are dbwo sets, p3?ove that they are bioth subsets of 
If A n B ^ B, what relation must exist between the two sets? 
If AfU'B = fi, what relation must^xist between the two sets? 



their \inion. 



Show that A U B = b!u A^ A O B =-;B,n A,*Au/; 

=(A U C)i' 



, Also show A U^CB P'C) - '/^ U B) n 



= (A. U B) I 



* 5* The Relative Compleme4t and Cartesian Prodttct^ 

, There are two other sets which can te obtained .from a pair of ^ven ones 
and vl^krh we have used in one form or another .-A?he fl;rst is the relative 
_^^^^P0fll^ement, denoted by V / 



9 
* 

A - B. 



\ 

B)i£ 



This stands for all the^eleraents of A which/are ncjfc in B. If B )is a subset of^ 

" * I • • 

A and A is a finite set, the number of elera\^nts in A - B is the number of 

^ ' ^ . I 

elements* in A minus the numbeDSaH**^ Thu^T^^elative <:omplement has a close • 

' ^ } 

connection with subtraction; Notice that 



B = A 



if A n* B = 0 and only in this case^- *It is also true >$hat 
. . (A - B) U B = A U B.* 



Another relationship is • ^ ' < 

• (A B) U (B - A.) = A U B - A ^^^^ 

• ' ^ > * * "1 

-that is,^he set of elements dua A or- B but no-o both. l , 

The cartesian product of two sets Ji and B Is the s.et of all orderedN 

pairs (a,'ff) where a is an .element of A and b an element of B. We* have 

considered such a product vhen'A and*B both the .set of wh^le numbers - 

these ate coordinates of lattiqe points.. If the number zero is^e^^lud^ from 

the set' B, the^nonnegptive fractions foifm the- elements a cart^l;^ product, 

5. Eviluertion. 



Li many 'sitvatidnsythe importance of sets tjiese days is somewKEt. over- . 
rated. The language of sets is useful 'because it serves to focus ikeasN^hiSh 
are common pro^xerty. From the author's point of view^ 'it i&'out of pl^ce to 
try- any detailed s-tudy 6f* sets at the secon(iiary s^chool level pr befor/?\ The 
language should "be used where it is .convenient aM> whe^re the propertiesVf 
.^s<5t's are ^ like those of the numbers, Vd&jf shouTd pe^ cjescribed^ and jdealth .wi^ 



V i 



V 



1 



References 



. i (ChapJ6), 8 (Cli4. 1-), 22 (Chap..2). ' .f 
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Appendix" 2 
COUNTABriE SETS 



* ^ ^ The title of this appendix is in mathematics a technical term# If a sfit 
can be put into one-to-one * correspondence with a subset (of course thia-4«iludes 
tKe possibility of the set itself) of the set of natural numbers it is Qalled 
a countable set (or denu^ierable.) . Thu3 the number of sands in the §ea ±i a 
countable set ,thoughr canilbr count them. The set of even ^'numbers is countable 



since we can set up the one 



,e correspondence n ^ 2n, that is, 1 corres^ 



ponds to 2, 2 to i^-, 3* to 6, ... , any integer to its doubly. * The integers, 
form a (jQiuitable set for we can set up the following correspondence: 



1 



-1 

3 



2 
k 



-2 

5 



-3 . 

7 , 



'h ... ■ 

9 



Thus each intbger would be asspciated with a natural number. 

In fact, the same can be done for orde^d pairs where the nunfcers are, 
for instance, natural numbers.^ Hej^ it is a littQ,^ easier tojjrite «the 



ordered pairs as fractions and: use the^ following scheme • 



"'^*wfeere the curvf indicates the order in yhich theyTarj^ to fe"^teken..,>lM6 shows 
^ that^ the set of such fracilion? is* count aile* By .^^ipcardj^^duplicates as thejf^ 
arise, we pa3walso shoii^fbhat tiie posit ive^ i^yonal,ni«&eri/are co^tatfl^. 




In fact if ^.and T are i^wo countatle aets, we can show that the s'et of. 
ordered pairs (s,t) where $ is^i ^eleme.^t'' of S and. t aij element of T is 
^ordered: first "by associating the first nwaLers of the pairsj^ith the natural 
nioinberi^, then similarly vitK^ the second numlers of the pairs, third using the 
ordering of the pairs whici. we designated for the lattice points. 

In a similar fash: ^v, it would "be easy tp show that the ordered triples 
{a,byc) where a, b, are natural numbers is a countable set. 

With this dis. ^.slohaT^is a Tittle hard to imagine how one could fin^ a 
set of numbers wL. . is not countable. A most remarkable fac-c is that the ?et 
of real numbers i ^ no;^^untable Thebproof is simple. It consists in Assum- 
ing th^t we ^'ve "che real numbers associated in one-to-one fashion with the ^ 
natural number:- ^nd i|Ken shoving that we have* not Included them all, Suppose^ 
we \s^\ such '-iVL ord^rin^. of the real numbers in .iecimal f orm- between 'izero and' , 

" ' ' ' ^ ■ . ' -A 

1. Le,t tne first four numbers be: ■ * 



^.where the letters stand for the digits in ^ the decimals representation. The^ 



lis oing would continue like this indefinitely. Now we show that* there is a. 



rea 



'number not.-in the ;List.*iIt is 



.abcde.. . .1 . /' 



vha: 



re a, the first digit, is different/ from a^ and 9; b, the second digit, 



and 



is different from b^ and 9; c, the third digi"^, is different; from c^ 
9; d, the fourth digit,^ is different* from" d. and* 9, and so fjorth. (We avoid 
9 so as not to have two deciinal, ^JTpansipns representing the same real^pumber. 



See Section ^.5.) -ThiSj number 



. is not equal to the first number in the ahove list, since it's first? digit is 

different; it is^^t 'equal to the. second because its second, digit is'different 

etc. Thus/ whatever ordering one has, that is, whatever way the' one-to-one 

correspondence is set up, we wi^J. havfe^'left out one number and hence not 

included them all. * ' . , " 

^ , » * - * 

Wfe. have ^hus shown that the set of real^umbers is not. ^countable. This 
show^' that'we cannot ^et, the r^al numbers *by ^considering pairs, triples, 
quadruples, or in fact n-tuples of natural numbers since all these "tuples" 
would forgi^coxmtable set,^ ^ * . 



^* • ■ / 
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Appendix 3 



CaMPIiEX NUMBER3 



Introdu-'tipn. 



, booking back over our development of the number system you will recall . 

^l^a^^-each enlargement vais i>response to a need.* For the rational numbers we 

wanted to solve the equation ax - l^when a 0 and so we invented numb^ra i 

a 

which satisfies this eauatibn. We needed to solve a = 0 and, so ve invented 
^ t^e negative numbers 'a-, Ve .leeded to solve x^ ^ 2, and like 'eouations and so 

. invented the real numbers. In each , case we made the invention so thdt as 

^ \ 
many as pbssrbiryo': zhe previuug properties would be* preserved. 

> . « , 

^ There are still equations left to conquer— that is eqaati6n§ with/real 

• coefficients which bave no solutions in the set of reaTTKEiSers . On/sucii 
■ ■ ' 2 ' ^ ' 

— <^uation is X - -1. "We fill tKts gap by. the invention of a-new kind of num-* 

, . ber whdch is called a complex number . We begin by designating 1 number which 

^ ' is a sdlution of the equation x^ = -1. We denote one such number by the 

letf^r i. -And with tfes ^e add a whole set of numb^^^ritten 

a + bi 



wher| a and\ are real numbers. Just as for .fractions, we 'musi^definfe 
W.f^^e^ean by equality of tvo such numbers^ then their suifl ,and" finally their 
j^,j^oduct. We accordingly giye th^fjllowing definitions: 

: % a^ f bi = c + d*i :^-:arfd only if a c^ and b = d, that i§,.^oily,; 



*two parts of .ea.ch number are the same. Thus 2 + 3i = ^ 
b^ciuse 2 = - But'^V'3i'7 3 +/2i, since' 4e Qorrespond" 



ate not' eqUal. This implies 2 +* :^i = x +[yi for | and |/~real ^ 



.if 



+ 3i 



ng parts 



/ 



only if X = 2 and y = 3. v 




r 



2. (a +/bi) + (c + di)" = .(a + c) + (b + d3i. In other vords, we a<ad 

corresponding parts "of the nxamber to\get t^he^sum of two such numbers • 
. One reason for defining the sum this way that the commutative and 



jdistributive properties are preserved. 



3. (a + bi)(c + di) = ac + a\3i "^^il^ = ac - bd + (ad +'^bc)i • 

2 2 * • 

1)8 cause i is a root of x = -1 and thus i = Also wq want to 

* have the usual propertiQ^ of product and sum preserved.^ ^ , 

In alil of these definitions of course, all, the letters except % are 
understood to stand:^or real iiymbers. ' 

The set of ^all numbers with the above definitions is called the 'set of ^ 

conyplex numbers, ^ number a '+ bi where t / 0 is called an imaginary humber > 

Thus the complex number^ are (divided ij^tb two categories: the real numbers ^ 

- ,- r . . . , . 

(a + bi with b = O) and the imaginary numbers (a + bi with b ^ O), Iri fact, 

it the comple3( number a + bi, 'the number a iJs often called t]pe real ^art and ^. 

' bi the ^imaginary part , or, more strictly ^pea^iiig', the *^ur€ imaginary part * 



-2. ^ The Piyppertieg of the Complex Numbers . ^ * ' ♦ 

We shall not h^re^ take the time or space to develop systematically the 
set of complex numbdJrs- If we were to do "Ihls we would have tp show triat this 



set -has all the'prope*rties of a field define*d in Chapter VII (Section 7.9) 



We 



s Jh: 



&11 only show that [division is possible, except by zero in the set of com*- 
plex numbers. To do. this we want to find real numbers x and y such, that 

(a + fci)(x + iy) = 1. 



This means that ax-+'bix 



+ aiy +^b; 



(^x - by) + 



►yi ;= 1, that is. 



(bx + ay)i = 1 + 0 • iV 



This, by th^- definition of the equality of two complex numbers we have two 
e(*iations to.^lve* 
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IK ^ 



9 



ax,- by = 1 



Ssing the technique developed* in Section 9.7 we multiply the first equation by 
\ b and the second by a' to ^et . * •* ^ 



• \ 



' bax - b y =:.b 
abx + a y = 0* 



^^'"if we subtract the upper from the lower we have 



a T + t^y = -b^ 



-Wb2)y = -b. 



Thus if a + b ^0, we can solve 'Ehe last equation for y .E^d have ^ \ ■ 1^! 

(1) . v= -■ ■ //: 




Tdfind the value of x. we may" substitute this? value of' y in bx + ar = 6 
or Start' again with, the given equations ^'^multiply. ihe first by a, the ^6cond ... 
by and add. In either case we wi^l have 



(2) 



Thus we' have shown^ that if 



values of X" and y whi^K satisfj-itiii 



'that 



It- remajins to shol th^t + if) and o 




equatiQ'ris. (1) arid- (2) give.. 
tion: • 



it'/ 



ii^if.,^a and b 'areyb|i^}^|'^j/.|y^ / ; 
_0. Suppose a^ + lj^':v^|re zero vith |' / 0. , '''^^^^^^^^^ ' '• 

^ . ^ a r - " ■; • 

a r^al number, is equpTto -l; , This S 




This process is one which we wq^ufld not like to ha^ to^epeat for many 

divisions, find a shorter way, let us wrft-e down in another form, the 

<» 

number x*+ yi which we just fourid. It is * 

a ' T bi - • 



X -f yi 



f 



a + b 



bi 




a + bi ^ 2 ^ ^2 • 
a + b 



iiere we xiotice that we could^ have obtained thcL j:!ight^.s.ide from the left by^ 
raul-ULp lying both numerator and denominator by a - bi ^ince 



2 2 2 2 
/('a •*-'^bi)(a - bi) =^ a + bai abiv- b i = a + b • 



There-^ is one difficulty in connection with the complex nujnhers which 

- ^ * 2 " 

shoiild be discussed. It sterna f^om the fact that not only is i equal to 

-1 buV(ni)^ as well, for^(-i)^ =,(-l)^i^ = (-1)". Thus there is really no- 



way -^o distingiHish ^between i and We only know that the equation 

x^' = -1 has tvo.roots^ i and -i. Then the question rises^ what is for 

^* •'"^ * 2 

instance? From the. -notation it must be-^a rgot of x = -3^ but which root? 

To avoid ambiguity \je make the agreement that, in terms of our chosen i. 



This choiq,e gives 



' i 

IS consistent, results because then 

Cr^x^ = (iv^Ci-v^ ='1^(73)^'= -3, 



which is wh^ it should be* Also 
f 



Note that for complex numbers . 
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•A fundamental fact about the sej of complex numbers is tiiat all the roots 

o^polynomial' equations with complex coeffibients are complex rtUmbers. That 

not only are equations like x = -2 solvat^le in complex numbers '*bUt every 
*• ^ ^ ' 

equatioh of the j£pllowing form as veil! 




-'where^the a'.s are complex numbers. ' This is much too difficult to'p#^ove here. •* 
Because of thii' property .the set of complex numbers is often called an al|y^ ^ 
braically complete number system . 

3- Coiggiex Numbers A'*!kimber Pairs. 

— ; 7- — : > ^ ) 

^ou may recall that in previous work noted that a raj:ionai number could . * 
l^e considered as an ordered pair of integers ^a,b) whi,ch corresponded to the 
fracti\ |. Similarly for negative nt^mbere^'the number a - b could have been ^ 
^ made ^o correspond to th£. number paifVj(3^b) . Ea^h of these wouljj.^ have its' own' 
equaHty> additlon^and'^ulUpli^ation. "sq, ^Ith a sidelong look 
at th^ previous section, ve have for complex numbers the following corresponding 
definitions for the number "pairs : ' - 

Q fQg"^ ' ' number pair 

Equality: a +- bi = c ^ di if and . (a,b)^ =; (c,d) if and only if / ' 

only if . * , a = c and b = d 

- I I" . a^ c and ij = d " I ' 'I 

; Addition: (a + bi) + {c + di) ' _ (.a,b) + (c,d) = (a + c , b + d) 

° ' ' = (a +^c) + (b + d)i 
.•Multiplication: ' ' ' 

^ (a + bi)(c.+ dif " ^ ^> (a,b) . (c,d) = (ac - bd , be + ad) 

= ac 7 bd + (be + ad)i^^*^ -' 



^ These definitions ttake on special sisnifibance when 'we look. at .them from 

^ a graphical boint of.vUw.^ Here Instead of the .x- and y axes^ we have a 

ho|izontal ^Lis which we <ill the axis of rfea|$ a{id the vertical a£is which we 
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'call t'he axis of pure imaginaries > Then the point (a,b) corresponds to th^ 



complex number a bi. Every point thus has a single complex nmber as itb 

coordinate. Two points are the same if tind only if tK^orrespphding complex 

numb e i^s ar e , e^al • 

' Next, what ifi the geometrical significance of the sum "o/ t^o complex 

numbep^t'^Tlere the reader should .refer jback to Section 7.7 where the sum of 

two Jiumber .pairs vas defined in the same manner as here for compl^ numbers . 

(Though equality and the product were differently^ defined, this makes no 

difference to the geometrical meaning of the sum). In thai section and the» 
• •» . * ' ' 

solutiorr^of one of the problems, it was shown that the geometrical meaning of 
le sum of- the numbers a + bi,,and c + di is this: Associate with each if these 



ifeimbe^s the vector from the origin. to' the number. Then the< vector which is 

the resultant of the -^o^ other * vectors is that from 'th^^ origin to th^ s\jim:* ' , 

■ • '* ♦ • ' • . 

a Vc + ('b + In Other words^ if 0 is 'the poirtt 0, A the point a + bi' 

B .tlie^oiiit c + di, then the point a + c + (b + d)i is the fourth vertex 
of wte-^rallelogram two of who^€vides are OA and^OB, as sho^mrin the ansve^ 
t'o pri^lem 2. of ^^ectioh 7.7. This i§, the r|^son for one use of complex num- 
bers in physics. 

The product bf ^two complex nun^ers also has a geometrical significance 
vbich we partially establish in the two theorems below. Consider ^the cpmplex' 
numb(|r a +^"bi, the coordinate of a point A. I We call the distance OA the 



/ 



t 



absolute salue 'of the number bi^ Using the'-'same notation we used fgr I'eal 

r • — «^ / / ■ ■■ 

numbers, we have: ^ 



sam 




' |a + bi| = /a"^ + bv . 

Also assoeidt^ with a + bi^ is an angle. Let T* be the point with .fioorcfir^te 

1, then the angle T(^ measured in a counterclockwise direction is ca3J.ed the 

amplitudfe> .of che' number a + bi. kjbre we may write^ .^^ , 

. amp/a + bf) = ZfOA. < 
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Figure 1 

Notice VcihX a complex number- is determined by i'ti absolute valu§. and" amplituae, 
(IM) = 0, the angle TQA is the zero angle and has zero measure J We now stalt^ 
two theorems: , . ' . % ' . 

Theorem 1. The atsplut^ value of t'he product of tvo ccxiiplex numbers is « 
equal to the product^ of their absolute *vCLues, that is^ if ' 



then 



(a +"bi)(c +^i) r + si,^ 



tfeat is 



|a + bi| |c + di| = |r-i^ si | 



/a> + b /c + d ^= /r +.s • 



Theorem 



2. The measure (in*{3egrees) of the amplitude of the* product^ of 
two complex numbej^ is equal to the sum of the measures, of the amplitudes of' 
the separate numbers or 36O less •:ii>^:Vhis 'fm if the sum is greater than .§60. 



To prove Theorem l»notice that the conclusion is equivalent to' 



* 1 



+ s2 - (a^ + b2)(e2 + d^). 
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No^ ia ^ bi)(c + di) ac - bd (ad bc)i and thus 

r = ac - bd and- s ^ ad + be. 



- V 



Hence ve vish to* prove: ^ 



-(a6 - bd)*^ ^ (ad J bc)^ = (a^ -i- b^)(c^ ^^X*^ 



, o 2 • 2 2/ 22 
a c - 2abcd + ,b -d + a d X 2abcd + b c 



The left side is equal to: 
» * 

2 2 
a c 

+ d^} ^ b^(c^J/^) = (a^ + b^)(c^ + d^) 

and our Droof 'is connl^t.e. 

The second theorem wey^Trove only for^the case when a, b,, c, ^ ' are 

positive numbers. Fir 5^ we nee^ an auxiliarj^ result which Is not subject to 
-^"^h^ise restrictionsy 



' Lemma , . Leypo^ints A, B, C have coordinates Of, and a + -p wjiere a 
and^P ane' con^lex-numbers; let points A"»., B'^, have coordinates ^a, nP, and 
^{o, + p5 \^re \x ^ 0 and is a .complex number. Assume that A, B and 0, the 
^ origin ,y^re distinct. Then the angles 

ZAOB and ZA'OB* 



/j^^ jite* conglhlent 
■ Proof : 



OA =" \a\ = IpI / OC =; + ^1 



^QA« = Ilia! ^ ImII^^I , 0B» I^pI - , oa^ = + mPI = |^Jl|ta + p| 

by Theorem 1. Furthermore OA = BC and = B*C* (see the figure). Thus if 

... * 
we consider -^the triangles OBC and OB*C* ve have • 

' • lni(OB) = 0B» , \m\{00) = 0C» ; in|(BC) =,B«0» 



ERLC 



194 



19^^ 




: \ 



• ' Figure 2 ""i ' ' 

which shows th^t the two triangles are s imilar .jji^ This implies that the angles* 
. QBC and OB*C' are congruent afid^'so^^e their sUBptCements . angles AOB and A*OB*# 
This completes the- proof the lei?tma.^ . ^ , ' / 



B - I ; B» :'-l ^ . 



V. Now ^'or the proof of the tijeorem. Assume cbordf,nate^ as follows: 
** * 

a ' : a = ^ + bi ^ 0 B*^ : = c + di ji^ C? 
(Sse-the figure). , From- the ieirtoa we know tliat angles AOB and"A*OB* jire 
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congruent sinc§ we get the -ofcordinates of A« and/B* from A^nd B by multiplying 

^by P« Purthermore, again £Ton the lemma, angles BPB' and B*OB" are consent 

%^xice ve^get "the coordinat/es of B* afid B" from those of ,B and B* by multiplying 

/ >» 

by p. Thus: 

'iHOB^Wamp^ 'ZB^IDA = ampa , ZB«OA« ='ampc^. 



But • 

and ve have 



• ^BOB« + ^:B»0A ^ ZBQA 

anipP +' ampa ?= ^BOA = /B*OA». , 



This shows that th^ sum of the measures of the amplitudes of a and >P is the 



measure of the 



ilitude of 



This completes the proof. Notice that in 



the figxire we have made use of the ^restriction that a, b, g -and d 6e - 
, positive, rt is possible to extend the prbof to establish the theorem without 
the restriction^ imposed but we do not take the. space for it here: 

Theorem 2" .can be used to prove twe^mpoprtant formulas in trigonometry. 
For the benefit of t^ose -who know something of this subject, we now indicate 
how it ^oes, Froni Figura 1 it is clear that if r is the absolute \alue^ of 
tha complex number a + bi, and 6 its amplittide, then ' ^ 



a b 
cos 9 = — and sin 0 = - : 
• r r ' 



a = r cos 9 and' i = r sin 9. 



in other vord^, 



Thus ' 

a + bi = r cos- 9 + ir sin 0 = r(cos 5 + i ain 0). 

Similarly th^ complex number c + di may be written: 

• ' • - f 

where is, the /absolute value and- ^ the amplitude* - * 




• / 



} 



Taking the product, ve have . ^ ' ^ 

f ^ • <? . . 

(a + 'bi)(c + di) = rsfcos Q cos 0 - sin § sin 0 + i(cos Q s-in^^^+sin Q cos 
• • • ' 

Bijct rs is the absolute value of the product and it can be written 

"f ■ ■ • ' • • ^ 

rs(cos r + i sin r) > - 

' } ■ . 

where T is the amplitude of the, product. We Knew from Theorem 2 that 

T = 0 + 0. Henoe we have the two formulas: * r 

I 

cos(0 + 0) = cos G cos 0 - sih 9 sin 
0 ^in(© + ^) = sin.0 cos 0 + cos 9 sin . \ ♦ ' v 

« o ' " 

o 

These- ajre z^g important fomrulas qf^trigonometry • In the usual treatment 
they are' derived f!^st a2l3^a result equivale'nt to Theorem 2 (De Moivre*s^ 
Theorem)- is show tp be a consequence, , ^ ' 



^ . ; Problems • . 

1, We.*defined absolute value for real numbers. Show 'that this consiatent 



' ^ . .with our (iefinitioji of $,bsolute -vjalue tm complex numbers, 

, 5^* F^nd a condition that the vectors connecting the points a + bi a^d 
* V . . c + di to the origin be perpendicular. 



♦ . * - . • ' ' References 



6 (Appendix's) ,12 (Chap. ?) y 21 (Chap. 2). 



' Appendix h • 
THE STRAIGHT LINE 



^1. Introduction/ - ^. 

We vss^umed in various places in this book that all the points (x,y) vhit:h 

• " ' , ■ \ . • 

- satisfy 'a given equation of *the^ form ax + by + c =,0 lie on a straight line. 

Before proving this we should first recall a few ^:eometrioal facts. Two tri- 
« f ' ' ^ , ' ^ . % , ^ ,~ - 

.angles ABC and A*B?C* are ,said to be similar ^if a 1 to f* cxjrrespondence can be 

• * T « • * 

^ r f • . • 

set up t^ween 'the- vertices of one and« the other so that . corresponding angles 
are congruent. Tha^is, if the correspondence is: A «^A*,.B <-*B*, C 4 C*, 
then, the following, pairs o-f niigles arp* congruent : A and A', B and B', C and 

If the two tr4.angles are similar then it is true that^ the lengths of cor^espoa- 

/ * * '/ ^ » » / ' , 

img sides are proportional.! Thus if the correspondence is as indicated above 

and if the triangles are similar then: 7 , , ' 

* - • t 

' " ' AB ♦ • AC - £C • ^ ^ ^ ^ 

^ * / . A»B' "'a«C» ^ B»C» 

^ t / _ - . ; , 

where AB -mdicatfes the length'of the-* side AB, etc. Conversely, if corresponding 
sides are proport ^Jna•l , the tr3,|jagles are similar.- • . , ' • 



2. ' Slope. a , * * . • ^ \ 

■ V/e/o^gin b_defin/ng-ri?uinWr,,y^^^ c'aM s(A,B) associated vifn every 

pair of points of the plane /ot-oa a vertical linfe. ^WeSshall show that thig \ 
nmSbftr dependLs only on the line 4et^rmined by the points' and not- on If^e points 
^ themselves: We wii]^ then justify our c.^lrling it ^h'e jslpse of tlhe line. It is^^ 
in'fact} the.oratip- of the i*is^ i:o the horizontal ."distam^W^fo^ the line. Let 'A * 



haV6?1^e^cOofdiaates (a,,8f^) and(>the coordinates b, ,b 



,b^5. V/e define' 



'V' 




, f 



C:(c^,C2) 




=2 - ^2 



J 



* Notice what' this means in terms of "the ^igurfe. Sinde A, and B are* not oa 
» ■ ' » ' 

< "Qle same vertical line, b. ^ a, .and the denominator of s(A.b) is not zero. '\ • 



■ ■ 'First, s(A,b) = •s:(B,A) since ■ 



bg - ag J a|_ - bg 
^1 - ^ ^'-^l "'^i 



as -oiay be seen 'by multiplying the niamerator and denominator of the .left-hand 



fraction by .-1. .We now need the' following theorem 

It 



Theorem 1. If A, B and.^C are three colljpaear points, no two on t] 
• • • . ' • ^ ' , ^ 

s(A,B) •= s(A,C). ! 



he -same 



vertical line, tbeh 



* \ Proof; Because of the sypmetry of** s, ve may .asi^ume without loss that 
1^2^^ ^2* ^^'^ ^* ^^^^ °^ perpendiculars from B and C res- 

pectively onto the horizontal line through A. Let' the ray AD be perpend ipular. 

to the line ABtt-and ^above it, and let. C have the coordinates (c^.c*). • 
* . 'y^ . ' * "id'..' 

ER?c . ■ r, . •■ ■." - ; 



^ . IfABxs horizontal,* then AC is also. Furthermore a = -b^, = and 

- s(A,b)*c s(A,.C) => 0. Thus the t\ieorem holds in this isase, ^ ^ • 

\, * . • ' ^' , ---^ - ^ ' * * 

Now the point B is either tq the right ^of the ray AD or to the left of 

^ y^it* Ve' consider, tke former ca&ef. and leave the latt^ as a problem., Uhe point 

J. 'A 

. C may»be above'-fer belQw the hoifi^ontal line through A. Hence we have, two 
_ cases ta consider. ^ . • 

iFirsi'j^ suppo^^ B is to the right' of AD and C is above the horizontal 

\* * ^ VT • ** - * * . * * r ^ . 

, r line tfrirough, A. '-Th^, since we have taken B also to be ^ove the line AB',- 



we have 



C >'a^, c^ .> a, 

f . ^ 



^ Furthermore, ^since BC inters^ts AD in;\he point A, ,,then B and C are the 
6ame side of AD and hence G ag ve-il-as.B is to the riglit of AD. This means 
* - •* * ^ • \ • 



This implies theyjjf oLlowing equalities: ■ • 
^Vr - ' * ■ B«B-= b^ - a^, "ab» = b^ - a^,^C«C ^ - a^, AC« = - a^. 



' /-Now the triangles AB'B and AC^^C«a^e similar for an'glB A is common, 

angles AB'B -and AC'C" are "right angles aricl the th'ird angfes are congruent. 

» . ' • , *\ ' . * ' ^. ' * * 

sinc^ the sum of tlje measures of the])angles of a* triangle is l8o. Thus 

/ ^ , ' I. , , ' .AC^ " 5b5" • " 

Using ^ the e^cpresslops above for the distances, we see that this equality is 
• ' 'equivalent^fto: * .* .* ' . • 

Now^the rigj^i side is,;s(A,B) and the lef t ^ts s{A,C). Hence our proof is 
complete for this case. ' » ' * • 



.line through A,, Then , / ^ 



Second7 "^uppo3e B is to the ri^ht of AD and C is below the hbrizontai * 



, > and < a^' . 
• - ^ * • ? 

Tin this case B and Q are on.opposile sides of AD^ and hence .C is bo the left 
of AD and . • . ' , 

Th'en B*B 4nd AB* have the same values in terms of the coordinates as before 
< •• . 

, andS . ; ' ' 



CC» = a^ - c^, AC - \ - 

However^ the ratio'^^ is the same as before and ve have again 

s(A,b) = s(A,C). 1 • • 

/ Thus our proof is complete for' the case in which 3 i$ to the i*ight of * 
the line AD. As we Qotedlabovej we leave the other possibility as a problem. 
To cor^plete our 'discussion we ^qw prove a converse of Theorem 1. 
' ^ Theorem 2. If s(A,b) = s{k,0)^ then the points A^, £ and C are collinear. 

Proof: Using the oan^' -notation as for the previous theorem^ let\]!*\be* the 
^*point of intersection of the lipe CC» i#ith AB. Theh^ by Theorem 1^ 

• , ^(A,B^ = s(A,C"), . . - - 

' ' - * ' ^\ 

and by the hypothesis of this theorem 

r ^ , s(A,b) ^ s(A,C). • , V ' 
^ Hence ' * > 
' '. . _ s(A,C) = s(A,C"). ■ ' ' ."' 

* * 

Since C is c?n the vertical ^line through C, its first coordinate is the , 
same as tJiat'nOf 0, namely c^. Call Cg»_^its second, coordinate. Then the last, 
equfality can.be written 
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This implies = c^' ani^^epce C =j>C" which eomoletes' the proof. 



\ Problem ' * ' 

^ ^ Prov^T^eorein'l f ^r. the case in which the point B,is tq the left of 
the ]4ine AlJ. • 



A- 



i'^ic -Soj^ation , rx + sy'+ t = 0.* . 

m . 

Here 'e ai?6ume that r, are i:eal numbers and not both r .and g 

are zero. need to shov that all points .(x,y) .-hose coordinates :sa>Lsfy • 
thi5 equation lie on a straight line and- that .eveay point on this sti-aigfet 
• .^line has coordinates which satisTy the eqJ«tion.- In other-Ws, ve want to 
^ sT.ov that the set of -points ix,y} whose coordinates satisf.y the equation i£ 
• the s.et of ^points on a Straight line. * ' ■ '* . 

, _ coordinates satisfy the equation is the set T)f "points on a straight line. 

First suppose p is a line which is not perpendicular"" to the\-axis. 
- ^It h|s a slope which we may callv ru.'; Let (a,b) be some point on this line. , 
jThen for all points (x,y) on this, line the slope is; . , ' ' 



This equation is equd valient to 



- b) 



^/ - b = m(x - a) 



. ^ ' y mx + (ma -* b) = 0,' ' 

ERIC - ■ , • 



/ . 



' > : ^ 

• if X ^ a and is satisfied by th^ pair (a, b). This' is tl}^e' fonn of the giyed 
* equation, where s Al, r = -m and t = ma - t>* ^ Hence. we have shown .that every 
point ok the , line p has coofdiriates which satisfy the 'equation. , • 

Conversely suppose (x,y)»is'a point ^whose coordinates satisfy the equation 
rx + sy + t f 0 and consider the' case when jf 0. 'Then^ this equation is 



y ^ (- i)x 4- = 0. 
^ Ws' S , / 

Lf we*le/i m*= - ~ and ^ = -c, the equation becomes ^ . ! ' ^ ' 




y = mx + c 



which/jnay be writteja- i^ " ^\ - m* Thus for all p6ints whose coord^Lnates * 
/ ' , (x - 0) ' ^ ^ (SJ 

satife'lfy trie eaj^a-tiof^ the slope of tte line connecting (x,y)' with (0,c) is 

» •* 

the same'. Thuj the "^1^ pointfe Is a line. » 

, Finally ^we "need to consid^er the case when s = 0. jThen the equation 
rx + s^f +^ t = 0 reduces to rx + t = 0. Then if r ^ 0, this is equivalent to * 

* ; , t • O 7 « • 

•This *xs a s'traight Ane parallel to the y-axis inhere every point of this :u,ne 

t ' 

' has first coordinate - — . Uonvereely, if a line is parallel to the y-axis * 
it will have an equation x = v which^'again is of the fojon desired. Hence our 
prodf is complete. - « ' 

• * . Reference , • 

■ > 




\ , . * c' Appendix 5 » . < ^ > " 

\ MOEULAft ARITHMETIC 

• \ • 

1. \ TUe> : Nuir.ber : System Modulo Twelve . 

\ * . ^ ' ^ ' ' ' 

\Jiere we gjfve briefly two examples of number systems which are q,uite* differ- 

\ . • ' ' ' 

ent from^ariy, -studied^ elsewhere in this book, 'though they have many properties 

in «ommo\i with the fai;iiliar number systems. An important difference is that 
each contains only a" limited number of^elemehts but we shall discover some other 
difference- a*s wei^l. ^Notice that* we herej/ri.fe of number systems - not numeral 
systems. The difference "is, not a martiter of notation as in Chapter I. 

' On the facH^ of ^ many' clocks only t^ natural num^s fr6m'l to 12 in^usive 
appear. Each hour of the day is one of these numbers • Four hours after eleven 
, iS^hreei -Wo^ matter how many houf's we add to a given hour, oui;, answer »is, one 
^ of 'the nmftberfe.of the set from 1 through 12 inclusive.. So we shall consider 

a number 'System,. S, <:ontaining Just "twelve numbers: 1, 2* 3, 12 with a 

— * • 

different kin^ of ^addition and multiplication. In this ^system 

^ ' . / /ll + }^ =j; 7 + 8% 3r9 + 7 = 

The sum of tyb numbers oT, S is again a^member of S. We get th^.-aum in this, 
system by' adding in the set of intege^fe, dividing by 1§ and writing th^ re- • 
-^^^nder as the sum in this^ system. We call this the ' number sy^t^yi modulo 12. - 
The addition table is easily constructed as f^iiows: \ • " - 



I 



Addition modulo 12 



f 



.231+5 

> 

3 -^Z 5 ' '6 



. 1 
2 
3 



7 . 
^ 8 

10 

11 



6 ^7 8 9 

7 ' -8 9 10 
.8 9 . 10 * 11 

\9 , UO; 3^ 12 

10 ,12 ^ 1 ' 

11 ' 12 1 '2 
.12 1 ,2:3" 

1 2.3''^. 







7' 


0 

0 


9 


10 


. 11. 


12 


6 


*• 7 


8 




0 


10 


11 ' 


_JL2 


1 


7 ' 


8 


9 


.10 


11 


12 


1 


. 2 


8 




10 


li 


12 


1 


2 




9 




11' 


12 


' 1 


2 


3" , 




















10 


11 


12 


1 


2" 


3 


5 " 


11 


'12 


1 ^ 


2 


3 


k 


5 


. 6' 


'-•12 


• 1 


2 ^ 


'3 






6. 


r 




0 
c 




1, 


> 




I 


Q 
0 


! 2' 
3 


3 


k 

■ L. 

.5 


5 


6 


7 - 

8' 


'8 

9 


9 

\ 10 


li 


5 


6 


7 


8 . 


'9, 


' 10 \ 


11. 


5^ 


S 


7 


8' 


'■9* 


10 


11 


12*' 



This .system satisfied <>he usual i^roperties /or addition: 

1. Closure.' (The- sum of' two ntuhbers in S is in*S.) 

2. Commutativity.* (Since a + ^ = b ,+ a, the remainders w}4€R\ these two. 
numbers are ^ divided by 12 -ar^ the-'$ame,) ' 

* • *. V • ' ^ 

3. Associativity • (We assume this, thotigh it is not'iiard to^^ove). 
Existence of'^an i^eptity element. Here' th§ additive identity is 

X2 because 12 + a = a^-'-'= a + 15»^ (We could make the analogy closer/ 
by replacing 12 by oO > o^' * ' * ^ -* 

5. Eb^istence of an additive inverse.* If a is a 'number thaji 12 - a 
is also 'a number of S and it is the additive inverse because * " 

(12 a) a = 12, . . ^ ^ ' 

' ^* '> . , ' ' \ . 

"which is the additive identity. - \ , ^ > ^ 



2 Od.- 



We can summarize this by saying- that the set of nmbers modulo" 12 forms 
an abelian group under addition ^ * • (See Sectibff ) ^ 
. '^r? ^^.^ define multipiicatioB in the system modulo 12 ♦ - 'To^fihd a ^ 

pr^)atict^ii5>-t5W sy.stem, ye first^fi'nd t^e product in the set of 'integers anci ' 
call the product modulo 12, the remainder yhen the ordinary product \s divided 
W 12 . For iiistance 1 • 8r= ^ in the system modulo 12 because 7 * 8 = 56 and 
>. the remainder when 56 is divided by 12 is 8. Bj^mearls^of this definition, 
the product* of any pair of numbers of S is again a member oi* Here t^e 
multiplication table is:^ ' ' • 



Multiplication modulo 12 





f • 










- 












* ■' - ' * 


X, 


1 


2 


3 


k 


5 


6 


7 ■ 


8 


9 ' 


10 


11^., -12 




1 


.1 


2 




k 


5 . 


6. 


7, 


.8 • 


9 ' 


10 


11 


12 


2 


• \2 


• k 


' ^. 


8 


10 


12 


• 2 


' k 


6 


8 








3' 


6: 


; 9 


12 


3 


6 


f.? 


'7 


3 


6 


9 


12 






I 


8 


12 


\' 


8 . 


12 








• ^ \ 


8 


12 


' . 5 . 


5 


10 


■ 3~ 


8 


1 


6 






9 


2 


7 


12 


6 


6 ' 


12 


6 


12 


6 


■ 12 


6 


'12 


..6 


12 


6 


12 _ 


?• 


7 


2 


9 




11 


6 


1 


\8 ■ 


3 


10 


5- 


12 


; ■ 


8 


8 


i*. 
6 


- 12 ■ 


8 


h \ 


12 


8 ■ 


li ■ 


12 


8 


it- 


12* 




? 


9 


I ■ 


12 


9 


6 


3 


12 


•9 


•.6 


3' 


18 


, i 


10 


10 


8 


- 6' 






.12 • 


10-' 


.8 


6 ' 


If 


-2 


12; 




11 


11 ' 


10, 


9: . 


8\ 


7 ' 


6 


i 


1* 


P 

y' 


2 


1 






12 

i\ 


12' 


12' 


^ 12 


12 


12 


12 


12 • 


12 , 


12. 


^12 


12 




• 



























It is ^asy to verify that, niij^plication' also has the fir^t four j)ro- " 
perties which we^ listed for addition. Here the multiplicative ideiltity is 

1. ^But when it comes' to a multiplicative inverse j^j^run into trouble . *We 

can see from the table that 'no multiple, of 8 is i (there U np 1 in the &'row) 

-and hence 8 has no multipli'cative inverse..' To .consider tfie general case, \ ^' 

ERiC ; ^ ^OG ^ '\ 



\ 

suppose B number, b 4n S ]^s a multxplioative inverse. Then .for some integers 
X and -^,e must have 



^. - ^ ""^ bx = 12y + 1 . . , . . 

This.i's equivJilenfto ^ - ' . . • • 

% . " • . - 

, • ^bx - lay =.1. , . .... 

• ■ > / - ' .- . • ' 

Let g denote the g.c.f» of. b and 12. By. Section k.^^ x . -and 1y 

integers iisplies that g is a factor o^l. Hence unless, g ^ 1 the equation. 

• has 'no solution.- On the other Miand, if g = 1; Theorem k of Section h.h shows 
''^hat tSere is a' solution. Thus^, for this system, t£e only ^lumbers which have 

multiplicative inyei;ses are those having no factors greater than 1 in common 

' : - ^. 

with 12, thai is:' ' '"^ ^ ■ , ^ . _ * ^ . ' 

' ' ^' . ' . t/11.' . > • ' 

This can also be^ verified from the table. ' -> 

KQtice that .from the table, 12a ^ 12. for all ^umbeTrs a of S. Thus 1^ 
has another property of zero. The reacfer nnay discover m^ny interesting pro- 
perties of this table. , • ^ % * 

• ^ • The Number System Modulo Seven - ' *• . ' 

» V . - • 

Another ' e^iample of a finite number*^ system is given by the seven, day § of . 
the^'week. If we number them: \ ' r . ^. 

■- •'. p,-i, 2, 3, 3, 6, 

^t;ere 0 corresponds to Sund^ay^j 1 to Monday, (stc, tRen, .since Tuesd^ J^s. 
thre^ days after Saturday,^ wel have ' i • ; * ' 



6 + 3=2,- 



Here^'ye fin4 the sum by taking the? remainder after dividing by seven^ As 
above we can construct the a^ition^nO: multiplication tables as follows: 



^ • ' .AC- 



, Addition Modulo' 7 









•1 


2 ■ 


3 


k 


5 


6 


*— • 


0 


0 


1 


2 


J 






D 




1 


i 


3 ■ 


'3 




'5 




0 






















2 




3 


" 4 




6 


• 0 


1 




. 3 




. h 


5 


6 


0 


1 


2 
























It 


"5 




0 


1 


' 2 


3 




5 . 


5 


6 ■ 


i 0 


1 


2 


. 3 


h 




' 6 

0 


6 


0 


1 


^ 2 


3. 


h 


5 




0 

,1 

2 

'3 

5 
6 



-0,* 1 



Multiplication Kodulo 7 



0. 

0 

0 

t) 
N 

0 
0 
-.0 



.0 *^ 0. 



1 

2 
3 

6 



2' 

6 



0 . 

6 

• 2 



1 f 



3 
5 



1 

1+ 



G 

1 
i 

5 
2 
6 



0- 
5 
■'3 
1 
6 
k 



3- 2 



6. 



0 
6' 
5 

3 
2 
1 



Jyst as before we can see .that the set of numb^ T, modulo 7, has the 
properties of addii:ion which make it an Abelian group. And also the first 
four properties hold for multiplication foil the system modulo 12, ^But 
then Ihere is a'^fundamental "d-^fference, Supi^ose, as before, that b is an 
element o^T; then it will have a multiplicative inverse if and only if 



bx f 7y+ 1 



is^ splvafcle/' O^is equation -equivalent to 



Here i is fhe g,c.f, of b and 7 unless 1? = 0, because ?• is a^priiie number^y 



All. thfe ^natural nun^er*; less than 7* satisfy the required condition , So f oif 
this niimber s;>\stem we have a multiplicative inverse except for zero,^ Foi* - , 



both these systems, the distributive property hoVds. T^ius the numbei^^yptem 
mod\ilo i-is a field (see Section 7*9)» 



3. Conclusion. * - / > , - 

It is easy to see from the above that the nui^^er systera|fmodulo fifi-^forJiis 
a^ field if, and qnl^if m is 'a prime number. m 'is composite/ ve.no\onIy 

• • / • . 

fail to ha^e a multiplicative inverse in many /cases, b^t we also have prpdue^s 
of two non-^ero numbers eauai to zero. For inotance, in tbe".sys)^em modulo IZ, 
o • =; 0*. ^Ihus the number- system modulo 12,- does not even form an integral 
domair^ ^Uee* Section 7.6). Thus, it appears titat a number $yst>m modulo m, is 
not an integral domain unless it is a field. , :Et^^urns out^t9^be trug that - 
every integral domain wi,th a finite number of elements ig a field. 



It can also be shown 



'^at 



If F is a field with a finite number of 



elements then* the number of elements in F is a power of a prime number,^ " y 

However, it should be noted that ,-£^^ numbers modulo m where ^ m =.p^ for 

instance, p a« prime number, ie not a 'field since in this system the number 

-/ 

^p';^]5jas.np>.»mi£Ltipii^ativ€'liireYse-» One ]ias 'to use 8u^ iff ^i^eiitWl}hod*r>f ^ 
^construction when m is a _pc^rer of a prime 'humter but not L prime number. 
This method may be foim^' in' some of the ref ei-encjeS' below, ■ . - 
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Answers to Problems 



■^-Section 2.7 



— — -. — ■ — ^ -1 ' 

1^. The firs"^ card vill contain those numbers whose last.di^t in the binary 

system is l,*that is, the -odd numbers: 1, 5^ 7, 29, 31* The 

second , card will cojatain'those whose next to' the last digit is ll Thus ' * • 

^ ♦ 

the binary .representation will be of the form: abcld where the letters ^ ^ 

* l^.''^ 2 * 

a, b, c, d are arbitrary. This .number is: a(two) + b(twoy + c(two) + 

l(t*o) where each of a, b,' c, d is either 1 or 0* Thus the number 

"Wkill be some multiple of \ plus 2 plus either zeroT or 1* In other words 

/^e numbei^^bn the second ^^ji^c^^ will be ^"bf the/^orm: hn + 2 + d , where ^ ^ 

d = 0 or 1 . That^ds, the form must be 4n + 2 or- i^-n + So on the ,^ , 

second card the nu^ens will be^; 2, 3; 6, T; 10, H; 1^, 15/l8, 19; , 

22, 23; 26, 27; 30^*^31 where .the first two are ¥^r n p 0, the second two 

for n = 1, etc^ ' \l . - - 

The third card will contain those whose third from the last digit I'S 1 • . ^ 

that is those numbers of the form: * - • 

" ^ . i . . _ ^c, 

where e is a number between 0 and 3 inclusi»ve: thus the numbers** 

* t ^ . : - • • * » • 

8ri "+ h, 8ii + 5, 8n + 6, 8n + 7* ' ' j 

Here the nmb^rs will be: ^ ' ^ ' * 

^, y> 6, 7; 12, ^3, i^, 15;/ 20, 21, 22, 23; 28', 29, 30, 31 / ^ 
^ where again the' grouping ^ is according to the value of 

The fourth card will contain the numbers ^ which, in the binary system . ^ 

have second digit 1, that is those of the form l6n + 8 + f where is ^ 

a number M^etween 0 and 7 inclusive, that^is, those 9f the forms: 

^ - . 

— » - ^ 215 ' ' * : r 
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^\<^46n+8, i6ti'+9^ lj5n,tia,*l6n"H.5l^l6n +12, i6n+'13, l6n +aU>, i6n + 15. 
r Here the numbers will be then: *> > 

8/9,^0, U, 12, 13, Ih, 15 } 2k, 25; 26/27> ^8, 29,^30, 3ll*^ 
Finally, the fifth card will contain the numbers -from 16 to 3I .inclusive. 

If one is* to weigh one ounce^ Jie must have a weight of 1 ouhce, and for 
♦\ ' . ' . ^ 

* twp he must have a weij-ght of two ounces- Nov, by combining the tw(3^he , 

can weigh three ounaes. He needs a four-^unce weight and with this he 

'can i)y various c6mbinations weigh 'U, 5^ 6, 7 o\inces. He needs an eight 

. ounce weight and with this he can weigh up to I5 ounces. So this may be 



continued. Weights are needed 'for the powers of 2; for a given weight 

na: 



) V . ' 

those which are used correspond to the digit 1 in the binary system. 



much the same as in the problem above. 

♦ , ♦ ' 

_ * ' 1 * - * * 

3.* Th^-* weights^flthe cups will be — , 1, 2, 8 ounces respectively. These 

: ^ - ^ ^ r ' ' . ' ' " . " 

together with the innermost weight wiri;^suf f ice to weigh all multiples of 

one-half, up bq and * including 16 ounces, that is, one pound.- 



- ^ ^ - / ^ Section 3.2 „ " 

1. *^ Suppose r > s and t > s, the fourth case. ^Then if r > t, t is between 

r and s. If t >*¥^, then r is between t and s. < 

2. Since a is between b and ^ c, tjien either 

i) b < *a < c or ' ii) c < a' < b'. ' 

• * . 

i * * SinQf^' c is ^'between a» and d, tiien ei-thei^ ; - ; 

' ' , iii)*a < c < d ' - * or v r iv) d < c < a.^ 

. ( ' ■ ■ • . . ■ ; " ^ ^ 

\rhus if c < a, conditions ii,) and iv) must hold and d < c < a < b. If 



c > a, condition^ i) and iii) hold and b<a<^<d. In both cases 
and c 'are 'between d and* b by the transitive proper^; , 



a 



3. By the definitions we have: * • ' . \ . 

A R B and A R C; B R d and B R D; C R A and C R D. 
This cpntradicts ?roperty 1 of an orde^^ relationship since ARC and » 

^ (?R A. Between A and C there ai*e tv(3 elements, B and D; between B and 

• ^ • _ . . . J ^ . 

A there are C aAd D. Similarly we have such relationships for all: 'patrsr. 

Hence this set has the property of betweenness as defined above>» It is 
also dense because between any twp there is a third. 
• ♦ 

Section. 3.3, ' * • ^ 

*If elenient is* in A but not yi B, It is counted_^on«e on -both sides of 

* . _ ► '« . 

the equation given. If an element i%.in both A and B it is .counted twice 

P\ ^ 

on both sides. Hence the equality holds. 

^ ^ : ^ * " ' \ , * . 

2. One interpretation would be: if ^(A) = n(C) then , 
^ ^ ♦ n{A> + n(B) = n(c) n(B) . ^ ^ 

y,. Consider* the arrays • ' ^ 

( ) (..'.'^'.) ' (.:.-'..) / ■ • 

where the nmber of dots in the respective ai'rays is a, b and c« The 

\ associative property of stdditiON^is illustrated by the fact that we ijiay 

- ' ' , <*'•'** 

Qount first the number of dots in the first two arrays aVid then^'ofcipse in 
. vthC' last, 'or j^e-^ay count the number of dots in the last two^and add this 



to the number of^^ts in the first'. 'l^^6^th lia's^&S?^^' l^-^e^th^ same 
number of dots. - 7 - - 



. ' - ' Section 3*5 



1.. 1) at^^+ c = ab + ac would imply c = ac* ■ (We are here using the can- 
cellation property in Section g.? but this property i& familiar .to 



/ 



you.) Nov c'=: ac if p 0. Otherv/ise a must be equal to 1. 
.Hence the only two possibilA-tics ai^: c = 0 or a = 1 or both. 

2) (ab)(ac) = a(b(ac)) ~ a((ac)b) = (a(ac))b = ((a^)c)b ^ a^Coh) using " 
/the'*commutative and associative propertie"fe for multiplication. Then 
' a (be) will be eguai to a(bc) if a = 0 or a = 1 6r ;dc = 0. > 

3) (ab) + (ca) = (ab) ^ (ac) = a(b + c) by the commutative and distri- 
butive propert-'es for all values of a,-b and c. * 

' • V 

2. For the proof ve may start with the^ieft side of the equation: 

a"(o + c = a(b+c + d) where the underline ind icates ^that b + c is 
^ ^ ^ ' , • f 

to be thought of as sin^l^ nam:.er, usin^. the associative property for 
\addition. TKen a( b, +' c + d) <i a(b + c) > ed by the distributive property. 
Using this property again ve have (ab + ac) ^ ad.^. ISy tJie associative . ' 
property this is equal to ab + ac + ad. . * 

3... -Now- 23 *^1S^= (20 t 3) (70 +^8) - T20 + 3)70 +/(20 ^- 3)8 = 20- 76 3-70 
+ ♦ 8 + 3 . 3, using the distributive property twice, and the associative 
^property for addition. This' then is equal tg: 

lUOO + 210 + 160 + 2k. ' \ . ' 

By the decimal notation "^nd the commutative property tbis is equal to: 

. . ^ 1^00 + 200 + 100 + 10 + 60 4* 20 *+ 
Using ^the distributive property we have 

(lU + 2 + l)(l00/'+ (1 + 6 + 2)10 + U 
which .is VI9h^ For the product 78 • 23 the orcier of numbers in each pro- 
] ; ; ; , > 'duct is.myexssdLa. !_J . ♦ / - . 



4. Dividing by 7^;then by 11 and finally by 1^ i^ e^ivalent to dividing by 




_~:-^^.„.3a7^327 - .327,000 + 321 = 327(1000) + M" - 1 - 327(1090 = 327 • 1001: V 

^ ^ . . The sam§o^^^d|J^(| loj- jthe -nuinber dbc, abc. ^ ' 



4 



♦ ^ Section 3.6 ' ^ 

If b > then b = c + x for some counting number x. Then b - c = x. 
But, by the velli-def ined property foe multiplication/ b = c + x implies' 
ba = ca + xa which gi-vefe us X)n the one «hand that 

I . . , 

I . ba - ca =. xa . , 

and 'on thfe oth^r that ^(b - c)a=:xa, ^ ' % 

Let i2 - c = x;|we know that x is a counting number. Then 

a + (.b--c)=a+x 
6y the well^efined propert;>^ for addition^ Now., x + c = b. Hence 

a + (t.*-c)+. c='a+x+'g = atb, . ^ i 

Hence, if we add c to a + (b - c) we ^et a + b. This means thht 

a + (b - c) nrust- be equal to* (a+b)-c.* 

J! 



Here the equality is not;true, f6r let a 5,-b = 3', c =; !• Then 
a - (b + c,) = 5 -jU + 1) = 5 - ^ = 1 while 

^ , ta - b) + c = 6 - 3) ^ 1 = 2 +'1^= 3 / 



Section 3*7 



Here ca = cb implies ca - cb- = 0, that, is 



^. c(a - b)^= 0/ 
But the product of two whole numbers can be zero only if one is ze 



Hence c^ = 0 or a -.b = 0. ' Thus, if c / 0, a Is b. 



f 



Section 3.8 

= c{^y = —/ while, •^'=*^* These two fractions will .be -equivalent, 

only / * • ' ^ * ^ J. , • '^ . ^ ■ * ^ ^ >-f*. ' ' . J t ^. 

(ca)(ba) = .be/ 



thet^ is 



a^(bc) = (be). 



Thus the equality will hold only if be - 0 or a =1.) For instance, one 
. ^ set of values for ''-^htch the equality does not hold is c = 12/ b = 6, 
a = 2, Here the left side is equal to k and \he right to l.\ 

•* 

• * c c C^a + be) * ' * 

2.* Here slr^ce ^ ~ — "^^b^ — ^ fractions are -f^tiivalent oiily if . 

^ abc = (b^+ a^(ca f^l5o) = abc + a c + b c at>c, 

. S-ince all the let^ifers &-tand for vholc numbers,^ tl^e only ^possibility for ^ 

' , 2 2 ' • . 

equality is that a b.c ^n,d abc are all zero» This w-ill happen if 

^ c is zero or if both a and b are zero. One exanrple of inequality 

f , ■ , ' . - 1 = ^ " 

is for a = .b = c'= 1 when ^e left side is equal ta ^ and the right ^to 

•2. . If . a = 0 or b = ot tlae ^iven fractions have no meaning. * ' ^ 

Y / ■ . ^ _ ' ' ■ 

3» This eiiuality holds for all numbers by the distributive property: 



^ ^ * • a a 'a' 'a' ^ a , ^ 

U. Heye let c - b' ^ x, a whole nun^ber. ^Th'^s meatis that c - b + x. Thus 
0 ^ = — + —'and " - The previous equality then shows 



' ^ ' fcx c ' X 'C* 

th,at if we add — to — we get — which means that — is e'qual>fcto '-r - * , 
*^ aa, a, a ^ a ' a > 

.i 



a 



Section 3,9, ' ^ . 

- I }J:/^ ' ' 

Tbfe^inequality a + c < t + c iniplrf^the existence of a counting number 
^ si^ch that (a + c) +\ « Vi*!.?^"' '^^^en, from the 'associative and coiranu- 
tative properties: (a + x) + o = b f c. The cariceUa^ion property for 
addition shows us that a>^= b vhicJ-Aas equivalent to*a < b. 

Here an indir^cj^^-^iroif se^fis^'^tter ;"^We kjiow thai if a < b is false 
then one of tw^^j^rfligs^an "happen: a = I or a >,b. In the former case 
ac = be and in the latter ac > Lc. Each uf these denies ac '<^bc^ Hence 
a < \ cannot bo false, thus is true. The same kind of argument could 
have been used in the solution of Problem 1. ' ' . 



: , Section K*'^ ^ ^' - 

i ^ f ' ' 

.S^ippos« in b = cq + b ^pS,Y^6/ ar^ e^sunting >nuinbers^ q -is a whole 

niomber and r is a whole number less tharj" 'e. Then the /point cdrres- 

ponding to b on the number line wj.li be beiveen >^^ai corresponding to 

cq and c(q-+ l) In fact it will b^'^'r units to the right oT cq. 

Graphically to detemine q 'and r^.^he tan "lay off" the number of 

units corresponding to c_a^n atkl^agavi until ha2£d„a pointJLo -the' 

. f 
^^^^^ corresponding >^ b. Tne multiple before that wilj. give 

^the number^ q and r will be b cq^. If ^b " is ^ a multjl^le of c, of 

course r will ^ be zero. 

* . * ' ' ' 

-Property 1:. r a factor of s' implied' rx = s for a counting number' x. 
Also^^ s a faptor of r implies sy =^r-for some counting number y. 
Then, by the well-jel'ined property fo|:^ multiplication we may replace r 

* ■* fed 

sy in the; equatidh ^ s and haH , ^ \ 

^ • , ' y (sy)x = s. / . 

By the associative -property we then h^ye 



s(yx) =^ s. * * ^ 

Since s is not zero, the cancellation property for multiplication 
implies yx = 1, "It is rather ^obvious that if the product of twp whole 
numbers is 1^ they both must be 1, but we can prove.it using 'the proper- 
ties which have been discussed^ Suppose y / 1. Then y > 2 which implies 
xy > 2x, But X > 1 implies that 2x > 2 by>the well-defined property for~ 
multipli'^ation of inequalities* This means that.yx > 2, which is false. 
Thus y = 1 and x = !• ^ * . ; 

Property 2, Here r a factor of s and s a factor of t 

implies that rx = s and sy = t for counting ni^bers 
x and y. Thus;- (rx)y = t, or r(xy) = t which^ shows 
* * that r is a factor ' ^ 

Property 3» Here rx '= s and ry :s't implies • - 

s + t = rx + ry = r(x + y) " • ' 

st ^ rx • ry = r(rxy)^ 
^J'or the final case, suppose s - t = u. Then rx - i^*= u, and by the 
'Section 3 '6,^ r(x - y) = u which shows that r is a factor of u# 

3. Using the results of this section, we see that, for canting numbers ^ 

and ' y' we^ have:^ x = sg + r, y = r* where r and r* are t?le 

x'emaripders when x and y .are dlvid^ by s. Then 

/ x-'y = sq+r - sq* - = s(q - q*) + (r - rO. • . 

If r = r*, ♦then x - y' = ^(g which shows that :^ -^y.^is divisible' 

♦ ' * » ! 

We can use the same notation 'here as in the p^vious problem. ^But in 
■ this case x - y is giv^n to be a multiple of s^ Then by Property 



above r - r* must be a- multij)le of s. If r > r* then r - r* is a ^hole^ 
* rtxamber Lass^^tHan since r *is less than s. But the only multiple 
^ \ of s which is le^s^ than s is zero; hence in this case r - r*.= 0^ or 
r = r* . If r < the same argument can be given. ' This completes l^he^r- 



pi-oof.' • • " " ■ ' . ' ' Mi^^ 

•- 222 • • ■ . 
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^ ' ^ Section if -3 

Mere it is perhaps more instructive t^ consider the generaL*^case in 
terras of letter's s Suppose n is, a counting number wbicrh Is equal to the 
.product of' two counting numbers t and u. Let r be the square, root of 'n, 
that 'is, the number ''(we assume the exisfbnce of. such a number*) so that r^ = n. 
We caiTshow that if t > r, then u < r, in other words, if n ' has a prime* 
factor greater than r, it ,has one less than r, T.o prove this suppose 

, t > r and u > 3;, * - * . 

Then tu'> r • r = n which^ contradicts tu = n, ^ Thus if. t > r, u < r and ii> t 
IS a prime number, u is* either a prime less than r or has a prime factor 
less than r. This means that if .we are searching for prime factors of a 



given number we need only look as far as the square rcx)t of the number. In 
the case of ^501, 6?^ < U5OI and 68^ > h'^Ol., Hence if 1+501 has no prime 
factor less -than 68 it is a prime number. 



\ Section k.h ' , 

1. Given two sets, A'and B. There is one common subset which any pair of 
sets has, the empty set, or null set. Hence two sets having no^ elements . 
in common is the situatipn which corresponds to two number^ having .only 

the common factor 1, ' * • I 

\ 

2. The same argument holds here as for the usual euclidean algorithm, 'Any 

common factor of ^ 299 and 2,21 will be a factor of 78, any common ^factor 

of 221 and wil^ be a factor of 13, ^Conversely, I3 is a factor 6f 7^. 
'1 ' ' ^ * 

and, by the second equation, is a factor of ,221; by the first equation it 

is also a factor of 299, ^ ^ * . 

- * - /. 
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3. Here the calculation is: 
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.55 


+ 


3h 






1 




+ 


21 




= 


1 . 


21 


+ 


y 


21 


= 
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13 
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- 13 
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' 8 
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- 
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• 5 
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3 


5 
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• 3 
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3 




1 


, 2 


+ 


1 


2 




1 


-1 


4- 


1 



Here ell the quotients are 1. This means ^that the process is as long as > 
*^it can be for th^ size of the number^ involved. . ^ *• 

j+^j^Si^qse^ _g divides a and b. Then by the divisibility properties, g 

divides r.' Conversely if g divides r and »it divides a. Hence 

the common factors of. a and b are the same a^ i^he common factors of 

b ^nd 'r. This shows that the g.c.f. is the same for both. Hence, in 

the process of the eucli^ean algbrithm,** the g.c.f. of the dividend and 

divisor is the same in all the equations. Hence in the last' step, the 

J -t 

, ^ .di^^isoi;:^ i's the g.c.f. and. hence is the "g.c.f. of all pairs, including the 

f 

original pair of^ integers . 

5« If g is the g.c.f. of and b, then we might write a = ga* and 

' , b = gb'*, whe^re, by Theorem 2 of this section*, ^ is thq g.c*f* &f a* .and 
. ' \ , 

b*. -Then t.he following three equations are equivalent: \ , 

' • ' . *, ■• - ■ I 

ax* + by = g, ga'x + gb'y = g, - 6*x -f-^b^y = 1 _ 
and the last equation 'is solvable lKi integers by Theorem ' ' 



;^ ERjC 



e2k 



'9.. 9 9 

^ 'C* jij 



* ' ' / . 

JThe l^c.m. for^jbwo rito})ers c^.be considered to correspond to the Tin ion 

vbf two s€?,ts. The unipn is th,e smallest set which includes both* 

Using the zero exponents ^as i^'tHijs section we see- that 

'525 ',lf'^5r=-f3 • 5JJ7 "-11^)(3- 5 . 7° • 11) 
^d * ' . ': 

(g.c.frR (-l;c^,mO^^?'- 5 5^7^ • 11^'- 3^-5^; 7 • 11- - • 
For the second equation we have just a rearrangement^ of the. exponents. 
For tlie first part, that is*,- the g;'*^,f we use the smaller of the two ^ 
f exponents for each prime^nd for the second part, that is, the l.c.m.V 

" X. ' " *■ 

we use the larger r 'TrDm--t hi s_it can be seen that the two products will 
be always the same... - — . ^ 

To shorten. the process v.e ^ould find the g.c.f, of and W"^^ by 
* the euclidean algorithm. Then divide this g,c,f,, I5, into each of the 
numbers, having: ^ , - • 

- ' -525 = 15.- 35^ and i|ii55 = 15 • 297* ^ • 

Then, using the above result, we have , * ' ? ' 

525 -^4115^= (15 •35)(l6-297) = (g-c'fOd'c.mO 
= 15(l.c,m,)l( \ 
This imples that the* l.c.m, isijeqhal.to J* 

15 • 3^ • 29?^ ' . 
From this point .we can proceed as above. Doing; it this way we do not 
need tb factor any of the numbers involved. . . ^ ' 

It may be verified that 3 is a common factor of 23,082 and 155,925. 
Since the second is divisible by 9 but not the first (we couJ.d use results 
of the next section here) 3 is the highest power 0/ this number which 0 
divides both. Loojcing at the factorization of 155,925 we see that tfig., 
only othej^, possibj-e priitie common factors are 5,, 7 and 11^ with 5 easily 
excluded. Now ^ - - 

^ ' ' '23;o82 ='71-297 +.:57-35. > . ^ . . 



The number ^ divides the second term on the right but not the first, 
while 11 divides 'the first but not the second • Hence neither 7 noi* 11 
. cin divide 23/682 • This shows that 3 is the g/c,f • of the numbers 
23,082 and 155,925. ' ' ' - ^- . . -^^ 

If*bell A rings every m3,nutes-j it will ring at .times 12t minutes after 
* ' / • 

. noon ^ for any whole fiumber value pf t% Similarly bell B will riilg every 
15u minuteS^^ter noon. If th^y ring .together we would have 

.12t = 15u, ' ' ' V, 

that is, * ^ • • ' 

I 

' This means that t ,jiiust be divisible by 5 ^and the least such counting 
Avunber t' is 5 itself, *Hence they will both ring together 12 •J = 60 
minutes after noon, that is^ first at one-o'clock .a^idleach hour thereafter, 

T^or~T:hx$y-4isijagjbhe same no*tatiq.n, bell A will Ving at 12 1 J^inute6 after* 




noon and bell B,15u + 1. Then the equ 

^2t = 1511 + i. 

This is impossible be'cause 12t - 15u is divisible by 3 but 1 is not. 
Hence the bells will never ring i^ogether, Tb-ere is a further question . * 
in this ca^. Suppose bobh bells ring together at noon and each at 
'regular^ i-«terva Is thereafter, ^In all cases, will they ring together again 
sometime? 

Replacing 15 by ^g5. would give the equation • ' ~ - - ^> ■ 

^ * . 12t ='35^ +:1. 

This equation i^ equivalent to 

12t - 35u = 1. — w 

By Theorem h of Section k,k this^has solutions. It can be seen by trial 
that one solutipn is t = 3, = ^* ' ' - ^' 
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To find the other possibilities consider the two equations: 
' ' 12t - 35u = 1 

12 - 3 - 35 = 1. 
Subtracting, the second from the first we have 

' ' . 12(t - 3) -.35(u - 1) = 0 

which is equiveXent to • * • 

' ,12(t - 3) = 35(u - 1). 
3irtce 1 is the g.c.f. of 12 and 35; .t -3 must be ^divisible by*35, that 



'is 



0 



, * - 3 = 35n. - 
Replacing t - 3 by 35n we have 

12 • 35n = 35(u - l) • , 

or / , ^ - ' 

' T 
^ I - 

12n = u - I. ' ^ 
•Combining these iiesults we have" 

t = 3 •+ 35n, u = 1 + 12n. 
When-n = aweliave the values we started with: t = 3 ^nd u = 1; when 



n = 1 we have the next pair: t =: 38-, u = I3. So we may^ get al6. the 




Suppose the times wjiich bell A ring are an + c minutes -arterno?: 
n = ol 1, 2, and for B the times are bm + d where m = o), 1, 2, . 

Then we consider th^ equality ^ " * - 

^ . ^ an + c ^ bm + d. • 

-If a and b have a g.c.f. greater than 1, it must divide d - c. IX 
is true that in this case there is always an infinity of so^utiojas. 
Proofs of this may be found in books on the- theory of numbers. 



Section 



1. *irhe five digit number abcde denotes 'the following:^ ' * ' 

a(lO ) + b(lO^) + c(lO ) t d(lO) + e. ^ 
This can fee writteij 

a(9999 + 1) t ^(999 + l) ^+ c(99 + 1) + d(9 + l) + e = 
'.9929a -r 999b + 99c + 9d + (a + b + c + (j 4-,^). * 
Thu's the given number differs from (a + b + c + d^+ e) by a multiple of 
9>y^ich means that the remainders when the number and the sum of its 
cR^ts are divided by 9 are the same. (See Problems 3 and k of Section ' 

r 

2. Consider the same five digit number as ^bove except that in the second 1 
line ve. write it in a little different way: 

a(ia^) + b(lO^) + c(lO^) + d(lO) ^+ e = 
, a(;9999 + 1) + b(l001 - i) + c(99 + l),+ d(ll ~ l) + e. 
Our reason for writing it- this way is fhaj^he numbers 99.99, 1001, 99, Ul 
are all multiples-of llM_Thus^ . instep of the *5um of tlte digits we^use 



the expression 



b + ci - d + 



J.t is this which has the same r^nainder when, divided by 11 as the, given] 
nuiaber, / 

est^ writing the numter in another way, As 




a(9999 + 1) + (10b +^c)(99 +'l) + (lOd + e). . 
This differs fifcim a + (lOb + c) + jJlOd* + e*) by a multiple' of 11. / Her^ 



dig/ts 



we add the digits two at a time. For instancey^if the number 'is psW?. 
Then we form the sum: 57-4;^^ + 2 = 83, This means that .the r^in^ers 
are the same when 83 and 23^^57 are dii^ided by li^ ' I 



The remainder when a nyjnber is divided ly 9 depends or^ly on the digits — 
not* on the ordei^ in vhic,h they are vijitten. Thus the two numbers of the 
trJck have' the same remainders when divided by 9. This means that their 
difference is a multiple of 9, th*at is, tfie 'sum of the digits of the 



^difference is a multiple* of 9. This^ knowledge will ailow*one to determine 
the 4nis si ng* digit of Jhe trick unless the sum of ^11 .but one t^»6 out to 

^45^ a multifile of 9j<^^ this cg^se, oipf^ can on^ guess' whettier the missing 
digit is 0 or 9, ** ' * 

The number 3 has the same test for divisibility' sirtce' 10 is 1 more than a 



multiple of 3 as veil as 1 more than a multiple of 9^^^ » 

Since 7 is 6 + 1, it' will have the- same characteristics, for base .6 and 
divisibility as 11 has for baBe lO* ~ , ♦ 



^ IT" r "is "ETTe^Tast digit of a numeral t-o ,the base' 6, Jh.e number will be 



of fh^ form 



9 6n 



+ r 



where n is- a counting number* Thus if one^is to determine by looking at 
r whether* or not there^s (Jivisibilrty, this will be possible only for 
divisors of 6. Thus if r = 0, 2 or h we know 6n + r is even; if r = 0 ^ 
or 3, we know that 6n + r is divisible by 3; if r,= 0 we know that 6n' + r 
is divisitJLe by 6. - 



Section h,8 , , \V ' , 

If n = 1, then-N =^2 +'1 = 3 and N is the next pri»ie after 2. If n ^ 1, 
we hav^V n > 3 ancr thus 





since P^-= ?• Thus 



Hence,- by Bertrand's postulate, there is a prime numbei^s^between -p and 
IT. This shows that N cannot be the (n + l)th |)rime number. * 

*Eaxih of^the ten numbers exhibited is divisible by some' one of the first 
five primes. For instance, n + 7 is divisible by 7 since n\ is. Con- 
'sider a typical memt^^ of the set: ^. . » * _ ^ 



A - • ^ n^r i, 2 < i < 11. / .7 . , ^ < 

Bach i , is divisible by some prime between 2 and 11, n is divisible by"" 
all the ;primes. betweffen 2- and IJL; hence n + i *s divisible by any prime 
'which divides i. Also n + 12 is composite 3ince n is» divisible by 3*. 
This example is more efficient than that given in the sectioia because *— ' 

2 • 3 • 5 • 7 • 11 < in 



Section 4.9 



The set„S does not have the property described in the problem. A fuiida- 

■J \ ■ ' - 

mental reason is that if it did hold, inhere, would be a euclidean algorithm 
and this in turn implies a g.c.f, and tlife fundamental theorem of aritljmetic. 
'.But^a s'iinpD!er way to show that it t^oes not hold is to give an example. Let 
.a.=» 60 and b*= 8. Since 7 is^not in the set^ the largest .q of the set 
for 'whi^h. 8q''<-^60' is g = 6*. For this q, ' • . ^ 



60 = 6 •■8 + 12* 



and 12 is greater than 8. 



First, "^he units are thos^numbers — in simplest form for which — is also 
in the set. This means that the units are the fractions of the form ^ 
where both a arid b, are odd integers. Thus the numbers pf the set 



will be: 



2 ^ s ' * 

u^, 2U2, 2 u^, 2^Uy 2 u^, . : . 

^42^_From this it may be seen that the primes ar^ ^ 



^ ■ k J 

where u is a unit. P^arth'emore^ if 2 u.,is a number of the set it c'an 
be written as § product of prime numbers as follows: 

' ' (^)(2up(2u^) (2uj^) ^ I 

^nd tl^is decomposition is, unique except for changing the units. 

— ^ Q * . . - ' 




/ « Section 5.3 

Suppose ^ = "g-? "that is"", the tw6 fractions are *fequivalen-t . Then by the 
definition we must have ab ^bJ. But b is different from zero and 
hence by the cancellation property of multiplication, a = c. Also if 
a = c then^the two fractio^^are equivalent because then, by the well- ' 
defined property f or jtnultip^ication, ab =*cb. ■'i^ 

. To show that the answer is "yes" when the words "niimerator" and^'^'denomi- 
nator" are interchanged in the previous problem we would start- with * 
^ = 2. and use exa'ctly the same^^irocedure ^ 



y 



Section 5.i^ 
'<» « 

First we want to 'show that 



r ' r *^ 

— and ' <i 

s ^ 




are equivalent fractions. By theorem 1 of Section 5.3 this is true since 
rs = ^r. 

' Second we need^ tojiceJ^ 
» ~ * 

a c 

^ equivalent to j implies j equi^valent to 

Again, usin^ Theorem 1 of Section 5-3, we see that the* equivalency of the 
first pair of« fractions implies ad = .be whichr, in turn, implies the equi- 
valency of the second pair. 



4 

\-:-\ 



' V. ' Finally >e need to show that: 



a c ' T ' Q. ' 

, equivalent to j and equivalent to imglies ^ and |- are equivalent. 



The given equivalen<res imply; 



- * ' . •-- ad = bo and-e 

..t-i -^^^^^ using the veil-defined property of multiplication ve have 

ads = bcs^^^ra 



4 



and the, cancellation property implies = -tr which, ^ in turn/- i'mpiies 



. 7- is equivalent to — \ 
^ b ^ s 



2,^ If there is a classif i^dti3ti satisfying Properties Ic, 1'^, and jc/then 
we call t'^o elements equlValc-jfit if they are in the same class. Co lo 
''shows that A is equivalent .to itself, 2c4ihat' if A and B are equivalent 
A_ ./.^^ ^-j^-? ? shows the^ transitive property of equivalence. 



are 13 ar^ 



3.. -If thte-s^^U^jjfi, ^he set of w^iole 



. ,1 



numbers ^nd. R is <, then the relationship 



^^T" ' is refle3cTv^'*a!Sr*tran^itiv^ bul fSt symmetric?. * • ~ 

'A Let. S oQt of ail people and tbe.^'^l^itionsh'ip of having ojie 

. . parent^iuj::uffli]aQa»^ *Then R is reflexive and "syrhmetric lut not necessarily 

^' , »«<ransitive, for a Gould have father A and mother B, b could have 
, ^ fsfther A and mother C, while c could have mother C. and father -D. -Thus 

^ and c WcJuld not have a common parent. 
', . / Finally, let S be thQ, set of whole numbers and let a R b mean 

that a = Ob and^b = Oa, that is, both a an^ b are zero. Then 1 R" 1 

' * / , . « ' ^ , , 

is false. Biit a fyb-i..4£iplies that a and b are .zero. and^ hen^e b 

and a are zer.q and b R a. *For^the trajnsitive -property we*have two 

.J' hypothese;s; ^ and b ard^^ero, b and c- are zero. Hence a apd ^ c 

' wbuld be zero. So ^his set- with the R Veined has the symmetric and 

transitive properties but. not the r-eflexive property. 
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Section 5*5 \ 



> , --ecomes 
a c ac 



1. . If b = 0 the left side of the equation = (^) b 

equality holds here also. 



= 0(f) = 0 and the right side becomes (— ) = 0. Hende the 



^ " Section 5*6 

' * - , -b ad ~ bad ~ 4 

because abed = cbad. 



Section 5*7 ^ 

1. If 0, then (^) + (f) = 0 = i. Also-^^^-i^ becomes ^ 

/ a c c ac ac 

d ■ ' ■ ' ' ' 

which IS equal to -. The proof is similar if d = 0 or** = d = 0. 



Section 5.6 ' ^ ^ ^ 

Here we wish to prove that (^)t(f)(|)] - [(^)(^)](|), *he left side is 



equal to*(^)(^) = ^ by the definition of ^multUplicatibn of fractions 
and the associative praperty of 'multiplication. The right side will be 



equivalent to -the same fraction. *• ' ' " 

. Here*the need is to pinDve . * ^ ' ' ^ 

' ' ' ^ ' 

s ^u y^ ^s u^ y • , 

It wa*s proved ^bove that l7he left si^e is equal" to ^^'^ ^^x) 

suy ^ 



The right side becomes • * 

• * * 

* " (ru + St) ^ X _ (ruy -f 'sty + 'xsu) ' 

* sjji y ■* suy ' • ' ^ 

*» 

which by the associative projjertieB of^ addition and mulj^iplication is 
equivalent to the previous fraction. - 

.Here we vish to prove ttt^t.if ^ =^|, then ^)(^) = (f)(-)» The -last 

/ » ^ 

equality may bfe, written * 



bs ds * 

We then need to show 

, " ' ards = cros. 

But ad = cb, sin^'e ^ and ^ are equivalent fractions. Hence, by the 
well-defined propert^r of multipii^tion, ards = crbe .which sliows the 
equivalence of the two given fractions above. , - * 

Here we wish'to prov6: ' * * . 

— * • ' a c • e' c r 

' ^ ■ b d = d ■ • , '. ; • 

implies that ' /- ' *— ^ 

b " f • 

We then have ^^^J = ^/^^ or ' ' 
ba^ f d 



(ad + bc)fd ^ bdfed + cf) 
afd^ + bcfd = bed^ + bdcf . 



By the associative and coi^tative properties of ifiultipli cation and the 
J.ati( 



cancellation property of addition for whole nuirifc^ers this- impLies 



2 2. 
afd = bed"^. 



2 / ' ^ a<» e 

Since d -^0, af = be and the fractions -r and, -rr are equiva^ent*.^ 



Section 5.IO , » ' ^ ' 

1.^ As in the section we take r = | andK§^^= |. If we write them as' f rac'tions 
with the simeysttmerators we have * * * 

r = — and s = — 

; ad- ' cb 

ana our equation becomes: ^ * 

bd ^ ^ .bd ^ o 
ad cb 

Here we iieed to use 'a slightly different technique"* to eliminate the frac- 
^tions. • The given equality will be equivalent to that obtained by multi- ♦ 



plying both sides by the product abed. This gives: 

. (^)(atcd) + x(a-b-cd) = (g)(abcd) 

1 (td)(bc) + x(abcd) p (bd)(ad). 
If we divide both sides by (bd) .we -have an-*equivalent equati.* 
y " ' - . be +, x(ac) = ad. . '■ 

This is the same equation as (l) above and the rest of the proof is the 
sa]ne, " » . ' ^ 

4 

"However, notice that* f"**^ 

/ r ='-^ M > " 1 i -'-M** ' ' ' r 

.a- ad ~c"~bc 



* ' if and X)nly if ^ ^ ^ ~ * ^ ' 

* X ' . * ' • 8ha <.bC. ' , 

m I ^ 

^ HQnoe if two fractions with the same numerator are to be compa'red, the 
. les§er fraction iks^ t'ke greaj;er denominator} while .if the denominators 
are equal, -the lessf^r fi-action'has the iesser numerator- ' * 

^S. Fir^t we she,* that ||-f||"< f . ' Using the' results of .Section 1':^ we see . 
, .that this inequality is equivalent .to' '■ ' • 

■ '* " ■ ■ ■ .• . 

that ds, . , „ k . 

. ^ • /' :^ 
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T 

5f / 



bd + cd < ca + cd, 

that is/ * 

•bd < ca, 

' c ' * ' . " ~ 
which is the condition that t ^ ^ • ' . ' 

a a ^ 

In just the same way it may be shown that ^| ^1"* 

r t ( r + t) 

If we def ine(^ j +* — to be ^ ^ + u) ^ previous problem we would hav^ 

-^that the sxjm of the two fractions would be less than the greater of the 



iiwp, which would be inconvepient . Also, — = — voiold result in 
, ' s sc 



S 

££ + i ^ (rc + tL^ "^ 
SC u (sc + u) 



We shall show that in this case th'e sxxm of the two numbers is different 

• ■ / 

from that'ip the definition - that is, the sum would depend on the frac- 
tional form which we haj5pened to use for the number re'presented by — • 
Suppose 

(rc + t) _^ (r, + t) 
. , (sc + u) ~*(s + u) , * , ^ 

This would be equivalent to ^ ^ . • 4, 

(rc + t)(s + u) = ('fee + uK'r + t) 

or _ ^ ^ 

rsc + ts + rcu + tu ^ scr + ur + set + ut ^ ' 



or , ts + rcu = ur + set. 

This can* be wril^ten 

ts - set = ur - rcu 
or ^ ^ ^^^^ ts(l--'^c)*^:^^4ir(l - c) . ' 

This oEan be true only if c =1 Qr,;'iacking this, if 



ts =:iir * 1 \ 



which is equivalent to 'the equalliy. of the two given fraction^ . 

s . u : -r, 
'Thus, unless e i= 1, our def initioii'l/ould give a different form for the 

-sum, assuming that -the two given fractions were d}i?fferentf . / , 



V; Here it is *a -matter of chec^cing only. The proofs of these two properti;^s 
^re given in reference 7*pp, 23-26. . ' * • • 



. 5. We now wish to compare the two fractions: 

' * '2. Q c ^ 

* b + c • ' 

a 



If 1, then both fractions are 'equal to 1. Otherwise, we know from 
Problem 2 of this section that 



In djher words, 



a -r c . , ^ a c 

\. + Q between ^ and - - 1. 



.if f <1, the„i<S4^-< 1, 



Thus, adding a p^ositive number, c, to the numerator and denopiinator" of 
the fraction | increases the number represented if | < 1 and decreases the ' ' 
nu^nber represenied' if f > 1. These results may also be proved directly; 
see the solution -of Problem 9 of Section 8.2;'^ ' ' 



Section 5.11 ' - L) 



1. The nymber f .corresponds to. the- pair (a,b)/ The horizontal ray will 
' contain those points for which b = 0. ' But for b = 0 there is no n^iber. 



of the form 2.. 



^ ' ^ . ' * • J J ■^L—^-^'- ■ ■' ' ^.'4--"' ' j 

2. If (a,b) ' were' another vay of writing a + b, then^ 1^ will correspond 'to' • 

the -set of counting numbers, a, b whose sum is It. This set is 
~ ' , . (1.3^, (2,2), (3,1), (1^.0). ■ ■ ' _ 

This will be a set of five joints on a certaifi line. The number 5 will- 
_ •- correspond to those pairs whose sum' is 5; theygfwVll be ^ix such paii-s. 
- For a sum n, 'there wili be n V 1 pairs. In'^ll'^^s^irt^^rsTwI^S^^^ 

Will be ©n-the same line. All the lines arfe parallel; * ' . • ' 



3. If (a,b) "represents ab> the points of the lattice which represeW 5 
jwould be (1,5) and (5,l)» The n\;anber 6 would be associated with a set 
p>f four pairs : . i ' \ 

(1,6), (2,3), (3,2),' (6,1). 
T^e niimber 7 wouJLd have just two pairs associated with it/ In general - 
the nmnber of pairs associated with the number of n would be equal to 
the dumber of factors of n. These points would in all cases lie on a, 
curve but, except for prime numbers, not on a straight line. 

1|. Suppose (a,^)) were to correspond with a - b. The points of the lattice*, 
which would correspond to whole numbers would be those for which b is 
not greater than a. The pairs corresponding to n would be: 

. (n,.0), (n + 1,1), (n + 2^2), (ji + 3,3), ... • 
There would be 'an infinite number of pairs all on tl^e same straight line. 

Section 6.5 

1. If 2. is a rational number, we find if;s decimal expansion by dividing p 
q 

■ = by q; In the beginning, if p ,i>s greater than q, parts of;..>the number 

'. * ^ 

p will be "brought down" in the process of long division. But after a 
certain point, the dividend at each step will be ihe remainder of the 
- previous step multiplied by ten; and since the rest of the prpcess tie- 
pehds only on the .dividend, if the <lividend repeats so will the decimal 
expansion. Bui; there are only -q possible different ^remainders. Hence 
* either the process of division stops or it continues without end, that.' 
^ is^ more than q different steps. This means that for the infinite**"^ 
y. decimal expansion, the remairiTers iftust repeat,' hence the dividends repeat 

and., therefore in the expansion thje same sequence of digits recurs without > 
> end* We Illustrate this by the folld\/ing example: 



15/ 5f«. 000000 



52 

26_ 

20 

'11. 

110 
lOi^ 



20 ' 

Here trie first two remainders are 2 but .trie repetitiondoes not begin 
until the eighth step since the remainders in the second and eighth steps 
are both 2 and in bojh these cases. zeroes are "brought down" in the process. 
It is the -sequence 153^^+6 which is the repeating part of the expansion* 
2. In^trie process. or finding the decimal expansion of i the first remainder 



is 3 and the second remainder 2. Since the^ decimal exj^nsion of i is 



^ ' ..1^^2857142857..., 

starting with^.the second stepy the expansion ""^uW be^ 

.2857^28571^*..*. ^ , 



This ^ is the expansion of 



1 

3. If we /ind the decimal exp^ansiorc of ^^^each Remainder will be ;L; this is " 
■ ^ecause lO is 1 more than 9". It is this property which makes the sum of 

• * • r • 

the digits have the same reijiainder when divided by 9 as when the number 
itgelf is divided by 9. For 11, the remainder^ are alternately 10. and 1, 
; Thus, for ih*stance, 1367'= lOOO' + 3(lOO) + 6(lo) + 7 " ' 

^ ' • = (990 + 10) + 3(99 + 1) + 6(10) +7*1. 

y • ' ^ ' 

So the remainder wh^n 1367 is. divided by' 11 is the same as vhen the 
•>.'■* ' ^ ^ 

following is divided by 11; , - - ^ 

'. " . . ■ 10 + 3 + 10(6) + 7. ' 
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For 37 the^e are three digits in* the repeating part. Thus 

»,027027Q27 ... . ) 

37/ lOOOQfOOO . < ' ' 

. -250 ^ ^ . X 

2^9 

' 1 • 
ft . ' 

and the remainders are, in succes^s'ion^ 10, 26, !• Thus, for instance 
, p^578 = 3(10,000) •+ li(i,000) + 5(100) + 7<io) + 8 

= 8.1+ 7(10).+ 5(7^* + 26) +^t999 + 1) + 3(9990 + lo) 
where 7^ and 999 are tnultiplfes of 37. Thus tte remainder when 3^*578 is 
divided by 37 'is the same as when the following sum is divide^ by 37: 
8^* 1 + 7 . 10 + 5^. 26 + J* . 1 + 3 . 10. , 

■ v< 

If a rational number is to have a finite deciipAl expansion, some p5,wer 

of ten fliultiplied by the number must be an integer. In other words, 

if ^ has a finite decimal expansion where 1 is the g.c.f . of p and q, 

10 must be an integer. Thus - 

10*". ' • " • 

p,. 

onust be an integer. But since p and q have no Actors greater than » 
1 in-<eommon, q must -bie a factor of lo". . 5?his means that 'the only pi^me 
factors which q can have are 2. and 5. Also", if* q has no 'other prime 

factors,, i't will be a factor of sbine power *of 10. For instance, if 

ft. a b ^ ■ "* c ♦c c 

q ='%r '5 then q is a factoj of 10 , = 2 -5 .where c is the greater' 




of a and b • ' . ' ' , 



' A . . '-^ 1 . ^ ^ 

In tl^e niimeral system to the base seven'': .1 would mean ^ just as in the 

*r * . { 

' . ' 1 ' " " ► ' 

decimal system *1 means'r-:- . This a t.erminatijng decimal. In the 

' ^\ * * 1 * , 

ni;imeral system to the base seven the expansion of r- i% a^ follows: 



5/ioocooo 

- 1. 

20 ■ \ 

• H. ■ 

To ^ ' - 

li. . . • • . 

30 

26 ' 

~r 

This expansion repeat s» In this system, moving the jpoint one spgice to 
the left would be equivaleTTT to^ dividing by seyen* ' 

6» Two decimal e^cpansions for ^ are ' ' 

J = .125 = •12l^999-..- 

' ^ 1 

. However - has only one decimal expansion since at no pbint in the expan- 
sion is there an unending succ^s^ion of nines or zeros. To see this . 
suppose we change one digit in the expansion of |. For instance/ cojnpare 

• 333.- with .33l^OOO» 
have the inequalities: ' 

= .333 ... < .333^^ < .33*^000 < .33^.-. ^ 

when the remaining digits in the last number can be what you please., 

' ' 1 ' ^ — 

This shows that j and the last number must differ by*- at least .0006 and . 

hence cannot be equal.* The same argument could be used for .332000 in 

place of •33^CX}0* Without a formal proof it. is perhaps clear that the 

only numbers which can have two decimal expansions are those which fran 

a certain point bn have onlyyzeros in their degimal expansipns or only, 

I \ ' 'pines. 1 ]* ' ' / i > " ' ' ' ' " ' 

' 7. Our argument used in finding the^ fraction representing ^.23h23\,.. was, 

based on the fact that this is a number - as }<^add terms in the . expans ibn 

' ' . r ' ^ ' \ . * * -I 

. we are adding sma^er and smaller>ramourits . On the other hand, for ^ 



x = l4'2+2 +2-^+. ..no number is represented by jbhis Jnfinite sxm 
each time we add a largei" and larger amount. All the Argument shows is 
that "if X were a number it would have to be -1. 



Section 6.6 

Suppose the pop\ilatibn of the city were 10,000^ Than, 6^ of this is 600 
and its pop\ilation at the end of the-fir^t year wouiLd fte IO6OO. Now 6^ - 
of-^Q600 is 636. Hence the decrease of the secondJ>ear woiild be 636 and 
'the population at the end of the second year;i<mldf be 9>96^ which is 
less than it was" in the beginning. It can be seen that for any popula- 
tion the results would be similar since the 6/^ decrease is computed "on" 
a larger amount .than is the 6^ increase. Ha,d the decrease been' first 
and the increase second, the fin^l popxilation would have been less than' 
that at the beginning, namely, 9>96^ just as befo're. * » 

Using 10,000 'as 'the popxilations ' of the cities, it can be seen that at the 
end of ''two years* the population of .city A would be 11,200 while that of 
B would be 11,236, which *is more.^ . . . ' 

If the person were really paying interest at the rate of annually 

or, quarterly, a table'^'bf the interest paid for each quarter would-be 

as f oilows : <? The first qua^rter he would be payiftg int6i;est on. the fipJ. 

amount: ' 1^ of UOO whicti is ^6.00. The' gecond^^uarter having paid 'off 

^100 of the principal as well as the quarterns interest, he would have 

interest to pay on only $300 which is ^4.50. For the third quaTter he 

woul^ b^ paying interest 6h only $£00, or $3.*00, and for the last quarter 

' ^ ' ■ « « ft 

the interest woiild be $1.50. Hence th^ total amount of /interest paid 

under this £cheme would be $15.00, which is a little more than half of , ' 



the $2^' 



paid lander the (ybher schema, ^ 



ctual rate paid unUer the bank^s requirement, let r ' 
te.and see that the total interest would be: 
i*00r + 300r •f^200r + lOOr = lOOOr^ . • * ^ - 
If this is 2ft, r = .02ft would be the.qua;;terlj^ rate. This corresponds -4:0 
an annual r^e of 9.6i>. ' a * " 



Section 7«ft 

1- If/= "s, tl>en ("a)Cs) = as and "ab = ""((aK's)) = "Cas) = as. Hence 



both prod^ifi^ are equal.' Second, write a = "r and 'have* 
(■'a)(b) = r\{; "(ab) = '(("r)(b)) = ^^yb) = rb. 
- Finally if ^both a and b are negative we have 

("a)(b) = rCs) = 7rs); "(ab) = "((-r)Cs)) "(rs)., / " 
2. In the respective cases we have " 
i) ^ ^ ("a)('b) = (■a)s = "(as) = a("s) = ab 
. ii) . ' (■a)(''b) = r('b)'= "rb ="^('r)(b) = ab 

iii) . ("a)("b) = rs ("■r)("s) = ab. 

• ^ . ( 

3- For the first let ^a = 5, b =»3, 1. Then (a c = 2 - 1 = 1 

^ while a ^ (b - g) = 5 . 2 = 3 and the two are not equal. On the other 

. ^ hand (a - b) - c = a + 'b + ^c since if we add c and then b to 

either side we get a. The same is true of a. - (b + c) eyagl (a - c) - b 

/ 

. " Section 7.5 * ^ 

« If a and b^ are ^positive |a| = a, |b| = b and |a| • |b| = ab = |4b(. 

If they ar^ both negative, |a| = "a, |b^| = "b and |a|- Ibl = ('a) ("b) =ab = labl 

) • . " ■ . / 

If a is negative and ^b^ positive, then 

' ' ' ' ' ' , * . i 

|a| = "a/ ib| = b, |a| • \h\ = (■a)b = -(ab) = lab|. 



•■ Section 7.7 • • 

Here we use the correspondence (a, b) - b. Hence if (a,b) corresponds. 
• - •« 

to 'the integer r, we must have . 

' ' ' s ^ / . ' 

' * a -» b = r* * 

Thus the'point (a,b) ,will correspond to r if and only if a - b = r.* 
All of these lines will be ^ parallel since ^ . ' , / 

• 9 , .- b = r ^nd a - b = s ^ 
for a pair of. values a and b can "hold only if r = s. Thus none of 
the li'nes will have a point in common and since they ^re- all in the same 
plane they must be parallel. 

As ia the' figure, let A be the po:j.nt (a,b) and B the point (c,d) with 
0 the origin." <, • » , 




Let C be the^^int (a + c,b + d), A»^ B' and- C* the feet of th^^i^e^**. 
diculars from A^ B and C uporf the *x-axia, and D the foot pf "tfhe perpen- 

diqular j^rom» B. upon CC^. Then QA» = a = BD, AA* = b = CD, ajjd* th^ rigl^J ^ j 

^ ' ' ^ ' . ^ > , , - . . ' f 

triangles AA*0 arid CDB are congruent, shqwing tha^t OA * BCi Similarly ,, 

it ;nay be shown that OB = AC. Hence QACB ,is a parallelogram, and C i6 j . 

the intersection of the line through B parallel to OA and the line thi(p"i^h 

^ ' ' * ' */i ' ^ I . . 

A parallel. to OB. This is sometimes thought of as completing the 

'*^2;:&llerogram starting with the sides OA and 'OB. If OA and are tho\ightv- 

of as two vectors, OC iS'Nfebfi resultant vector. . ^. ^ \ 



3. To. verify that ... . . ' - 

• (a,b) = (c,d) if and only ifa+d = c + b 
is an equi^encfe relationship, we che'ck the three properties Tn turn- 
' P » ' - " = (a,b) since a + b = a^+"b. . ^ ' < 

\ ii) Here (a,b) := (c,d] implies a^+ d = c + b, tha> is, 
> c + b = a + that is, (c,d) = (a.,b)'- 

.iii) In this casQ • , 

♦ - 

(a,b) = -(c^d) implies a + .d = c + b. . ' ^ * 

= (e,f) implies cVf = e + d. * 
Thus from the well-defined property of addition * 
(a" +,;d) + e = (c + b) + e, . 
a ;4- (e + d) = a +-(c -f f); 

^hen by the associative and commutative properties 

* <• 

a + (c + f) = (c + b) + e/ 

I- .. ' : ' •■ 

. •' , (a + f) + c = (b + e) + c = (e + bi) +.c,. 
and, by the cancellation property for addition, 

a +-f = e 4- b, 
which implies (a, b) r (e,f).' 



\ ■ 



leclipn 7.9 



, I ^ We vish .first tp. sW ^that i!n{ a f i^ld in which' tw' ' w^ll-'def ine<f property 
holds' for addition, the' cance;Llal|i^n pi-bperty hblds foif' addition. , That, is, - 
If a + b =-c + b^than-i = c. Thb results from adding 'b to bqth sides and 
the associative' property. V multiplication we similarly start with' 
•§b = cb, b 0 and multiply by.. thp| multiplicative inverse i of'b. ' " 




jSection ^7.11 ' ' . * \ ^ 



See the answer to^he problem' of Section*?. 9 • ^ 

'The first part of the cancellation property fft^jDultiplication^and 
inequality is! - C ' ^ ^ ' ^ , ' ^ ^ 

If ac < be then a < b if c is positlric^ and a ;> b'if ^ c- is negative « 

1 ' ' ^ ' ' ^ 

Now - is positive if c is positive ^nd negative yr c is negative. 

-Hence, from\he vell-defined property: ^ 



ac < l|c .implies TacX^}^ X^)(^) or a < b, if c is positive^. ^ ^ 

If c is^ine-^ative then -*is negative and the proof is similar. If the _ 

inequalitite^ go in the other 'direction The proof is the same/ '"t^ 

\ ' • / ' \ 

^ ' 1 . • 

P does not form a group because 2, for instance, is ir> P but ^, its 

I " 

multiplicative inverse is^ot. The set P*, however, does forrh a group. . ^ 

Neither nor^'N^ form a group because fhe closure property is lacking^v ^ 

that is, the |produqt of two negative numbers is not negative. ^The urjion 
o ^ ^ < 1 

of P and F does not form a group since again 2 is in the union but ^ is 
not'. ' Tljie non-^erb rational numbers form a group under mult ipli cat ioij. 
The- set of whole numbers .does, not ^ince 2 is a whole number bu-t |" is 
not. ' ^ ^ ' ' / 



li , I f ' ^ ^ ' ] Section 7.12 

J ; _ i ' 1 ■ ^ 

•property 1 fdllows from the well-defined property ,for addition and 
^inequality as follows: 

i ' a <C b < c implies a + d < b"^ d < c + d 

'and similarly if the inequalities are all ^reversed . * * 

For the proof ©^Property 2, one needs also t6 considei^ the case 
* ' ' i * . 

.a > b > c.^ But the proof is the same - indeed one may merely inter- 



Change a , and c . 



3. See Problem 2 Section 3*2 . 



. 1. 

"2. 



Section 7.13 * . ' 

The conciusipn does not hold, for 2 > -3 but 2^ < (-3)^. 

Here we consider two cases/" Firsf, if b > 0, then the previous probl 

A* 

implies that a > b and we have ^ ' - 

^* > b implies a • a >.a • b > b • b > b^^ 
If a is positive and b negative or zero, then so are and b^ 

respectively. Finally if both are ^negative, a > b is equivalent to 

"a < "b a'nd by th^ first case {'a)^ < (■b)^, or '{B})<i ' {\^^) which 

3 ^ ' ' 

implies a > b . So in all cases the conclusion is justified. 

Froin the triangle inequality we hav^ 

|a - b| + 1^1 > |a| which is equivalent to '|a - b | > |a | - |b | 
|b - a| + \a\ > |b| which is equivalent to |b - a| > |b| - |a|. , * 
But |a - bl* = |b - a I and it is greatec^han or equal to both (a| - |b 
and |b| -;|a|. Hence it is greater than the absoiute^vaiue of tbis-^ 



difference • 



U. '" Since both sides of the equality 



5 ^ 4; 

I 

5. 



,are pbsitive it (is eqiiivaient to (a + b)^ = a^ + |2ab| i b^ that is. 

i • i\ '* ^> ^ ,t 2ab + b^ = a^ + |2ab| ^+ b^. ^ 
^TOis holds if arid only if 2ab = |2ab|, in other w^ds ab > 0. 

■By Theorem 1, the desired' inequality is equivalent to. 



'That' ^s: 



1 

% 



^ '*(b + i)2> (1.7)2. 



c 

-b^^nf 2 + i > 2.S9. 

b 



•*2 1'' V-'t ^ ' 

•But certainly either- b or — is greater tMn or eqlfel to 1 and hence 

the im side must be greater than 3 which is greater tfen 2.89. It is- 

a little harder to show the inequality with 1^7 replaced, by 2, the 

. value af the left-hand side Vhen b rr 1. , » 



\ ■ 



Section 8.2 

Si^^ose (|)'4>'ere a rational numbel* whose sjjuare is 3. Then,*as in^' 
Section 8,1 we would have ' , 

0,2 2 . • . 

Then, a& before, 3 will occur ac a factor of the left side aji odd number 
of times and of the right side an even number of times, which is impossible 

a * ** * * 9 

If - were a rational number whose cube is 2, then,' as before, 

The number of times 2 could occur as a factor on the right side would 
have to be a multiple of 3, that is, one 'of^ 0, 3, 6, 9, ... . On the left, 
the number of times it could occur is one of 

1, 7, 10. 

None of the numbers in the first set is equal to a number'^'of the sec6nd ' 
set and we again have s^^ contradiction. • , j * - * , 

Suppose r is a rational number differlent from zero, s an irraiional 
number and' rs = t a rai^iqnal numi>^r.. Then <(^)t woiAd be rational since ' 
it is the product 'of rational raimbqrs* This'would be equal to (~)r^ = s 
'which is irrational.' ']fhi^ is a contra(5xjction. . ' > i. 



1! I 



Si^ce 1^ is ilrrational, ihe previous proble^shows that.(s - r)(^)l - 
^ musfe be irrational ,as weU as %s sum* with * i^\thb nimber is be?bween^, 'W-i ' ' 
♦ s Md r since we have added -4.9. ,y -«>.&om]^in^ wfiich is less 'than\he 



idiffereiice'*l)etwigen s ^and r 



5v A rational number between V2 and VJ^ is lSl^i5. For^the rest, see 

Section 9.3.. ^ * « • ^ 

r/ '1 ' » ' f- 

First, ^e decii^al for — is .O90909. Hence, for this^ - 



= .0^ L^^ = .09, = .090,^ L^. .09p9, L = .09090 
=' .1, = .lO^^Uy = .091, Uj^ = .0910, lj^.'= .09091. 
Notice that pairs of the U's.- are equal. 



■'0 



* Second, the dec;LmaX for Lis .400000... .' Here 

-^'1 " ^2 " ^3'= -^^^ H " ^5 = -^0000 

- ^1 " '^^ ^2 " '^^^ ^"3 " -^^^^ ^4 '^^^'^^ ^5 = -^0001? 
. Here all 'the L«s are^ equal." ^ (We wrote the/in different form to emphasize 
^ the means of computation of the'U's). 
Third, using t^jie decimal for jt to five places 3.1^^159 



. = 3.2 = 3.15 Uj^ = . 3^.142 = 3-1^^16- . 



V 



We fpund above, the two^.sequihces for the decimal .UOOOOO. 
V. ' 'We now write' them for the decimal ."39999.. • ' 

^ } ^ * •3>y^2 -39^ ^3 '-399, '\ - ^3999, = .39999 ^ ' 1 

V = -^^ = .i^O, U = .1*00, U. T'. 1^600, = .1*0000 T ^'\^ 

- ^^"^ Here^ll the tJ«s are the ^same. NoUce that the set of U«s for the <iecimal 
,>^^-, - .3999-.,, is the same as the set of L«s for the 'decimal .1*000. ..^ . . 
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I 8, Here Jit is well to^recall the 'result o^.Problem 5 of Section 5«19# This 

^hows that since is less than X, ^he^*s form an incre'asing sequence 

and; since - is greater tha^M, the U^$ form a decreasing sequeince. This 

establislies Prpperties 1 and 2, To estl^blish the other two we need to 

show that for every positive integer the following difference is 

positive end that t approia-chesv^ero a^ ..ft becomes larger and larger: 

*' * **>*^ IT T- 3 4- n 2 ^ ' 

'^ n''n"^ + n''2 + n^2+n' 

Thus tlve ^ifx^^nie is pjUitive and as n becomes larger anc^larger, it ^ 

becomes sm&l] ^r and smaller. *The number defined by the sequences is 1, 

k 

'» Hence we have' established our desired results. 

9. Here ve first need a result anal6gous to that of Problem 5 of Section • 
5»10. lu this case we sT5fert with a fraction, add^a positive number^lo^ 
the numerator and twice that number to the denonjinato;:-. Then the 
» -inequality: 

• » • 

^ • £ <- c + r 

d d + ^ , 

since all the letters stand for positive numtfers, is 'equivalent to each 

of the following sequence of inequalitijss ^ 1 v / 

. j ^ ' . ' ^ J. . i. ^ \ * . s: . . -i' J.. 

c(d + 2r) < d(c +.r) ' 

2rc'<.rd ^ 



Th^ same results hold i'f all the 'ine^alities are" revers<Jd • ' H^nce?^ ^^ifr»c^ 

iG less than the sequence of L*s is an increasing, se.qu^nce and* since 
^ Is greater than the seqi^bnce of U's is a decreasing sequence Thus 
the first two properties degirea are'xHi^^, Foi* the* reslJ* w6, 'mljpute: 



TT L = 3 " 1 i- n ^ 2 - 
ri^ n 4 + 2n " k Zn " 4 + 2n 2 n * 
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This IS positijvei and' approaches zero as n beconies larget dfnd larger. 1 
I The-- number defined by the sequenoe is |. See a lis o l^he solution I of 
Problem 5 of Section 5.10. ' 



%* ^ Section 9,2^ ' ^ 

/ • 
I » 

1. Let- A and B stand for two equat^onfe and S and T their solution sets 
^respectively. - Then A and B are euutvalent if and* only if^S = T. Sj,.nce 
equaAty of sets is an equivalence relationship, so must be equivalence 

' bf equations • ^ ^ » 

' ♦ : ' - » 

2» Here the two equations are equivalent axcept for^se values of "x for 
. • which X - 1 = 0, that is, except for x = 1^ Hence tbe only possible 



^ s61utlons of the Qiven equation are x =s3,^ 'the solution of the' second 
equation,^^nd x = In this .case x = 1 is a- solutilon of the^first. , 
eq^iation. This equa-tion may' also be solved by use* of the distributive " 
pr&perty as'follows: " ^ ' '• 

-W ■ ■ (x - 2)(x - J.) = X Vi . ^ ,^ 

is^^v^len^ to ^ _ ^ ■ ' ^ • . , *. *' ' 

^'V '. • ■ - 2')(x - 1) - /x;- l>-=',o. , . , 
3y the distributive property,^ this, is equivalent to" ' ,^ - « 

7 ' ' ' ■ (x' - 2 - l>(x - ^) = 0," ■ ■ . , . • . 

which has the sblutlbns x =^3 and x = 1. . » 
- '•• ■ / . 5 > " • - . ' 

'■ f • ^ i • ' , 

• f*.®^® ^°^'^*^ given equatiton- wfi m^cpiy first 'i^y (x -'l)(x -"g) ». 

as in'Hhe'exait5)le In the section pi^evioUslyV'^'higtyieldg 

/ , ' X-.- 2 + 1 (x •- i),(x - 2) » • ^ '.' 

(2) * * X - 1 = l)(x - 2f-. ■ S' ^ 

^ • Thi3 equation is equivalent -to iihe given one except fbr» those value^'bf 

~ 7- '!-^*o^W^ the-muUipl4er is 0, that is^ x =^ and x = 2. Now equatlpfi'- V 

O ^^'^^^ f ""^ cpnsidergd in Problem* 2 and ie found that its ' ' 

Nbjc -- , V' : • •:,;'''249.;. ' ' ■ ^ ; ■ '., . 



S' 



solutions ,^ re x = 1 and x;=: 3. Thus the sol'utions of the equation oV 
this^ problem are x = 3 arfd perhaps x = 1, fend' x = 2, For the two last , 
^values of x, denominators are zero. Hence the only solution of the' 
given equation is x = 3.. 



Sectionj^.9.3 

1. Exactly the'^^i^aiiiiproof can be used here as in the proof of the lenuna of 

this section. r 
• 

2. Since D contains a number — as small as you please, ^e can use the same 

argument to prove the result required in this problem as for the d'ensity 

' ' ^ . > 

of rational numbers. ' / ' . 

^ - ' * * 

3. "* Her^ we wish to choosis q, an element of D, so t^hat r satisfies the 

conditions imposed with r = a - bq. Thus we want • ^ 

i; ' a - bq > 0 and ii) a - bq < c, \ 

The 1* irst ine^ual*ity is equivalent to_, ^ 

* ' ' • a ' 

*a > bq an4 r ^ * * > 

) . ^ ^ ^ r ^ h - ^ . ^ <^ 

- ^' ' The streond ^^nequality Ts equivalent to • . . ' ^ >4 ^ ^^--^ 

^ '* 'a-c '* * 

\ » a - c < bq and , — < q. 

? ' Thus, since , , - ^> * 

• a - c ' a » . 

for''^, 0" and cT^posi^ive, ve want to firid a liumblr Vf ^ 'whicTiff^ ^ 
^ between ^ ^\ and Since from the previous problem we knov tfhat 

there is*a number of D bet</een any two ^rational numbers, we knaw that 
**s^^«-»^v5^>r*^4^^^^AM^^ ^. which is between th^ two ^special ratioi?feil numbers 

'7^ and. ^. • This completes the- proof, 
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Section 9*7 

It is pi'obably easi-^st to consider this problem by ca^es. 
Case I. Ii" aa* ^^0, then the given pair: = 0/f«.= 0 is equivalent 
to each of the fbllow;iJig sequence of pairs: 



= L af« =0; , , , 

ast pair above iV" 



a«f 

a«f - af« =^0, f = 



Qs was^^hovn in the previous section. The last pa 

" * ft ^ , . , 

a' (ax + + c) - a(a«x + b*y + c*) = 0, ax ^ by + c = 0 

or* • . . , . . . / 

(l) / , (a«G - b«a)y + a«c; - ac» = 0, ax + by + c = -0. 

Thus, ik a«b - ^«a ^ 0, the first these equations has one and only 

one soLution y; and, using this' value" of y in th6 second equation we 

- / * ' • 

^ee pat there, is exactly one value of x. Since this pair is «<3jiivalent 



to pe given pair, we have* shown tSat if a*b - b»a ^ 0, the .g^i^ven pair 

ha^- exactly one solution. ^* 

* - * i . * 

On the other, hand, if a*b - b«a =^0, ,the £irst equation of (l) has " 

no solution if a*c -^c*a ^ 0, while if a*c - c*a = 0, any value of y is 
absolution, which "In tufn^yields values of x by' means of the second 
elation of-(l). Thus we, have proved the theorem ^fc5r ?as,e I. ^ 
Case II . I^" bb* ^ 0, then we may ii^e the same proof *a6, in Case I with 
b and^ a, and y interchanged, ifotice that this interchange does ' 



not change the condition alb - b*a = 

■ , V ^ . ^ ^ '"1 '']v'" — — ^ 

y Case III . If a = b = 0 then eith^ c ^ 0 when^there is 'no solution or 

♦ 

c = 0 T;/hen the pair of equations is in reality only one equation wMch 
either has infinitely many solutions or none. Also for thi$ case,^^ 
a»b - b*a = o/ The case a* = b' ^ 0 ij^slmilar. • 
Case^IV. If a ^ 0 = b^ a« = 0 b; the gi^^^en pair of equation$ reduces 
to: ' . . ^ax + c ± 0, bV + c« ^ 0. ' ''^ ' "^'^ 

^ * • ' • \ ■ V • . ' 

Here the uniqUe ^dlution is x - y = -.^ and ab« ^ ba« = ab»/^ 0. . 



f 

s 



> -Case V. If a = 0 ^'b and a* ^ 0< = b*, the pcooT is ^th6 same as in Case 
, IV. We ha ve^ considered all possible cases' and the result is established. 

2* The 'answer to the question has been given -in the discussion of Problem 1, 
i.e., if ab^ - a*b = 0,' then there is ^ither no solution or an infinite 
number of solutions. Geometrically, this means. that if ab* - a*b ^ 0, 
' the lines intersect, while if ab* - a*b = they either are parallel or. 



coincide. 

Herje we have two pairs of, equatiofis to consider? 

f = 0, g = 0^ 
and 

rf f-' sg = 0/ tf + ug = 0'. 
We know that any solution of the fonner pa»ir is a solution of the 
latter. Thus, the pairs will be equivalent if the last two equations- 
hold only for f = 0 and *g = 0. But we showed in the solution of 

> 

^ Problem 1 that the pair rf + sg = 0, tf +'^ug =?-0 -ha^ a--single solution 
^ (f = 0, g =.,0) if and only if ru -Hs ^ 0.' Thus the condition that the 
tv^D pairs be equivalent is * . ^ ^ 



jni- - ,ts ^ 0'. 



^ Se.ction 9«f 



1., Here l$t ^ be the ,§mou,nt_of the 8p^ Java mixture, used^^and y> the 

Then tl: 
v • \j 



f" 

amount of the 50^ Java mixtui^e used. Then the combined amount is to be 



^r^- -^^^five^fouisd^^hich gives us 



X +,y = 5* 



The amount of Java* in the first is .8x and the second .5y. Thus 

' .^x ^ .5y = (.6)5 • , 

*So we v/ish to solve the pair of equation? ^ / ' 



To do this multiply the first equation by .8 to have 

\ .8x + .By = h. 

Subtracting, we have * 

10 



y 2 



Thus X = J and this is the solution. ' ? . * 

To justify the geometric methQcl use Figure of Section Let A 

be the poiiit (5^3) and recall that. P is^he po^t where the line ^hrougu 
A parallej. to J = .5W cuts the^ne J = ,8W, ,Let C be the foot of the 
peTpendicular f rom on the W-axis, call x the first coordinate of P 
(and of C) an^ B the point where the horizontal line through P cut$ the 
vep^cal line through A, Since x is the first coordinate'of P, the 
distance CP is the amount^^of Java co££€e in x pounds. o't the 8o^ miyture 
The distance BA is the amount of Java coffee in PB p6unds of the 50?^^ 
mixture, since ijn^ PA ^^^parallel t,o the line J ^ .^5W. The sum.of 
BA and PC, namely 3, will be the amounts of Java oof fee pounds of 

Xfie'Q<j%' mixture -pltiS TPB' pouh'Ss "of ^the"50^^ miVture / ^ But "EB^ + V = "5".^""' ^ 

'Thus X pound^of the 8o^ mixture plus PB 'pounds of the mixture 
giv^ us, ,5 pounds of th^-^^^ mixture. That is, we must lise^ pounds 

.x>f the 80^^ixtui^plu^;5^— ^^Tp^^ tD^get 5'p^ounds ' 



of the 60% mixture . 
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Here we wish conditions on A and B in ^ 

g + 2c = A. • 
75g + 50c = B 

so that the values of g and c in <4;he common solution will both be 
positive. MuTtiply- the first equation by 75 and get , ' 

, 75s + 150c = 75A 
75g + 50c = B ' 
and lOOcr = 75A ~ B. 

Hence 1^ c > 0 i-s equivalenlf to 75A > B. 

On the other hand if we multiply the first equation by 25 we have 
25g + 50c = 25A, 
; 75g + 50c = B, 

which gives ' ^ - 

^ 50g = B - 25A ^ 
and the condition that* g be positive is B > 25A. 

Thus the condition -that both g and c be positive is 

in other words, 3 must be between 25A and T^A. 
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Append I, Section;^ .-' 

1. A and B are 'sets of points. Their intersection can be the null set, in 
* which case they are parallel; being. in the same plane. Their intersection 
can be a' single point. The only other 'possifbiiaty is A = B, 

, 2. Suppose A ,ana B are two' null sets, since the^lftet is contained in 
every set, we have A c B and B c A. , This implies A; = B. 

3» A n B means the set of el-ements in both A and-B, ^ Tf^i^ce every element 
of the ir^tersection- is in A and also in B. * 

\ 

h. Since A U 'B contains all elemeifTs^. ^either A or B oi;^ both, every elemeritr ^ - 
of A is contained *in this union and similarly for B. 

5. '" Since every element of the intersection of ^ two sets is in both, A fl B.= B* 

implies that< B is eontained in A. / ^ 

"* ' 

6. If A U^B = B, then every element of A must^e contained* in B. Hence A is 

a subset of B. /v *r ' - - * . • 

- . ) . ■ ' . _ . 

^ 7. First: A U B isj:he^set of ^elements in.A^ o;r. B or both. This is the 

same as the set of elements in JBT or A or both. Hence A U B B U A.' - 
^ •* * \ 

Similarly A p B =.B n A bec^^se-any, element in both A and B is in both.B , < 

and A. For the assoeiative pfoperty A u (B u C) is the set of elements 

^ - 

in one^or more of AT^B and C. Finally we want to show* 

• • * • ' ^, **• ' 

' - r :A.y (3,0 c),;^,(A,u4L0 {A u c). _ 

.If an element is in B and C, it is in the set depicted on the left side; ^ ' 
it i'&.^igo in A U B and AUG and hence ^ih the ^ set of the left side. If 
' an*ele?ftent.is ^in A, it is in^the set of the left* side and in both A U B 
and A U C on the right. _ Thus every element in the set on the left is in 
the set on the right. Also any element on the right mUs\ be Hn A or in 



the intersection of B and "C. Thus the proof is complete. 
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Appendix 'III, Section j 

Suppose a.+ ci is a r$al number.^ Then b 0. The absolute value con- 
sidered as a complex number is . 'This is the same as the absdlute 
value of a considered as a real n'omber /since it is equal to a if a 
is positive and to ""a if a is negative. (Recall that Tb meaiib the 
positive Sj^uare root of b» if b* is a positive numt)er . ) 

Let the point A »have ^the coordinate a + li and B the coordinate c + di» 
-We fii:.st sbow that the distance AB is equal to the absolute' value of tho 
number: 

a - c +- (fc . 

Let 0 denote the origin of coordinates and T the point where thp line 
thi'oush 0 parallel to AB intersects the ,Une through A parallel to OB*, 
as in the figure: 



A:a -f- bi 



X + yi 




B:c + di 



^ . ^ ^ T^'Sn the segments TO.^d AB have the same length since they^are 
opposite sides of a ^jarallelogram. ^ But the vector OA is the resultant 

4 

of the vectors OT and OB, that is, if x + yi is th^e^ coordinate of T, 
we have: 



1 



(x + yi) + (c + di) = a +jDi. 
Hence, , ' ' . 

" X + yi = a + bi - (c + di) = (a - c)^ t (bv - d)i* * ^ . , 

Thus we have shown that the distance 01, andMience AB, equ^4l^^the 

" »• ' * * * "H- I 

^^bsolute -value of (a - c) + (>b - d)i. Thus 

*K * • ^ • *» 



This formula was derived, in a different way in iixercifee 2 of Section 7.7. 
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'4B = /(a ^'c)^ + (b - y . • 

1>o comple-^? the Solution of the problem^ notice that by ,the | ^ 

i • ' ' ^ 

Pythagorean Theorem, OAB is a right triangle with, the right angle at io, 

if. and only if j ^ 



(OA)^ + (OB)^ = (AB)^, 



Thus 



(a" c^) + (c^ + d^y = (a - cf + (b - d)^. 



2 2 2 ? 

=*a -2ac + c +b - 2bd + d . 



Jihis equality holds if and only If: 

ag^f^i kd = 0. 



» , ' Appendix IV, Section 2^ • ' 

\ here, using the notation of Section 2, B to the left of -line AD implies: 

'^'^^^^ coupred with the assumption that'B is above the horizontal 
line through A, gives 



-ferg^-b^-^^^ ^nd ^^^^= ^ ^ \- 



Thus • 

jj... 



-s(A,B) ■ 



2 ' ^2 _ 
-a - b^,= AB' 



First, if C is above the horizontal line through A, it must be to the 



left of AD and- 

^ ^ ^ . . ^ ^ „ 



r 



Thus 



°2 " ^2 _ 

«1 - =1 ^ AC • 



f ! rr 



Then th^^ equa:!,ity of ithe ratios ^ ana j^'implieff-' 



>^ -s(A,BX = -s(A,C), that is, s(a',B)' =',s(A,C)," 
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Second, lif 
rightXof AD ^nd 



:C is below the horizontal line through A, it must be to the 



These are both the negatives of tlie values of the previous case' and hence the 
r^io is thf same and the rest of the proof-follows* 
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♦* Answers and Partial Answers ^to Selected EKercises j j \ 

^ • Section' 2. ■ \ 

- ■ 2; . 7^ ^\ 3\ ■ ■ > 

3. c) eteOl * . 

y - < 

7*^. The multiples of 5 are: 5, 12, 1?, "24 -"SI*, 36, ^3 . • 

The multiples of I are: ?, 16, 25, 3^, J^3',''52, 6I . ^ o " 

5. b. 11011111001 ^ d. .001001001... , 

^ ' 1 = 

'6. Parts c-^d 4 would^ indicate that ^jji would have the' exp^psion — 

.000100010001... and similarly for <pth©r denominators consisting of all 

7. Six dozen, in the numeral system to the base seven, is written I32. 

^ . . • ^ . V 

^ Section 3-3 

2. c) X = 2 ' 

I 4^.^ The intersed^ion of the two sets may not be Xhe null set. • 
? . 

5. One can add the first and the last, then the second and the next to the 
1^ 'J - last, the thir<^and the third from the, last, etc. , 



J 



6. ; 9 + 18 +. 2?*+ 36 + . . . + 90 + 99 = - ^ 

7. The u^r^n of set3 A and B .would the^set of people who like ice cr^eam, , 

' chocol¥te^or both al^'^he^'^ntersection i?..the^se\^oS^'ep]pie ''wRp like both.' 
The formula would th'en affirm that tlie number of people who like ice 
cream plus the number who {Like choco^te is equal to the number of people 
who^like at least one of the two plus the jiumber *who like both. 



* 
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Property 1 holds becaiise a and b' are both odd ot both even the 

\ ^ . . 
relationship is an ordinajry inequality which has Property 1. On the 

,,pther hand if one of a^ b is odd and the other e^en/Hhe relation R 

Jioldr-tn^only ofte order.- . ^. ^ ^^^.^ 

- For Property^2, notice that if a, b, e are all odd we have* 

ordinary inequalities and hence a R b, b R c implies a R c, SuppcJse 



this is n<^:t the case and first consider a evea. .'Then, 'for a R ^ to' 
hold, b- must be even and le^s than or*equal to a; similarly for b R c 
to hold, c must be even and less than or^ equal to b. .Second', suppose 
a is odd and b even; imejx f or b R c to h^ld, c must be even also'' 
and a R c Is true. Third, suppose a is odd, 1} odd and c even; 
"t^en a R c. We h^ve considered all caees. \ 

Section 3-6 ^ ^ * - 

a) S - (5 - 3) = 6 



s:Al,'3, 5, 7, 9, 13, 15, 17, 25, 29, 31.-^ 



Eleven different numbers 

b) Four different numbers: 2, 4, 5, 20. ' , 

..Th? properties used ara-the- d'iatritutive prop'e'rty,^ the . comma tat ive pro- 
perty of multiplication and the associative property of addition. 

2 2*' ' , / 

Since, from Exercis^^, (-x + l) *- x = 2x + 1 we see that4»the 'diif'ference 

\ . I .i '^*^v— , 2- \2 ^*v> 

hetvken xwo successive squares; x and (x + 1) is pne more than double 

\hJ first number^ e.g.,' 19, is 2 *9 + 1 and the dxj?fer^e between 10^ 

' 2 ^ ' * 

and 11 is- 2 • 10 + 1 = 21. 

p ' , . . . . , . 

- \ ^ 

Looking at the table for Exercise 6, we see thatt^mce k - 1 = 3, 

1 +s3 = k.^ Also 1 + 3 + 5 = 9. In general if we 'add 1 to the sum of 'the 

. njjunber^ in the second row of the table^ £ijj||^pin^ a^t some rpmber, thej? this 

sum will be equal to the next number ot the line above. • . ^ . ' 
\ * . - ^ " ' ' 



262 



f 



(x . 2f - 



8 . HerQ the dxf f erencps- crould be f oima? by calculating. 
,10. l?ote that 73 • 137 = 10^001. ♦ > ^ 

. Section 5.8 • . 

2^' Wen ^ stan^ for addition or migtiplication, the equality follows 'from 

u * ^ 

th^ cqmmHtative WopertLes for addition am multiplication. 
If stands f subtraction^ we have on, the left 



a» - (c - c) = a - b H c = a + c 'i b. 

On the right we baVe i 

" . . * c - (b - a) = c - b- r a a + c - b^ 

and the two sides "are, equal. ^ 



3. 



Firs^t notice \hat division ty 1 ^either inside or o1itsi;!e of a parenthesis 
Soes not alfer the result. Hence we need consider only ' " • 

16 8 + 2. . ^ 
^ Since not only is the ^ above symbpl ^mbiglSus' but' also 16 ^ 8 and 
8 7 h r ^, there, must be a pair or paren<;heses aground two successive 
numbers and there must be another pair ^Suppose our final -symbol'con- 
. tains {h r 2). Then there ar§ two possibilities: 

^) • , 16 ; [8 ^ (!t ^ 2)] = 16* k,= k ■ : , 

• . (16 f 8). (l^ i 2) = 2 f 2 = 1. • 

If tne final symbol contairis'.(8 f If), 'there are t;;o possibilitiles: x 
c) ' ■ • ;[16 f C-8' 7 '0] f 2 = 8 r' 2 -= it 
^) .y ( ■ 16 'f [(8 r. tI] = 16 r 1 = 16 . 

In xrbnclusion, if the final symbol .contains (l6 f 8), then-, in addition - 
"to }j) a))ove .we _have:_, . " J'\ . " 

. «)' ■ [(16 f 8) r\k] r 2 = (i) f 2 = ' - " 

Thds we have four different possil)ie ans,wers: l6, Jt,/3,, r« ' ' 
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• ' , ^ Section 3.9 ^ ^ ■ , . 

!• Using the second suggestion we have: a < b implies atr-<^b from the well- 
defined property and cb < db tvsm the same property. These two inequali- 
ties, using i>he transitive property, imply ac < bd, 

2. ^The same method^may be used here as in Exercise 1, 

3. Since a -< b, then a ^r = c- for some natural numbe^r r- Then a + c > b + d 
may be written a^c>a + r + d which implies , ^ 



c > r> 



and hence c > i. 



6. p'or the first we must have a > - c) and ^ ^ c. For the'oscond a > I 

and a - b > c. Since a > I implies a > b - c, we have three conditions 
/. 

a ^ b °> c and a - b >«c, ' "^-'^ 
' * * " . . " 

for natural numbers • ' ^ 



' V Section k.2 

2, "SupfplDse the faciors af N are: • 1, a, b, c, N and tho^ 
, $ M. Then factors of lA^ Sive: ' 
^ • 1^ a, by c, H;^ d, da, db, dc, dN; 

e, ea, eb,^ ec,^eN; M, ^Ma, Mb, Mc, MN, 
If 1 is the only.conpon factor of I<^nd N, then different letters 'stand 




fjr different numb^s in tne display above and similarly for the products. 
Hence tlTe^ number of factors of M is the product of the numbers of factors 
in M and^'W^. in this^case ^ ^ 20, 

l^p^ L is a factor of c,* thei^jc^i^ c for somQ integer x. Continuing 
aloffg this line,* the proof may be completed. 



5« We know that b = cq + r where* 0 



X r < c,^"l 



that is. 



cq = r. 



ERLC 



264 



2C2 



/ 



mi. 



If-r < I we see that'cq dfffers^ from* b by less than | • If- r i>,|, 'the 
equation is equivalent, to 




* • b - cq - c = r - or # ^ 

^ " (q + l)c - b = c - r . 

'^'•But r > g- implies c - r < |- and we see that (q + l)c is a iftultij)le of. 
c 'which differs from b by less than ^ . All thii, J.s probably easier 
to see graphically, since if b ^is between two successive multiples *of 
c, it must either be ^t the midpoint of the segment conneating them or 

-^e nfearer to one end than the other. 

Jlf a b and* a - d are divisibig by ,73, their sum, 2a, and th^ir differ- 
ence», 2b, must also Le divisible by 73. Since 73 is odd, this Shows 
that 73 must b^ a factor of both a and bv The coftQlu^^^r^uld be 
the same for any oad number in place of 73* 

If we use the factorization 15*'= 15 •I we have 

I . • X + y = 15 - ' 

^ ^- ^ . x,- y = 1 . • - ^ ; 

Adding gives ^x = l6 or x ^ 8. This* implies y "= 7« A similar procedure 
gives solutions* for tiie factorization 5 * 3« There are no' solutions for 
n = 22, for the same proce<5ure' wpuld give 2r^or 2y an odd number which is 
impossible for whole lumbers x or y. 

' the remainders 0,^ 1, 2, respectively, the^nmber being divided by 3 

must b*e of the form: 3n, 3n. + 1, or 5n + 2- So, if x is not divisible 

-by ^3 it has one of the form^. ^ - \^ 

3n + 1/ .3n + ■ * '^ . 

In the f irs'€ 'dase x - 1 = 3n, ^hich is a multiple .of 3, and in the secopd 

case »x + 1 = 3n + 3 which 'is a multiple of 3. Thus, since either x - '1 

or X + L is divisible by 3, t^eir product is divisible by '.3^" Their ' 

^ ' . ' * * '/ 1-. . tV 

product is X - 1. ' 



Section k.^ • 

Since the remainder when n is divided by 3 is one^ Cif 0, 1^ 2.,/ n m^y 
be written in one of the ilorms: 3k, 3k 2k + 2. In the first case 

n is divisible by 3, in the Second case n + 2 is divisible by 3 and in the 
third n + 1 is divisible by -3. Hence one^of tl;^ three numbers "ri, n 1, 
^n + 2 is divisible by 3. If they are all prime numbers, ,one of them 
'-g^ereforej^st be 3. Then form the sets: 

n + 2. 3, n + 1^= 2, n = 1 and 1 is not a prime, 
n + 1 = 3, n +. 2 =: ii, n = 2 and i^.is not a prime, 
n = 3, n + 1 := r^, n + 2 = 5 and .h is not a prime. 
Thus no such set can consist of prime namber^fi. alone. 

Note ^ that, i'orji.nstahce, 5 and 5 are prime nujiiLers whij^h differ by 2. • 



t 



The only one of these -vhich is a prime is 313. ' / 

Section - * ^ , 

The g.c.f. is 11. , . 

Since 11 is the glc.f . of I7, 325 and hOi; 11 divides the left side of * 
zhe equation 17,325x - h07y'= c and hence must divide the right side, 
ii; X and y are integers. Thus, 'on dividing by li, ve have - , ' 



1575X - 37y f ^ 



We^ know from Theorem h that ti)is i*^ solvable" if = 1, that i:s, p =11. 
Thus this value of c is the.^ast for* which there is a solution. 

To find a solution, we perform the euciidean algorithm for the pair 
1575, 37, as ;f ollows;:; « * 

^ " 37 = 1 • 21 + 16 

• 21 = 1 . 16 + 5 ■ 
16 = 3-5. + lv 
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Dhen, starting with the last equation -we worR upward. The last equatioo 
ipay 'be written: . " ' ■ 

■ . (1^° 1 = 16 - 3 .5. • '. . 

From the next to the.;Last equatio'h we have 5 = 21 - 1 . l6. Replacing 5 
by this in (l) we get ' ' 

1 = i6 -/3(21 - 16)'= (I + 3 .1) .16 - 3 .21 
1 = 1+ -16 - 3 .21-. * • . 

The second equation'in the euclidean algorithm gives l6 = 37 -.21. Putting 
this in for l6 in (^) get ' 

^1' = '^(37 - 21) - 3 .21 = 4 .37 . 7 .21. ' 
Fin$iliy,,-using ohe first equation of the euclidean algorithm ve find: 

-eplacipg 21 by this in equation (3) ve get 
(after a litclfe pencil i;ork) : • ^^ 

,1 = 298 .37 - 7 . 1575,_ • ' ' • 

which can be written: » ; » 

■■ . z 

^ 1 = 1575(-7) ^37(-298). 

.^iultiplying through by 11 ^ives us as a solution of * ' 

X = -7 and y = -598. 

h. Suppose d- is a factor .of be ar\d that d = :iy where x is a faqtor of 
b and- y of c. Let' g be the g.c.f, 6f d and 5.. .Since x isAa 
.^^^ factor of both b and d, it is a factor "of g and' we ^ave g;,^=' kx for 



some natural number 

First we shall shoy that k = 1. Now 

' " . ' i.-=" A. = 1 . i = i* 

- \ \ .. g xk X * k ~ k ■' 

. and. hence k is a factor of y.. But"* k is a factor o£ g and hence of 
- h, while -y ^is a:f^K:tor of . c. Thus 1 the g.c.f. .of b "and c implies 

that the orily.-factor-of _. b irti3>:h divides 'y is . l! _pis shows that 
, •k'=: l and g = -sc.- ' Thus Vt'^e condilions' 'given determine**' x. 



{MIC , ; / "^^^ 



-Then d a .fabtor of, bc« imf>lie| be f dii j:o^^ ^ome ^atural number 
' Then, dividihg- b^/^ x, ^ve.^etr: 



n ri:mpli^ the 



Since 1 is ihe g.c.f. Of - J^nd y, Theorem ri:mpli^ tHat y ,is a factor 
'T>f c. This completes' the proof be^cause ve iiaye shovp th^t , x,. is ^ " 
determined by being the g.c.f. of/ b' and d, and y, determi^ie'H by ' 




^xy, is a factor of c. ^ > ^ / . ''r, f\ 4 

5. Both questions can be answered in the affirmative. For instance,* if " ^ 
, b = 15 and c = 63, theJnumbei^ 35 can be expressed xn only one vay as a 

product of a factor of b and one of c. But the number 21" 'can be 
written 1 • 21 or 3c' 7 vhere in each- case the first member of tlie product 
" is a factor of I5 and the second member a factor of 63. ♦ 

6. Using the Symbolism of Exercise 7> ve have g = (a,b) and-h = (g,c) and 

- wish to show that h is the g.c.f . of a, b and c. Now since h 

' divides g which divides a vand b, we know that h divides not only 

- c t)ut also *a and b. So h must be a factor of the g.c.f. of a, b ^ 

and *c. On the other hand, any common factor of a, b and c must 

divide g and c and h%nce h. So h is tKe g.c«f, of a, b and c. ^ 
\ ^ - > " , 

7. Both sides represent the g.c.f. of a,'b and c, ^by the results of 4ihe ' 
previous exercise. 



Section H.5 

1. In Exercise 2 of Section h.k it *was d^te^rmined that XI is^the* g-'C^f . of 



17,325 and hOT. Thus, from Problem ? of this section, the l»c.m..of 
17,325 and. hOl is* their •product divrded iby il'. . Thus,^ since ^ = 37. 

V ^ 

"^^11^^ ' 15'^5> "^'^^ "^^^ fractions-pf this exercise is ' 

79 * 37> , 13-1575 

17,325-37 ' ^07 r 1575 ' . r 

arid the denominators are e.qyial to 61^1,025. Thus Uhe' numerator is 

' /• 

268.200 . 



19 ^37 + 13* 1575 = 23,398. . • 
^ m ^ - 

iThe fraction is in simplest fom, incidentally, since 11 is not a 

factor of 'the numerator. . • * ' ' 

One could find the l.c.m. without factoring, using the results of Exercise 
3 below, put it is- simpliest note that 185 is 5 i37. Since 5 is a 
fact(^ro^l7,325 and 37 of hoj, we see that^the l*c.m. of all thr e^e is t he 
same as* the l.c.mv of the first two. 

k. The same methods may be used here as in Exercise 6 of the previous 
section. 

. Here- use Problem 2 c^l' Ihis section. 

The least common divisor of a pair of* natural numbers ',is Ir There is no 
gj;^atest common multiple /or if c * is, a common multiple) 2c is also a 
^ common multiple - in fact any multiple of c is a cominon multiple. 



Section h,o 

.Since 1000 is divisible by 8, and any natural number, can be written in 
the fprm lOOOn + c, vher^ c is a number less tha;i 1000 which- is ' ...^ 
represented by the last three digits of the given number, it follow^ 
*that a number is divisible ;^by 8 if and only if the number consisting 
of its last three digits is divisible by 8. Foi" ex^ple, 159,352 is 
divisible by S^tecause 352 is.* To test for, divisibility by 72 we merely 
test for divisibility by 8 and bv 9. ^ ^ ' ' ^ 

^ ^{ ^ . -* «' • , 

If the sum of . the digits is even, the number, is divisible 'by 2, since 
11 is -1 more than a multiple of 2. . • 

If the base of -the numeral system is even, one can test for divisibility 
by,J;wo by looking^at the last digit. If the base is odd, one adds -the 

■\ .■ •: . ■ - .. . . ■■ ■ 



r Section 5*5 

1. Here 1"= t and. - = - imply ad =.bc and ru =-st. Then (f)(7) = ^7 ^^d 

{^\{% = These two fractions vill \M equal if and only if ardu is 

M'^u du 

bsct. But this follows from ad = be and ru = st. . - 

21 See the answer to Exercise 1 of Section 3«9.' ^ 

Section 5»6 

X X 

'2. In the first case is equal t.:> — and in the second case is equal 

2 yz' , (I) . 



to x(-) = . ^ These are not in ^^eneral equal. 

y ^ , ' 

Compare Exercise. 2, Section 3*S« 



Section'5'7 , fSi 

i. Suppose p were a prim$* factor ''of toth the numerator' and denominator 

of the fraction ^^.^ t ^ First, it might divide b. In that case to 
^ , ba * 

/ . ^ ^ » 

divide the numeratoi^ would have to divide ad + be and hence 'ad. But 
p is a factor of d whicH hasjvno factors in common with a; hence p 
divides^ d. But^'this is impossible since b and d "have-l as their 
''.g^c.'f. Kence our assumption that p divides b and ad + be is^false. 

Similarly we show that ' p^^nnot dfvide d and the niimerator. This 
' establishes our result. * ^ * ' 

'2, For the sum'' of fractions ^ and ~ to be an integer, we would have:^ 



(ad + be) 
/ • ' bd 

with X an integer, that is, • 




ad + be bdx 
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This shows that li^ is a factor of ad and,-since-l is the g.c^f. of a 
and b, b is a factor.of d. 'Similarly we can show that ,d' is a Sector 
o'f b. This implies that b and d "are equal. 



Secti-on 5*10 

I V 

3. Assume a > b. Then we may divide both sides by ab and get 



Q_ b ^^^^ .1^1 ?^ 



^>^, that is^>i. 



The given equation is equivalent to: 'cx - by = 1. ' " • 

5. They can ring.i -th ^ an hour apart as may be s^een by using the equation 
, in the previous exercise with = 3 and c = 5, 



' ' Section 6,4 

- . 1. c) 320,000 .iV^ 

2..-. ^cf The approximate relative ratio of error is ' ' 

.0001 * 1 y * ' 

32 ■ 3200 ^ • - 

3. c) The greatest possible error is .0001 feet. 
% 

• / - ' 

5. The approximate Possible percentage of ^rror in the volum^ of a ^|-is 

. • -3?^ Vhen the percAitage of error in measurement of a side is,l? 



9 

Section 



1 



^ r ■ 

c) 1000 • 10^ = 10^. = 100,000 
' ' f ) 2pOO,000,000 ? ' * ' . 

k. Here i =^,076923076923... with d76923. the fieating^t. On' the other ' ' 
. .hand 5|'= .15381i6l538it6.., vith 15381^6. Also ^ = .23076^230769... where 
. the repeating p&rt is a cyclic peiTnut||^Cn of. that for Half the time ^ 

the, repeating part will be related' in this way to that for the';,','' 
othe^^lf to that for y"' ' ' " ' ' ' ' " ■ ^ 



Section 6^.6 

-/ • 

The percentages of increase in successive years are: 

• ei, ^.lio, ^M, 5.1^,. '+.8^ . 

The percentages of decrease in successive years^are: 

' / ^ ^ eio, 6.8^, i.^iy islo . ^ 

l\o, except for the first year. For Exercise 2 the percentages decrease 
since the nvimericai increase is the same while the population grows. For 
Exercise 3 it is just the opposite. 

For Exercise 2, the total ?.ncrease ove^ five years is 3Q0 ^riy,ch is a 30^ 
increase. For Exercise 3/ the total decrease is 3X)0,/that is a 30^ de- 
crease. These are the s^hie because they are ba^ed on the same pqgulation, 
1000, at the^ beginning. In the previous ^exercises the changes are. based 
on a changing population, Note that to divide 300 by 5 and say that 
, is the average increase or decrease gives a figure which is not in any^ 
usual sense the average of the yearly' ihcfeases (or decreases) since it 
is greater (or less)- tton a^l but the first. Here, we u^e another kind of 

average, the g^cMetrical mean, (See reference 8, ' Chap, 7, ^ec. lO) . 

. / • 

Let P stand for -the ^present population. Then, -P ^i^^ represent the 

number of persons under 1^ years of age. At t(ie end of l6 years tlfese 

' ' y ' ' i~ 1 3'' 

and thei-f chi^l^ren will amount to a populatic/n df ^ P+ P) = (^^P* 
the end of l6 years the* population of the other' half will become 

The sum of thes'e two amounts is This means that ^he popula- 

tion will more't>aKdoubie;in' ^i'Xt^en ye^rs.^ ' 

' , * ' » > 

Section 7 J 

' r I - \ , ' . . 

They cannot all be positive jior can exactly two be negative. One or 



three may be negative. I - 

I 



«■ " • ^ ,1,-1 • - r , # 

7. The^^iumbers 5 and (-> are equal, -5 is equal -to none of the others. ' 

All ^he rest are equal"! — ^ — ' ' * ^ ?^ 

8. R5 = i S5 = -5, R(S5) = R(.5)> - |, S(R5) = 6(|) = - V= r(S5), , 

R(R5) = R(-) = 5, s(S5) = S(-5) = 5. The interested reader might like . 
. to show that these two operations generate- a group*, ^* ' ' ' 



Sectioa 7.5 



If ]b| > |c| and b < c then b must be negative*, 

6, Using the results from Exercise 5, ;we see that CB = y.' Hence there are 
two possibilities: 1, B is. between C and D and one-third of the way . 
from C to D; 2, C is between D and B with CJ) three times BC. - • 



' ^ * Section 7-7 

2, Th^ formula follows from the Pythagorean Theorem since A, B and C are the 



vertices of a right triangle with the right angle at B, "The Pythagorean 
Theorem tells us' that: 

(AC)_^ = (AB)^ + (BC)^ . 
.See also the answer to Prol:ilem 2 in Appendijc III, 



4. Under^'the conditions given Ab = BC. 

5. S-ince (a>,b) corresponds to -a, - b, (a,b) will .correspond to 1 vhen a b = 1. 
' Thus the immber-pair {b^+ corresponds to 1, or* changing lette;rs, ' 

(y l_,y) corresponds tcy'2^'/^ Then.^ ^-^l;' ' 
' ;(a,b)(y + i,y) = (aXy'K^^^^ 



' ^ ''^A •= '^^^y b +.by + ay) .j(a-,^).,v 

the last equ^ality T^-b'llowing from.,.the fact tftai^; 



a t ay^ by + b = D +• )>y.+ ay + a 
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" ' ' Sectljon T.l^ 

'■ ' ' • ■ ' 4 " 

If the point corresponding to c is between the points corresponding to 

the points b and 'd/ then *one of two tljj^s may happen: 

b < c < d or d < c < 
In the farmer case, |b - c|' - c - b, |c - d1| -= d- - c and the sum: 
•'|b-c|+|c-d|=c-b+d-c=d-b 

, r ^ - ' ^ ' 

\hich iB' equal to |b - d|. The other. ca§e goes similarly. 

Let B, C aftd D ]De t^^e points corresponding to' the numbers b, c and d 
respectively* Recall that BC = |b - c|, etc. Thus: 

|b - ^c| + |c - d| = |b - d| can be written BC + CD ^ BD. t 
Ve showed in Exercise '1 that if>^C is between B and D, then feC = BD. 

In this exercise ^we are given BC + GD = BD and asked to show that C is' 
between, B and D. This can.be done by supposing that C is not between B 
and b ^d arriving at a contradiction. 

• Now we know tliat one of B, C, D is between the other two' by Section 
3.2. Suppose D is between B and C. ^hen by the previous exercise' with 
the letters changed: 

^ ' BD + DC = BC. ' 

But we knowx^by hypothesis thaV BC + CD = BD. Thus, using the previous 
equation we nave: • . - 

BC + CD - BD + DC -i- CD =^ BD. 
This tells us*^af;'iX: + CD ^ 0. But DC = CD since the distance between 
D and C is It-he' s^e as the distapce between C ar;d D. Thus we have shown 
that if ,P is between B and C and BD^ DC = BC, then CD = 0. This is 
false and hence D-fean^ot be between B and C. Similarly we can show that 
B is not between D and C. The only possibility left is that C-4s_ ^between 
B and D. . • ^ ' • . * ' ^ .• . ^ .r 



3. For this note^t^t-the three expressions repr-esent Bc/'bd, CD respectively 
•and that, by Section j:2r^ne point must' be between the other two. Then 
use the results of' the pr^vipus exercises. 



' Section 7,13 

1. .. Our results follow directly from Problem 1^ if ve wl-ite the given equality 

as follows: ■ •■ t 

la +,(-b)| ='|aT.'+ |-b| ' 
if and only if a(-b) > 0, that is/ ab < o', 

2. Yes. ' 

3. Since a + c is positiveV<the given inequality is equivalent ^o 

(a + 0^ + a^ > 2a(a + c) = 2a^ + 2ac, * ^ 

V ^ 

that is, \ ^ ' 

2 2 P * 

2a + Sac + c > 2a + *2ac. 



'Phi^, ^in turn is equivalent to 



c"^ > 0 



which is ^ true, anci the equality holds onl^^ if c = 0. 
h: the given inequality follows from the result of the previous exercise by 
taking b or -b equal to a + c. If we let a = 1, this gives us an • 
improvement on the.result of^ Problem 5, in which I.7 is replaced by 2. 
This is the maximum mimber we can have for the .inequality to hold, since 
, the equality actual/y holds wReji b = 1. ' ' ' 



>■ ' / 
1. Yes. 



1 

/ Section 8.2 



2. --^he process -for base Sev^n is essentially t!je -same as that for the'^decimal 
system, /For 'example, ten is 13 in the. numeral system Vthe base seven, ' 
and th/ division in* this numeral system will be: 



,'55_ . 
120 * ■ • 

26 . . . 

and the sequence of digits .0^62 repeats in the numeral system to the 
ba-^e seven. Thus this corresponds to one -tenth *in the decimal! system. 
Similarly to find one one-hundredth, we note that oae hundred is 202 in 
the system to the base seven^a^ the representation of one one -hundredth' 
in this system is ^ . P 

^ ^ .003300330033... 
where again it happens that the repeating part cpn^i^is four digits. 

From the definition ^^^9 ^ have , . V 



( n n-1 ^^n 

/ ^ 



Thus, ii; n is even, the right side is positive; in. fact for n = 2r 



1 

2r "2r-l ^2r 



that- is ^ ^ • . - V = ;fe • . ' 

•Thfs shows Property 4 . " . c 

Fur^i^ermore , ^ ^ 

2r ■ 2r-2 " -A^r ^2r-l 




^ . 2" . 2' 



1 (1-2) 



,,2'2r •'22r-l 



which. negative. This shows that t^^ is less than- '^2r-Z' 

♦U" is less that U ^ . Similarl^^ it ijiay be shown that L ia greater than 
I* T . b ** r • . . 

r-1 . 



To' find the number represented we- -use the same-tfTck as that as in 
Section 6.5 aVid write Jr . ^ 



/ 



t. = 1 



2t 



. 2 o2 o3 ^n-1 



(^1)" 



Notice that (-1)" + (ll)"-^ = (-i + =\ an* add the tv4 ex- 

pressions. Then ' ■ 

"^n "^^n = 2 + 0 + 0 + 0 + . ,.+0 + , 



thus 



3t = 2 
n 



The second term on the right becomes smaller and smaller as n becomes 
larger. Hence as n becomes larger and larger, 3t b'ecanes clober and 
•ploser to 2. TMs^means tha-t -the number reift-esQji'ted by the two sequences 
must k!e |. Calculating some of the termS will shQw/fhTt.this is reasonable. 



* Section 9.2 

1# c) ■x*= r-j . . ; ' , • ^ . 

r J;' * 'if 

df X = 2 ^oz^ • , . ^ ' ic ' 

3. If the given eqtiation were satisfied by an integer ''5t>^he method "?jf the 
' previous' exercise would work: That is,, we note that the number 5 can be 
' expressed as a product of tvol 'integers % *uat four ways. We could try 



tfiem^all as f 



r^owsr V ^ 



a) 5 3^'>,^x - 2 = p and ^' 

b) ' 5 = 1 • 5',' ^ - '2= 1 jnd X - 4 = ^ ' 

c) ' T"= '(-5).(-l)0^ X- 2 = r5 and^x -1;' 

d) 5 =-Kl)(-5), X - 2 = -1 and x -'i^.^ -5 
In case a) we 



^x = 7 and.x = 5<>'hich is impossibie. Similarly 
the otlier three pll^be seen to.be impossible. ^^11 welhave shoWn by^-Jbftls 



in 



■;. i , is 'that there4s no fnteger value of ' x ' vHich- satisfies the' equation . . 



\ -i 



LI 



The sequence of steps in the exercise below shows that the solutions of - 

« 

the given equation are i^ fact irrational numbers. 

Section 9.3 

d) To simplify thi§ inequality we want to multiply both sides by the 
product* (x - 5)(x + 6j, But tke resulting direction' the 
inequality depends on the sign of this^pr^uct. Now, the product 
will be positive unless one member is negative and the other positive. 
But if X -'5 is po'sitive, so is x 4-' 6, Hence the only way the-.product 

^ can be negative is- for x - 5 to be negative and x + 6 to be positive, 
that is, X is between -6 and 5« So we hav^ two cases: ^ 

J,. If 'X is between -6 atid 5; then the 'product is negative and 
the given inequality is equivalent to; ' , / ^ 

^ ^ - - 2(x + 6) > 7(x - 5)', ' ^ 

2x + 12 > 7x - 35 ^ 

^4 • hi > ^ ' 

0 ' f 

- ■ ^ ^ • ' ^ " 

• But if X is between -6 and 5 it is less than Hfence-fo 

• 5 o 

-» 

, this case thg inequality holds. . ^ ' * 



II, If -ic^ is not tfet^een' -6 and 5^ trie inequalit/y is reversed ^n 
«^ the, abox-e sequence of steps and* the final indqugrlity^is 



I m ^ it? 



Here if is greater than ^ it is no't ^et'iten -6 and/^5 and. hence, 

A. ^ ♦ . ' • * < 

for all such !?c the inequality holds. • - 
Combining the two result^ we have as the solution of the given i ^ 
inequality*: 



hi ' o 
X > or X between -6 'and 5. 



3. a) will be a line segment with on© end -point omitted. 

'^^^ b; *is two half ^lines, or two rays with end-points -omittdd . 

c) is the^ whole , line, " ... '5^ 

d; no points at all, -£ 



Seoti4>n 9.5 



I. Since ax by always* has' a solution in integ,ers s ^nd y when 
a and b are integers with g,c.f . 1, it follows that on the graph of 
this e^uatien/ there will always be lattice points, that* is/ points bo^h 
of whose coord^lnates are inl^egers. ' 

Section 9.7 • ' . 

• * . • *"'■'»' " ' 

1.^ d) Here there are no solutions because the second-4qua|ion is equival^t 

15 * / ' 

to 2x'+ 3y = — which c^not hold if p ^ 3y = 7 a$ in the .first 

equation. 

. 2. For a) *and b) there" will be a V-shaped re^on of 'the plane*. In 
part c) there will be W -points satisfying the two conditions. In 
pan ^d) it will be the portion of 'the plane- between the two parallel 
lines • % ' , 



I 3. The solu)^iohs are |t]\e"pMrs (3,0) 



by {Changing any 01 



and (5,4) toother with those obtained 
ill of the sig^is. \ ' ^' ' 

;^ 5« Suppose'x + y = a- alnd x - y = t). . Then 2x = a '+ -b^^nd 2y = p - b. This 
, means tHat^Here will be a solution of the given pair of equations only 
- ^ if both'*^ + b and'-a - b are even.' Now if one* is even, then tHe other* is, 
' ^^^^^ difference is 2b^^/hich is even. Thus there is a solution 

y ' ' • ' (x + y)(x - J) = ab . 

• ^ if and only if + b Is even, that Is, a and. b' are both even or bo.th 

: 279277' 




odd. Thus if c . is 6k^, then the proauct 1 • 6U vUl give no solutions 
but the product '2 • 32 will.' . Hence if c is a multiple of ^ we. can , . 
make both*»Vactors, even, if c is t>dd both #ractors must be odd. The t 
difficulty arises whei^^^^ls neither a multiple of h nor odd, that is,^' 
c is 2^ mor^^ti^n a maltiple .of if. In that c'ase» there. yi^ll \)e no * , . 
solutions^ since in any xepresentaticn as a product of two integers one 
factqj^must be - ' i and tKe other even. 



1. 

^ 2. 



Section 9.8 * 
One noiot drain of a f^allon and replace fcy pure antifreeze. 
They shou-Id buy l3^ pounds of beef and .,^t of pork. 
Yes, ' ' 



'U. Referring to the solution of the problem we hsve now the equations ^ , 

X + y = 5 ' 
\ rx + sy'= 5t» 

To' solve for .y'' we ijiultiply the first equation by r and subtract the 

* * ^* \ ' (r* - t) 

Second from it. 'This gives (r - s)y = 5(r - t) or y = ^ (r'V^) * 

solve f©r X we may multip^/ the first equation by s and subtract 
(^his from ^j^he. second equation to get (r -'$)x = ^^j/ ^) 

X =r ^ (^ ' " ^? I, Notice that to mtke sense x l^hd v.^m^ist be positiv 
'I ^(r - s) ^ ' I I ^ ' 

Thi§ will happen if jr < t < s or s < t < r,' in pfther words^if t is 
between r and s.^ • > • : * 
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